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NEW   ELEMENTARY   ALGEBRA. 


The  numbers  in  parentheses  refer  to  the  corresponding 
numbers  of  example,  under  the  same  Article  in  the  Al- 
gebra. 


DIVISION. 

Remakk. — It  is  presumed  no  diflBculty  will  be  experienced  in 
solving  any  of  the  questions  in  addition,  subtraction,  or  multipli- 
cation. We  present  the  operation  of  a  few  of  the  more  difiBcuU 
examples  in  division. 

Article  79. 

Note. — The  terms  in  examples  12  and  17,  require  to  be  ar- 
ranged; after  which,  the  operations  present  no  diflBculty. 


(14) 

(15) 

ia*—5a-X'-\-x*      \2a-—3ax-\-x^ 

x*—j/* 
x^~xhf 

l«— y 

Aa*—Qa^x+2n^x2  (2a2-f  3aa;+a;2 

(a:3^x2»/+23/2+yS 

Qa^x—la'x^            Arts. 

^X\J 

Ans. 

6a^x-da2x'--\-Sax^ 

x^y 

-«^" 

+2n'x^—Sax^-J^x* 

^a;^2 

2a^x^~3nx^+x* 

(8) 
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(18) 

(21) 

4x*-&i     i2x— 4 

3/3+1      I2/+1 

•IC-  3a;3  (2x3+4x2+8a:+16 

2/34  y2          (y2_y^l 

-t  8x3                jns. 

-^/2              ^W. 

8x3 -16x2 

-y^-y 

J- 16x2 

+y+i 

16x2— 32x 

2/+1 

-f32x— 64 

32x— 64 

(24)      X6— 3xy+3xV— y  |x3—3x2y-f  3X7/2—3/3 

x6_3x\v4-3x^./y-'— X-3J/3       "(^rjISx^+Sxp+T^   ^4ii«. 
+3x''?/— 6x4^2_|.  a;3p-_|_  3a;2^ 

8-C"iy_9a;<y2_)_  9x3jy3_3a;2y/4 
+3X^^2_  8x33/3-1-  6x2^ 

3x'3/2— 9x3y3^()x23/4_3;r;/5 
-f  x33/3 — 3xh/*  -f  3x3/5—2/6 

x3i/3 — 3x2.7/"  ^-3X3/''— 3/' 


FACTORING. 

Remarks. — In  solving  the  examples  in  factoring,  the  pupil  should 
explain  why  the  given  quantity  can  be  separated  into  factors. 
Thus,  4a-'x<— 9623/«=(2ax2-)-363/'')  (2ax-—Sb>j'%  because  it  is  the 
difference  of  the  squares  of  two  monomials,  2rt.t2  and  SOy'^.  Again, 
a:3  |-1  can  be  separated  into  two  factors,  because  it  is  the  sum  of 
the  odd  powers  of  two  quanliiios  X  and  1,  (Art.  94,  6th);  and  one 
of  the  factors  is  x-j-l. 

It  is  shown  in  Art.  215,  that  the  direct  method  of  resolving  & 
quiilratic  trinomial  into  its  factors,  is  to  place  it  equal  to  lero, 
and  ilicn  find  the  roots  of  the  equation;  jet  as  the  indirect  method 
explainid  in  .\rt.  95,  presents  no  difficulty,  and  is  much  shorter 
than  llic  ilirect  method,  it  t-liould  always  l>e  taught.  Let  it  be 
kept  dislinctl}'.  in  mind,  that  the  whole  difhciilly  consists  in  find- 
ing two  numbers  whose  turn  is  equal  to  llie  cot'fficient  of  the 
■econd  term,  and  whose  proiluct  is  eqtml  tn  ilie  third  icrm. 


FAO  TORINO. 


Article  95. 

(2)  a2+7a-}-12=(a+3)  (a+4);  because -|-3-f4.i=7,  and  3x4 
=12. 

(3)  x-—ox-\-C>  —  {x—2)  {x—3) ;  because  —2  and  — 3=— 5,  and 
-2X-3=+6. 

(4)  X'+x—G={x-^3)  (X— 2);  because  — 2+3=-(-l,  and  — 2x 
3=— G. 

(5)  a;2-fa;— 2=(x+2)(x— 1);  because  +2—1  =  4  1,  and— IX 
2=~2. 

(6)  a;2-13j;-|-40=(ar— 5)(a;— 8);    because —6  and —S=— 13, 
and  — 5X8=40. 

(7)  x-—7x—8=i{x—8){x+l);  because— 8+1=— 7, and  — 8x 
]=— 8. 

(8)  x2— X— 30=(a;— 6)  (a: -(-5);    because  — G-|-6=— 1,  and  —6 
X5=-30. 

(9)  3x2+12x— 15=3(x2+4x— 5)=3(x+5)  (x— 1). 

(10)  2abx2  —  liabx—60ab=2ab{x^-  7a;— 30)=2«6(x— 10) 

(a:+3). 

(11)  2x3— 4x2— 30x=2a:(a;2_2j;— lo)=2jr(x-  ^^  (x-f-3). 


Article  96. 

KoTE. — In  performing  the  operations  on  the  slate  or  blackboard, 
a  line  should  be  drawn  across  each  canceled  factor.  We  have  not 
the  means,  except  in  the  case  of  figures,  of  representing  this  bj 
type. 

,^.      (X— 3)(x2— 1)     (z_3)(x+l)(x— 1)     ,       „,,       , 
(2^     ^^Tl ■- (^31) ■=(3:-3)(x+l) 

^=x2—2x—3. 

--=^■•-^3+0-1. 

(x2-5x+G)(x2-7x+12)_(x-2)(x-3)(x-3)(r^) 
^    '  x2— 6x+9  ~  (x-^)(x-  S) 

^(x— 2)(x_4). 
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GREATEST   C0M3I0N   DIVISOR. 

Note. — All  the  examples,  Art  106,  may  be  solved  by  merely  sep- 
arating the  quantities  into  tlicir  factors,  by  the  rules  for  factoring, 
Arts.  94,  95. 

Article  106. 

(5)  da^-\-5az=5a{a-\-x) 

By  omitting  the  factor  5a,  and  dividing  a^ — x^  by  the  other 
factor  a-\-x,  we  find  there  is  no  remainder;  therefore,  a-fx  is  the 
G.  C.  D. 

(6)  a^ — a^x=r{X' — a-) 

a^ — a^      \x'^ — a  2 

x^—a^x        {X  After  dividing,   we  find  the 

a^x — a?  first  remainder  contains  a  fac- 

d^{x — a)  tor  a^   not  contained  in  x"^ — 

a^;  hence,  it  is  not  a  factor  of 

a;2_rt2     |a:_a,  G.C.D.  the    G.  C.  D.,    and    should    be 

x2 — (XX      (x-\-n  omitted.    See  Note  3. 

ax — a? 


(7)    7? — e?x=.x{3?' — (?) 


(8)  a,2_|,5x-|-6      |xH2x— 3 


a;2_^2ca;+e2    |a:2_c2 

a;2+2x— 3        ( 1 

a;2_c2               ( 1 

3x-f9 

2ca;-|-2c2 
2c(a;+c) 

3(x-f-3) 
a:2_|_2x— 3     lx+3,  G.  C.  D. 

«2_c2     |a;-|-c,  G.  C.  D. 

x2-|-3a;             (a:— 1 

X^-^CX          (X — c 

—ex — c2 

I^ 

(9)    6a2-f-llax-|-3x2    |6a2-f7ax— 3x» 
6a24-7ax— 3x2  ( 1 

4ax-fGx2;     by  factoring  this,  wc  Ret 

2x(2a  |.3x) 

.      fla2  4_7ax— 3x2      |2a+3x 


GREATEST    COMMON    DIVISOR.  ' 

By   completing    this  division,    we  find    there   is    no  remainder- 
hence,  2a-\^3x  is  the  G.  C.  D. 

(10)    a^—x*  \a^^a^x—ax^—3^ 
a^+H'x — a-x- — aaf'  (a — x 
— a'^x-\-a-x'-\-ax^ — x* 
— a^x — a'^X'+asfi-^x* 


2a-x- — 2x*;     then,  by  factoring, 
2a;2(a2— z2) 
a^-{-a^x — ax- — afi    \a^ — x^ 

By  completing   the    division,    we   find    there   is    no   remainder; 
hence,  O^ — x^  is  the  G.  C.  I). 

(11)    a^—a^x+Sax-Sx"^    |a2— 5ax+4a2 
a3 — 5a-x + 4aa;2  (a-\-4x 

4-4a2x — az2 — 3x3 
Aa^x—2Qax^+163^ 


-{-Idax- — 19x3;  by  factoring  this,  we  get 
19x2(a— a:) 

By  dividing  a^ — bax-\-4x^  by  a — X,  we  find  there  is  no  remain- 
ijer;  hence,  a — X  is  the  G.  C.  D. 

(12)  a^x*—a^y*=a^x*—y*):  x?+3?y'^=3?{x^-\-y^-). 

By  the  principle  of  Note  3,  neither  of  the  factors  a^  or  x^,  can 
form  factors  of  the  Q.  C.  D. ;  then,  by  dividing  X* — y^  by  x--\-y-, 
we  find  there  is  no  remainder;  hence,  the  latter  quantity  is  the 
required  G.  C.  D. 

(13)  a'3— x'3     IrtS— X*  a5— X*        \a^^3^ 
ai3_a'<x5    (a8+a3x5  a^—a-x?    ~{a^ 

-j-a^x-"* — x'3  a^jfi — x^ 

a^x^ — a3x"'  sfi(a- — x-) 

-l-a^x'"— x'3  a3 — x3     \a- — x- 

x'»(a3_x3)  a3— «x2    (a 

-\-ax- — x3 
x^(a — X) 

By  dividing  a^ — X^  by  a — X,  wo  find  there  is  no  remainder 
hence,  a — x  is  the  G.  C.  D.  sought. 
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LEAST    COMMON    MULTIPLE. 

Note. — The  pupil  should  be  reminded,  that  the  operation  of  find- 
ing the  L.  C.  M.  in  algebra,  involves  precisely  the  same  principles 
as  in  arithmetic. 


(4)    a—x 
2a 


Aa*(a—x)      6ax*{a^—x') 


ia^ 


(iax*{a-^x) 


2a  3x*{a+x) 

(a— a:)X2aX2aX3ar*(a+a;)=12a2x^(a2— a;2),  Ant. 


(5)       X-7/ 

10a^x^{x—y) 

lbx^{x+y) 

12(x«-y') 

x+y 

lOa^x^ 

\bxfi{x^y) 

12(x+y) 

2 

10a2x2 

15x5 

\-l 

3 

ba^x- 

15x'> 

G 

5x2 

ba'^x- 

5x'^ 

2 

a2 

X3 

2 

(x-y)(z+y)x2x3X5a:2Xa*Xa>5x2=60a2x-''(x2-j(/2),    Atu. 


ALGEBRAIC    FRACTIONS. 

RzHARE. — The  pupil  can  experience  but  little  diGBculty  in  solv- 
ing any  of  the  examples  in  fractions,  if  he  is  well  acquainted  with 
the  fundamental  operations,  and  factoring.  We  present  solutiona 
of  the  only  examples  likely  to  occasion  difiBculty. 


(10) 

(11) 
(12) 


Article  128. 

32:5— 2-lj-t-9      3(23— 8^4-3  )_3 
4.3_323-f-12~4(23— 8z-|^  ~4' 

n2— 2n-|-l_(n— l)(n— 1)_«— 1 
iC-—\     ~(n+l)(n— 1  )~"nTl' 

^^—xy^_      x(x2— ?y2)  X 

x'-y"'  "(x2+.v2)(x2-y'')-x2+y»' 


Ana. 


Am. 


Ant. 


(13) 
(14) 
(15) 


ALGEBRAIC    FRACTIONS. 

x-—y^         (x+jj){x—y)jJi:+j/ 
a;2—2x^  4-7/2— (j^_2/)  (a>— ?/)  ~x— j/' 


Ana 


x-y 


x-{x — a) 


X- — 2ax+a2    [x — a){x — a)    x — a. 

x2_|-2x— 15    {x+5)  (g— 3)    x—S 
x--\-8x-^lb~(x+IJ)  (a:-j-3) ~ z -f- 3' 


Aru. 


Ans. 


(4) 


Article  129. 

xY-+x-y^'      xij{x^-i/+xi/-)    xy 


ax'^^axy^      a{xhf-\-xy-)      a 


= — ,    Ans. 


(R\    a;H^— •>_(a:+3)(a>-l)_x-l 
^°'    a;2+ox+G~(x^3)(z-r2)~x-|-2' 


Article  140. 

X       a- — X-       a       x(aA-x)[a — x)a    a 

(8)     X ?— X =  /    ,     /, —=-,    Ant. 

^   '    a-fx^    x2    '^«— X      a4-x)x2(a— X)     x 


(11)    c+ 


ex 


c-      c 

:X 


c2(c-f-x)(c — x) 


(14) 


C — X     c — x'  C — X      X+1  (C — X)  (x+1) 


c'^(c+g) 
X4-1    ' 


2x2 


Am. 


a^-i-x^J  ■  a-\-x    a^-fx^ 
2x 


Article  142. 

2x»       a-l-x 


2x»(a+x) 


X       (a-fx)(a« — f<x4-x»)x 


a* — c<x-f-x» 


./4n«. 


(3)  ox        [ci — X 


x"     x^ 

ax— x2    (xA (_ --4  &c. 


+x« 

a 
x3 

+77 


X3       X« 


Article  144. 

(5)  x-f2     lx+1 
x+1 
1 

X 

X        X* 


.     1      1 

X         X* 
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SIMPLE    EQUATIONS. 

Remark. — The  only  diflSculty  pupils  will  be  likely  to  experience 
in  solving  the  examples,  Art.  154,  155,  will  be  where  a  fraction 
whose  numerator  contains  two  or  more  terms,  is  preceded  by  the 
sign  minus,  as  in  Ex.  5,  Art.  154,  or  in  Ex.  12,  &c..  Art.  155. 
This  may  be  obviated  by  writing  the  numerator  of  the  fraction  in 
a  vinculum  when  the  equation  is  cleared  of  fractions,  and  then 
proceeding  to  perform  the  operations  indicated.  It  will  thus  be 
seen,  that  the  effect  of  the  minus  sign  before  a  fraction,  is  to 
change  the  sign  of  each  term  of  the  numerator.     (See  Art.  132.) 


QUESTIONS    PRODDCING    SIMPLE    EQUATIONS. 

Article  156. 

(16)  Let  a;^  A's  share;  then,  2a;=  B's,  and  a;+2a;=42;  from 
which  a;=14. 

(17)  Let  x=  the  first  part;   then,  2z=  the  second,  and  Sx=: 
the  third,  and  x+2x-\-3z=48;  from  which  x=8. 

(18)  Let  x=  the  first  part;  then,  3x=:  the  second,  and  3afX2 
=;6x^  the  third  part. 

Therefore,  x+3x-\-Gx=tiO;  from  which  x={i. 

(19)  Let  x=  the  number  of  each ; 
then,  Ix  or  x=  cost  of  the  apples, 

2x=     "  "     lemons, 

and  5x:=     "  "     oranges. 

Therefore,  x-f  2x-|-5x=:56 ;  from  which  x=7. 

,20)     Let  x=  cost  of  an   apple;    then,   2x^  cost  of   a  lemon, 
5x=  cost  of  all   the   apples,  and  3x2x^=  cost  of  all  the 
lemons. 
Therefore,  5x-|-6x=22;   from  which  X-=2. 

^21)     Let  X—  C'b  age;  then,  2x=  B's  ngc,  and  4x=  A's  age. 
Therefore,  x-|-2x-|-4x^98 ;  from  which  X  ^14. 

3x 
(22)     Let  X—  A's  cents;   then,  3x—  B's,  x-f- ^-=2x=  C's,  »nd 

3x-(-2x=5x=:  D's. 

Therefore,  x-f-3x-t-2z-f  6x=44 ;   from  which  x     4. 


SIMPLE    EQUATIONS.  11 

(24)  Let  5a;  and  7x  represent  the  numbers,  since  6x  is  to  7x 
as  6  is  to  7. 

Then,  5x-(-7x=G0;  from  wliich  z=5. 
llcnce,  5x=25,  and  7x=:35. 

(25)  Let  2x,  3x,  and  5x  represent  the  parts;  then, 
2x-}-3x+5x=(i0 ;  from  which  x^6. 

Hence,  2x^12,  3x^^18,  and  5x=30. 

(20)     Let  2x,  3x,   and  5x  represent  tlie  parts ;  these  will  evi- 
dently fulfill  the  second  condition,  since  |  of  the  first,  j 
of  the  second,  and  ^  of  the  third,  are  each  equal  to  x 
Then,  2x+3x+5x=60;  from  which  Z—6. 
Hence,  2x=12,  3x=18,  and  5x=30. 

(27)  Let  x=  the  number. 

Then,  ^  +  5  |--j=65;  from  which  x=60. 
^       o       4 

Or,  let  12x=  the  number;  then,  6x-f-4x-)-3x=65 ; 
from  which  x=5,  and  12x=;60. 

To  avoid  fractions,  we  choose  12x,  because  it  is  a  mul- 
tiple of  2,  3,  and  4. 

(28)  Let  x=  the  number. 

X       X 
Then,  -  —  7  =4;  from  which  x=70. 

By  putting  35x  for  the  number,  we  may  avoid  fractions. 

(29)  Let  x=  A's  age;  then,  2Jx=B's. 

14x     „.         5x     14x     19x     „„ 
Therefore,   x  +  -^  =  76;  or,  —  -j— —  -^  -  -  =76. 
o  000 

Clearing  of  fractions,  19x=76x5. 

Dividing  by  19,     x=4X5=20,  A's  age. 

3x  3      3x     9x 

(30)  Let  X=  C's  share;  then,  -j-  =  Bs,  and  f  of  -^  =— i=A'9. 

9x     3x 
Therefore,  ^-^-j--[-X='i40;  from  which  x=200. 

(31)  Let  3x=:  distance  from  A  to  B;  then,  5x=  distance  from 

3x  6x 

BtoC;  also,  -g- -f  5x- 6x,  and  -^  —  2x=  distance    frorc 
o  o 

C  to  D. 

Therefore,  3x-f5x4-2x=120;  from  which  a. -^12. 
IIf«nce,  3x=36,  and  5x^60. 
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(32)  i-et  3x—  capital. 

Sx 

Then,  3a; ^  —  2x=:;  capital  at  close  of  1st  year; 

2  4x     14z 

2x4--  of  2a:=2x+--— -^  =:cap.  close  2d  year; 
5  6         o 

14a;     1      14j;     14r     2x     12a: 

— -of  -w-  =  -^ c-  =  -c-=  c!ip-  3d  year. 

5/5  556 

12a; 
Therefore,  -^=1236;   from  which  3a;=1545. 
5 

(33)  Let  x=  rent  last  year. 

Then,    .tH-;j^=168;  whence,  a;=160. 

(34)  Let  x=  the  less  part;  then,  a;-|-6=the  greater. 
Therefore,  x-|-a;-f  6=32 ;  whence,  a;=13. 

(35)  Let  x=  votes  of  unsuccessful  candidate. 
Then,  a;+50:=  votes  of  successful  candidate. 
Therefore,  x -fa; +60=256 ;  whence,  x=103. 

(36)  Let  X=  A's;   then,  x+10n=B's; 
and  x+100-f270=x+370=  C's. 
Therefore,  x+.r+lOO-f  x  4  370=1520 ; 
from  which  X^^SO. 

(37)  Let  x=  number  of  women; 
then,  x-f4^"  men, 

and  2x+4-|-10^2x-j-14=  number  of  children. 
Therefore,  x+x+4  |-2x-f-14=90;  whence,  x=18. 

(38)  Let  X=  number  of  yards  cut  off; 

then,  X — 9=  number  of  yards  remaining. 
Therefore,  x-fx — 9=45;  whence,  x=27. 

(39)  Let  X=the  number;  then,  7x— 20=20— X; 
from  which  X^5. 

(40)  Let  x=each  daughter's  share;  then,  2X:=  each  son's  share 

3x^  what  all  the  daughters  will  receive; 

4x^      "     both  the  sons  will  receive; 
Then,  7x— 500=;  what  the  widow  will  receive. 
Therefore,  3x-f-4x-f7x— 500^6500;  whence,  x=.5<><l 

(41)  Let  x=  the  number  of  days; 
then,  20x=  distance  1st  travels, 
and     30x=        "         2d  travels. 
Therefore.  20.r  ^  a0.r=400;  wlioncc,  x=8 
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(42)  Let  x^  (he  number  of  hours. 
Then,  Sx-j-iiO=  miles  B  travels, 
and  5x=  miles  A  travels. 
Therefore,  5x=3x-)-30;  whence,  x=15. 

(43)  Let  x=  time  past  noon. 

Then,  12— X  time  to  midnight. 

„.       „  a;     cc     2j;     12— a: 

Therefore,  a:+2  +  3+5=-g-. 

Clearing  of  fractions  and  reducing,  72a;=60; 

whence,  .T=-hr.  =50  min. 
o 

(44)  Let  x=:  one  part;  then,  120^x=  the  other, 

1 20 x  3 

Therefore,  — =1  i or-;  whence,  x=48. 

X  ^2 

(45)  Let  X=:  the  number. 

Then,  — ^ 4=lo;  whence,  0:^5. 

(46)  Let  x=  the  number. 

5a:— 24 

Then,  — f-13=a;;  whence,  x^  64. 

b 

(47)  Let  3x=  A's  capital,  then  2.c=B's. 
Then,  3.r— 100=  A's  after  losing  $100; 

2a;-(-100=  B's  after  gaining  $100. 
g 
Therefore,  2.c-f  100— -(3a;-100)=134; 

whence,  x=2G2,     Hence,  3.r=786,  and  2x=524. 

(48)  Let  x=  his  money. 

/2a;       \      X 
Then,  x— (  — +3  )  =  - -f  7;  whence,  x=75. 

(49)  Let  5.T=--  annual  income  of  each. 

Then,  x=  what  A  eaves,  and  4a;^  what  he  spends  yearly 

also,  4x-f 25=  what  B  spends  yearly; 

and  5a: — (4a:-f  25)=a;— 25=  what  B  saves  yearly. 

Therefore,  5(x— 25)=200;  whence,  x=65. 

Hence,  5x=32o. 

(60)     Let  x=z  the  number  of  pounds. 

2x 
Then,   —-f  10=  lbs.  of  niter; 
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---j-l=lbs.  of  sulphur;  ^  —  17=lb3.  of  charcoal. 
23  o 

Therefore,   -^+10+^^4-1  +  ^  —  17=0;. 

2x     X 
By  omitting    ,c-  +  ^  on  the  right,  and  its  equivalent  X  on 
o        o 

2a: 
the  left,  and  reducing,  we  finJ   -~  —6=^; 

whence,  2a;=6x23,  and  a;=3x23=69. 

(51)  Let  x^=  cost  of  harness;  then,  3j:=cost  of  horse, 

Q^j.  32.C 

4a;x2|  =  -^  ;  therefore, 19=  the  cost  of  chaise. 

o  o 

32x 
Hence,  a;+3x+-g 19=245. 

44a; 
Transposing  and  reducing,  -—^264; 

whence,  44a;=264x3,  and  a;=6x3=18. 

(52)  Let  Zx  and  Ax  represent  the  numbers. 
Then,  3x+4  :  4x+4  :  :  5  :  6. 

Whence,  6(3.r+4)=5(4a;+4);  whence,  x=2. 
Hence,  Zx—Q,  and  4a:=8. 

(53)  Let  x=  tlie  number  of  years. 
Then,  25+a; :  30+a; :  :  8  :  9; 
whence,  9(25+x)=8(30+a;); 
whence,  by  reducing,  X=15. 

(54)  Let  a;=:  the  number  of  houi's.     Then,  since  the  1st  fills 

the  cistern  in  1^  hours,  it  fills  —  =|  of  it  in  1  hour,  and 

3x 
in  X  hours  it  will  fill  -  -  part  of  it. 
4 

In  like  manner,  the  2d  pipe  fills  —  =^  of  the  cisleru  in 

3x 

i  hour,  and  in  X  hours  it  will  fill  ^  part   of    it.      Also, 


X 

the  3d  pipe  fills  \  in  1    hr.,  and   in  X  hours  -of  it. 


10 


3x     3x     X 
Therdfore,   "t  +  in  +  t  — ^>  °'"  ''"^  whole  of  the  cistern  ; 

whence,  x=J  hour  =48  rain. 
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(55)     Let  x^^  the  number  of  clays. 

X 

Then,  the  1st  does  1  of  it  in  1  day,  and  in  X  days    -. 

/ 

X 

In  like  manner,  the  2d  docs  ^  in  1  day,  and  in  x  days^ 

X 

The  3d  does  I  in  1  day,  and  in  X  days  -. 

XXX 
Therefore,    ^  +  7;  +  5  =1)  or  the  whole;  whence,  z^=2|§. 

Or.   ^-f^+^=/j\=r-,  whence,  x=2|f. 

fiR )  3x 

"  Let  Sx=  money,  3x 7r=2x. 

•"  3 

Then,  2a;+50  — TV(2a;+50)+37=100; 

whence,  x=10;  hence,  3a;^=30. 

(57)  Let  5x^  yearly  salary; 

bx — §  of  5x=3x;  and  Sx — J  of  3x=2a;. 

2x 
Then,  2x ^=120;  whence,  a;=75,  and  5x=r375. 

(58)  Let  x=  value  of  suit  of  clothes. 

Then,  80-|-x=:  yearly  wages;  and  — --j^—  ^monthly  wages. 

Therefore,  7    ^—tf  j^a:+36;  whence,  x=28. 

(59)  Let  x=  days  it  will  last  the  woman. 

Then,   -=  part  tlie  woman  can  drink  in  1  day. 
x 

Since  both  can  drink  it  in  6  days,   they  can  drink   \  of 

it  in  1  day;  and  since  the  man  can  drink  it  in  10  days,  at 

can  drink  -['g  of  it  in  1  day. 

Therefore,  J  —  ^j^-;  whence,  x=15. 


'60)     Let  x^=  the  distance  in  miles. 
X 

Y6 

X 

id 

15^10 


X 
Then,  ;p.-=  hours  in  going  from  C  to  L; 
lo 

X 

and      ifi  ~      "      '"  g^'iig  f'om  L  to  C. 
The-eforc,   T-+rn=25,  whence,  X  =150. 
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(61)     Let  Z:=  the  whole  number  of  gallons. 

X  X 

-+25=  gal.  of  wine;  and  ^ 

X 

3 


X       -  X 

Then,  - -l-2o=  gal.  of  wine;  and  ^ — 6=  gal.  of  water 

o 

Therefore,  x=  -  +25-)--  — 5;   whence,  Xr=l 20,  and  -  -| 


25=;85=  gal.  of  wine; 

X 
and  -  —  5=35^  gal.  of  water, 
o 

(62)  By  representing  the  four  parts  by  x — 2,  z-j-2,  ^x,  and  tlx 
we  at  once  fulfill  the  last  four  conditions. 

Therefore,  x— 24-a;+2+^a;+2a;=72. 
By  adding,  4|a;=72;  whence,  a;=16. 
Then,  a;— 2=14;  a;+2=18;  ^=8;  and  2x=32. 

(63)  Let  x=.  length  of  each  piece. 

Then,  3(a>-19)+«— 17=142;  whence,  x=54 

(64)  Let  a::=  the  number  of  sheep. 

X  X 

Then,  ^n^  acres  plowed;  and  j  =  acres  of  pastured. 

X        X 
Therefore,   rx  +  j  =161 ;  whence,  a:=460. 

(65)  Let  X=  greater  part;   then,  34 — x^  less  part. 
18_(34— a;)=x— 16. 

Therefore,  cc— 18  :  X— 16  :  :  2  :  3. 

Whence,  3(x— 18)=2(x— 16);  whence,  a:=22. 

(66)  Let  Xr=:  the  number  of  beggars. 

Then,  3x — 8=  his  money;  also,  2x-f-3^  his  money. 
Therefore,  3x — 8=2a;-f3;  whence,  a;=ll. 

(67)  Let  x=  number  of  days,  in  which  B  alone  could  reap  it. 

1  6 

Then,   -=:  part  B  could  reap  in  1  day,  and-=  the   pari 

he  could  reap  in  6  days. 

Since  A  can  reap  it  in  20  days,  he  can  reap  2*5  >n  1    l*Ti 

and  in  16  days  ^J. 

a 

Therefore,   ^-(-- =1,  the  whole;  whence,  x=30. 

(68)  Let  X—  price  of  a  bushel  of  barley. 

4x-f90 
Then,   — - —  =  price  of  a  bushel  of  oats; 
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Therefore,  X+3:  — |—  :  :  8  :  5. 

Whence,  5{x-\-3)—8f — ^^');  '"'"o™  which  X=i6. 

'69)     Let  2x=  distance  from  A  to  B;  then, 
3xr=  distance  from  C  to  D; 

2x      Sx 

-— -\- -- =2x--^  3  times  the  distance  from  B  to  C. 
4        2 

2x 
Therefore,   -— =  distance  from  B  to  C. 
o 

2x 
Hence,  2x-f- -s- -r  3a:=34 ;  whence,  z=6. 
o 

(70)    Let  x=  the  lbs.  of  rice; 

x+5 
then,    — jr—  =\  the  weight  of  the  flour,  since  J  of  j  is  \. 

3x+15 
and — ^ — =  the  weight  of  the  flour; 

/3a;+lo       \      x+S 
^  I  — ^ \-x  )  =— ^  =  weight  of  the  water. 

3x+15      X-L3     _ 
Therefore,    x-] ^ 1 -—=15;  whence,  Z=2. 


Article  161. 

(5)  Let  x=  price  of  a  lb.  of  cofl"ee,  and  i^  of  a  lb.  of  sugar. 
Then,  5x-\-3i/—79,  (1), 

and     3x+5^=73,  (2); 

from  which  a;=ll,  and  y=8. 

(6)  Let  x^  price  of  a  horse,  and  1/=^  price  of  a  cow. 
Then,  9x4-7^=300,  (1), 

and   6x+]3?/=300,  (2); 

from  which  x=24,  and  y=12. 
CJ)     Let  X  and  y  represent,  the  numbers. 
Then,  |x+^»/=22,  (1), 

and     \X+17/=V2,  (2); 

from  which  x^24,  anily=30. 

(8)     Let  X  represent  the  greater,   and  y  thn  less  of  the  two 
numbers. 

Then,  z+li/=37,  (1), 

and    y-ix=20,  (2); 

from  which  x=28,  and  t/  =ZJ 
Kv  2. 
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^9      Let  x=  value  of  first  horse,  and  y=  value  of  second. 
Then,  x-\-25=2i/,  (1),  and  7y+25=Ra:,  (2); 
from  which  a;=15,  and  2/=20. 

(10)  Let  x=  As  property,  ami  i/=:  B's. 

Then,  x+50=i/—20,  (1),  and  3a;-f  5^-==2350,  (2); 
from  which  .^=250,  and  J/=320. 

(11)  Let  x=:  digit  in  ten's  place,  and  y^  d'.git  in  unit's  placi, 
Then,  10.r  +  iy=the  number,  and  10^4-x=  number  inverted. 

Therefore,   ^-^^=7,    (1),  and  i^t^=3,  (2); 
'     x+y  '  x-^y\-\      '  ^  ' 

from  which  a;=8,  and  y^^. 

(12)  Let  x^  the  numerator,  and  y^  the  denominator  of  the 
fraction. 

Then,   ^-=2,         (1),  and  ^=3,         (2); 

from  which  a:^=G,  and  y^=^. 

(13)  Let  a;=  A's  age,  and  7/=  B's. 

Then,  a;+7/+18=2a;,  (1),  and  a;  — »/ -6=2/,  (2); 
from  which  rc=30,  and  y=l2. 

(14)  Let  a;=the  greater,  and  ?/=  the  less  of  the  two  number? 

Ax 3?/ 

Then,  xi7/=37,         (1),  and g-^=G,       (2); 

from  which  a;::=21,  and  y=\Q. 

(15)  Let  x=  the  numerator,  and  y=  the  denominator. 

from  which  x^^l,  and  2/=19' 

(10)     Let  x=  sum  given  to  A,  and  y=  sum  given  to  B. 

3a; 
Then,  a;  —  ^x^  =  A's  capital  at  close  of  the  year; 

5w 
and  ?/-(-^y:=-j-;=  B's  capital  at  close  of  tnc  yeai*. 

Then,  x+t/^240U,         ( 1 ),  an.l  ^^  =  -^,        (2) ; 
from  which  a;=1500,  and  y=9(X). 

17)     Let  X—  A's,  and  2/=  B's. 

Then,  x+l()0=2/  — 100,  (1), 
and  2(x— 100)=2/  f-lOO,  (2); 
from  wb'jh  x=.'iOO,  und  J/ ^700. 
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(18)  Let  X:=  the  greater,  and  2/=  the  less  of  the  two  numbers. 
Then,  5a;+72/-^198,         (1),  and   |  +  f  =«,        (2); 

from  which  x=20,  and  2/ =14. 

(19)  Let  a:=  A's  ago,  and  y  —  ^'%. 

Then,  X — 7  and  v/  —  7,  represent  their  ages  7  years  ago; 
and  X-\-l  and  2/+7,  represent  their  ages  7  years  hence. 
Therefore,  a;  — 7=3(y  — 7),  (1),  and  x4-7=2(2/+7),  (2); 
from  which  x=49,  and  2/— 21. 

(20)  Let  a;^  digit  in  ten's  place,  and  y=.  digit  in  unit's  place. 

Then,  10.r-f-?/=  the  number, 

and     10?/  +  a;=  the  number  inverted. 

Therefore,   ^^  =4,  (1),  and  10a:+2/4-27=l()j/-fx,  (2); 

from  which  a;=3,  and  2/=6. 

(21)  Let  a;=  value  of  a  lb.  of  the  first,  and  y  of  the  second. 
Then,  a;+2/=20,  (1),  and  3a;+52/=ll(3+5)=88,  (2); 
from  which  a;=6,  and  y~W. 

(22)  Let  x=number  of  lemons,  and  y  of  oranges. 
Then,  3x-f  52/=84,  (1); 

since  by  selling  \  of  the  lemons  and  \  of  the  oranges  for 
40  cents,  he  cleared  8  cents, 

therefore,  ^  -f  -^  =40  -  8=32,     (2) ; 

from  which    a;=8,  and  y=\2,. 

(23)  Let  x^  A's  money,  and  ?/=B's. 

Then,  a;+J?/=500,         (1),  and  2/+-ia;=600,        (2); 
from  which  a;=400,  and  2/=500. 

(24)  Let  X=  the  fathers,  and  y=  the  sou's  age. 
Then,  a;-6=3\(2/  — 6),        (1), 

and     x  + 3=2^(2/ +  3),        (2); 
from  which  x=:-Z^^  and  y=:15. 

(25)  Let  a;=  number  of  bu.  of  oats,  and  J/^r  bu.  of  rye. 
Then,  by  the  1st  condition,  a* -J  6  :  2/+6  :  :  7  :  6; 
whence,  6(.T-f  6)--=7(2/-f  6),     (1). 

By  the  2d  condition,  X — 6  :  y — 6  :  :  6  :  5; 
whence,  5(x—6)=^6(2/  — 8),  (2); 
from  which  x=^78,  and  2/=66. 
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(26)  Let  a:^  the  length,  and  y=  the  breadih. 
Then,  by  the  1st  condition,  a:+4 :  y-\-\  :  :  5  :  4; 
whence,  4(x-H4)=:5(?/-}-4),     (1). 

By  the  2d  condition,  or  — 4  :  y  —  4  : :  4:3; 
whence,  3(x—4)==^4(2/  — 4),     (2); 
from  which  a;=3G,  and  y  -28. 

(27)  I>et  a;=  number  of  acres  of  tillable,  and  y  of  pasture. 
Then,  200X+ 140^  =24500,     (1). 

Also,  x:  x—y  :  :  14  :  9; 
whence,  9x=14x— 14^,     (2); 
from  which  x=98,  and  ?/=3o. 

(28)  Let  x=  number  of  gal.  in  first,  and  y  in  second. 
By  the  1st  condition,  X  — 15=f(2/— 15),     (1 ) ; 
also,  X— 15— 25=x— 40,  and  3/— 15  — 2.5=y  -40 
therefore,  by  the  2d  condition,  X — 40^\(y  — 40),     (2); 
from  which  X=G5   and  i/=90. 

(29)  Let  x^  the  numerator,  and  ?/=  the  denominator. 
Then,  ^=:^,     (l).and^-±f=f,         (2); 
from  which  x=3,  and  2/=13. 

(30)  Represent  the  first  two  numbers  by  5x  and  7x,  and  the 
other  two  by  Zy  and  f>y. 

By  the  1st  condition,  we  have  Sx+S^  :  lx-{-by :  :  9  :  13; 

whence,  13(5x+33/)=9(7x+5^),         (1); 

the  difi'crence  of  their  sums  =(7x+5^)  —  (5tC-f-3y)  — 2x 

therefore,  2.r+27/=16,         (2); 

from  which  X=6,  and  2/=2; 

hence,  5x=30,  7x=42;  37/=0,  and  5^=10. 

(31)  Let  x=  number  of  bu.  of  rye,  and  y  of  wheat. 
Then,  28+x-f-2/=100,         (1). 

And  28x28+36x1-48^=100x40=4000,        (2); 
from  which  x=20,  and  .y=52. 

(32)  Let  x=  value  of  the  first  horse,  and  ,1/  of  2d. 
Then,  x+50=y4  2-f 8,         (1); 

X-j-  2=  value  of  first  horse  with  worst  saddla 
y-f-50=      "       "    second  "       "      best        " 
Therefore,  y  }-50  :  x+2  :  :  15  :  4; 
whence,  4(y-f-50)=15(x+2),  (2); 
from  whicli  X— 30,  and  J/  =  .70. 
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(33)  Since  4x  and  5x  have  the  same  ratio  a3  4  and  5,  let  them 
represent  the  weights  of  the  loaded  wagons.  Also,  let  Gy 
and  7y,  which  have  the  same  ratio  as  6  and  7,  represent 
the  parts  of  the  loads  taken  out. 

Then,  4x  —  6y:  bx—ly  :  :  2:  3; 
whence,  3(4a;— 6^)=2(5a;— 7?/),        (1), 
and  4a;— 63/-f5x  — 7t/=10,  (2); 

from  which  a;^4,  and  2/=2; 
hence,  4a;=16,  and  5z=20. 

(34)  Let  a;=number  of  gal.  in  1st,  and  y  in  2d. 

First.  Second. 

X  y 

y  y 


X- 

-y 

X- 

-y 

2a;- 

-2y 

37/- 

~x 

2,(/^r  gal.  in  each  after  Ist  pouring. 

x—y 

Zy  —  x^gal.  in  each  after  2d  pouring. 

^y—x 

3a; — 5^  6^ — 2x=:  gal.  in  each  after  3d  pouring. 

Therefore,  3a;— 5^=6^  — 2a;,  (1),  and  3a;— ^=16,  (2); 
from  which  x=22,  and  y=10. 


QUESTIONS    PRODUCING    EQUATIONS    CONTAINING 
THBEE    Oil    MORE    UNKNOWN    QUANTITIES. 

Article  163. 

(2)     Let  X,  y,  and  z  represent  the  numbers. 
Then,  x-f-i/=27,         (1), 
x+2=32,         (2), 
and      2/-|-z=35,  (3); 

from  which  x=12,  y=15,  and  3=^20. 


(3)     Let  X,  y,  and  z  represent  the  numbers.     Then, 

"2 


x-f-2/+2--=59,     (1),  -,,^---5,     (2),   %^=9,   (3); 


from  which  x=29,  .y=19,  and  Z—11. 

(4)     Let  X,  y,  and  z  represent  the  prices  respectively  of  the 
three  watches.     Then, 

x+^=35,    (1),  2/+?+?=26,  (2),z+-+--29,(3); 

from  which  x=8,  .V=1S,  and  z=16. 
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(5)  Let  X,  y,  and  2  represent  the  three  numbers.     Then, 
x+&=25,  (1),  2/4-^=25,    (2),  2+^=25,(3); 
from  which  a;=13,  y=17,  and  2=19. 

(6)  Let  t'=  cost  of  an  apple,  a;  of  a  pear,  y  of  a  peach, 
and  z  of  an  orange. 

Then,  2'(;+5a:=12,  (1), 

3x+4y=18,  (2), 

4a;4-52=28,  (3), 

and      57/+63=39,  (4); 

from  which  V—1,  x=2,  y=3,  and  2=^4. 

(7)  Let  x=  A's  money,  y=  B's,  and  2=  C's.     Then, 
a;+2/=|2,     (1),    ^/+2=6x,     (2),    x+2r=2/-f-680,     (8)- 
from  which  x=200,  2/=360,  and  2=i840. 

(8)  Let  x=  A's  money,  2/=B's,  and  2=  C's. 
Then,  x+700 =2(2/  — 700),     (1), 

2/+1400=3(2— 1400),  (2), 
and  2+420=5(x  — 420),  (3); 
from  which  x=980,  2/=1540,  and  2=2380. 

(9)  Let  X,  y,  and  2,  represent  the  digits  in  hundrea's,  ten's, 
and  unit's  places  respectively. 

Then,  100x-|-10?/-f  2  represents  the  number. 
Therefore,         x-\-y-{-z=ll,        (1), 
2=2x,        (2), 
and  100j;+10y+2+297=1002-flOy+z,         (3); 
from  whicli  x=3,  y=2,  and  2=6. 

(10)  Let  X,  y,  and  2  represent  the  numbers. 
Then,  x-fy+2=83,  (1), 

x  —  7  :  y— 7  :  :  5  :  3; 
whence,  3(x— 7)=5(y— 7),      (2), 

2/_3  :  2_3  ::  11  :  9; 
whence,  9(y— 3)=11(2— 3),    (3); 
from  which         x=37,  y=2o,  and  2=21. 

(11)  Let  z=  A's  share,  2/=  B's,  and  2=Ci. 
Then,  X-|-,V+2=180,  (1), 

2x4  80 --3y+40,  (2), 

tin.l    ■  2x-f-80=42-|  20,  (3); 

from  which  2—70,  y=QO,  and  z=60. 
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(12)     Let  X,  y,  and  2,  represent  the  days  respectively,  in  which 
A,  B,  and  C  each  alone  can  perform  the  work. 

Then,  A  can  do  -  part,  B,  -  part,  and  C  -  part  of   it  iu 

1  day.     Also,  A  and  B  can  perform  ^j  of  it,  A  and  C  ^, 
and  B  and  C  ^'^  in  1  day.     Therefore, 

By  subtracting  Eq.  (2)  from  (1),  we  have 

By  adding  equations  (4)  and  (3)  together, 

1=^^15  + z\=it^  (5); 

or7/=30,  by  clearing  of  fractions. 
By  subtracting  equation  (4)  from  (3), 
2 


-=5V- 


(6); 


z 
or  0=60,  by  clearing  of  fractions. 

The  value  of  X  may  be  found  by  substituting  the  value  of  y 
In  Eq.  (1),  or  by  subtracting  Eq.  (3)  from  (2),  and  adding  the  re- 
sulting equation  and  Eq.  (1)  together. 

(13)     Let  X=:  digit  in  hundred's  place,  y^  digit  in  ten's  place, 
and  z=:  digit  in  unit's  place. 

Then,  100a;+10^  f-2=  the  number; 
100a:+lQ?/+2 

also, ; TTT-^l^i  (l)i 

'J=%     (2), 

and     100x+10y-f2+198=1002+10^+x,        (8); 
from  which  x=4,  2/=^,  and  Z;=6. 

,14)     Let  x=  bu.  of  barley,  y  of  rye,  and  Z  of  wheat. 
Then,     a;4-?/-|-s^:100,     (1), 
28a;-|-3B?/+482=4000,  (2), 
28x+36x2y+48(2+10)  -  40(100-fy-(-10); 
by  reducing,  28x-f32f/-f  482=3920,     (3); 

from  which  x=28,J/^20,  and  2=62. 

16)     Let  X,  y,  and  2  represent  the  birds  respectively  whioh  A 
B,  and  C  killed. 
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x 

J/  +  2 

X—y—z 
x—y—z 

y 
y 

% 

X — 2/  — 3+2s 

Zy—x—z 

Sy — x—z 

z 
z 
2i,     after  lat  division 

23 

9x—2y—2z 
2x—2y—2z 

4z,     after  2d  division; 
x-Yy—Zz 

■ix — 4t/ — 4z    63/  — 2a;  —  2z,    Iz — x — y,    after  3d  diviaioa 
Therefore,  x-[-y-\-z='d%  (1), 

4a;  — 42/  — 42=312,  (2), 

6r/— 2a;  — 22=32,  (3); 

from  which  x=52,  y=28,  and  2=16. 


GENERALIZATION. 

Article  170. 

1)     Let  x=  one  of  the  parts;  then,  a  —  X  will  be  the  other 

Therefore,  x=n{a  —  x)=na  —  nx. 

Transposing,  nx-^-x^ma. 

Factoring,       {n-\-\)x=na. 

^.   .,.  "Of 

Dividing,  ^~rr+T' 

na       na-\-a — na        a 
a—x=a- 


n-\-l  n-fl  n-\-\' 

(2)     Let  x=:  one  of  the  parts;  then,  a — x  will  be  the  othei 
Therefore,  7na;=7i(a  —  x)-=na — nx. 

Transposing,  7na;-(-7ia;=7ia. 
Factoring,     {m-\-n)x=^na. 
na 

ma-\-na        na         ma 


m-\-n        m-f-n     m-f  n 

3)     Let  x=  the  number. 
X        X 

Then,    — +  -=a, 

nx-\-Tnx=mna,  by  clearing  of  fractlona* 

?nna 
whence,     x=^    -. 

m-f-n 
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(4)     Let  x=  the  number. 

Then,  a-\-X  :  b+x  :  :  m  :  n; 

whence,  n(a+x)=m(b+x). 

Transposing,  nx  —  mx=mb — na, 

mb—na 

x= . 

n — m 

(6)     Let  x=  the  number. 

Then,    a — x  :   b — x  :  :  m  :   n; 

whence,        n(a  —  x)=:7n(b  —  x). 

Transposing,  mx  —nx='mb  ~na, 

mb     na      na  —  mb  ^  .^„ 

x= ,  or ,  See  Art.  132 

m — n  n — m 

(0)     Let  x=  the  number  of  dollars  be  had  at  first. 

1  1 

Then,    X x x^^a, 

m         n 

mnx  —  nx  —  mx=mna,  by  clearing  of  fractioDB; 

{mn—m — n)x=mna, 

mna 
x=- 


mn — m—  n 


(7)  Let  X=  the  number  of  persons. 

Then,     ax—  the  number  of  cents  paid; 

also,  {x  —  b)c=  the  number  of  cents  paid; 

therefore,  (x — b)c=ax; 

ex  —  ax=bo, 

be 

x= • 

e  — a 

(8)  Let  x=  the   number  of  bu.  of  oats;    then,  n — x=  the 
number  of  bu.  of  rye. 

Then,  ax^  cost  of  x  bu.  at  a  cents  per  bu. ; 

(n — a;)6=rcost  of  n  —  x  bu.  at  6  cents  per  bu.; 

therefore,  ax-\-{n  —x)b=nc, 

(a  —  b)x=nc — nb  =n(c  —  6), 

7)((i — b) 
x=-        ,     ; 
a  —  b 

_n(a  — 6)      n{c  —  b) n(a  — c) 

a  —b  a  —  6  a — 6 

(0)     Let  x=  the  money  he  had  in  his  purse;  x-\-x=l2x;  then, 
2a:  —  a=  money  he  had  after  1st  spending. 
2x— a-f  (2a:  —  a)  —  a=4«  —  3a=  money  after  2.1  upend'g; 
Ky.  8. 
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4x — 3a -(-(4a; — 3a) — a^8x — 7a=money  after  3d  speud  g; 
8x  —  7a-f  (8x — 7a)— a=J6x— 15a=money  after  4ih  " 
Therefore,      16x  — 15a=0, 

16a;  =  loa,  or  x=||a. 

(10)     Let  a:=:;number  of  pieces  of  Ist  kind;  then,  c— x=num- 

her  of  pieces  of  2J  kind. 

Since  a  pieces  of   the  first  kind  make  $1,   or  lUO  cta^ 

100 
therefore,    — ^=:  value  in  cents  of  a  piece  of  the  first  kind, 
a  ^ 

100  .  .  „ 

In  like  manner,  -7—  =  value  in  cents  of  a  piece  of  the  2d. 

100 

X:^  value  in  cts.  of  X  pieces  of  1st  kind. 

a 

100 

-J—  (c  —  x)=i  value  in  cts.  of  (c  —  x)  pieces  of  2d  kind. 

Therefore,    x  +  -^  (c  —  x)=100: 

a  o  ^         ' 

— I V — =1,  by  dividing  both  sides  by  100; 

bx-\-ac — ax^^ah^  by  clearing  of  fractions. 
(6  — a)x=a(6  — c); 
a(6-c) 
'^"   b-a  ' 

_c(b — a)      a{b — c) 6(c  — a) 

6  —  a  b  —  a    ~    b—a 

To  illustrate  by  numbers,  take  the  following:  How  many  5  and 
25-cent  pieces  must  be  taken,  so  that  8  shall  make  $1  ? 

Ans.     5  five-cent,  and  3  twcuty-five-cent  pieces. 


Article  171. 

(8)     Let  3^=  number  of  pages,  and  t/=  number  of  lines  on  A 
page;  then,  xy:=  number  of  lines  in  the  book. 
Therefore,  (x+5)(A/-f  10)=a;^-t-450,         (1), 
and  (X  — 10)(y-5)=x>/  — 450,       (2); 

from  which  we  find       x^20,  and  y=40. 


Article  172. 

Enunciation  of  questions  2,  3,  4,  nnd  5,  so  that  the  r««alu 
will  be  true  in  an  arithmetical  seusc. 
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^     What  number  must  be  added  to  20,  that  the  »um  may  be  25? 

Ant.  6. 
8.     What  number  must  be  subtracted  from  11,  that  the  remainder 

multiplied  by  5,  shall  equal  40?     Ana.  3. 
4.     What  number  is  that,  of  which  the  j  is  lets  than  the  J  by  3? 

Am.  36. 

6.     A  father,  45  years  old,  has  a  son  aged  15 :   how  many  yearn 

since,  was  the  son  ^  as  old  as  his  father?  Ant.  6. 


RADICALS    OF    THE   SECOND    DEGREE. 

Note. — All  the  examples  in  the  formation  op  powers,  and  ex- 
traction OF  the  square  root,  being  performed  by  direct  methods 
of  operation,  can  present  but  few  difficulties  to  the  careful  student. 
In  the  examples  Art.  1!)6,  before  commencing  the  operation,  the 
pupil  must  be  careful  to  arrange  the  terms  of  the  polynomial  with 
reference  to  a  certain  letter. 


Article  199. 

BKDtUTloN    OF    llADICALS    OF    THE    SECONP    DEOBSK. 

(1)  v/8a2=^4a2x2=v/4a2Xv'2=2a/2. 

(2)  /1^3=|/4a2x3a=  /4a^  ^3a=2a  ySa. 

(3)  |/20a363c-''^|/4a«62c2x5a6c=v''4a262c2x  |/5a5c 
=2abCi/oabc. 

(4)  4i/27a5e5=4  /9a2c2x3ac=4x3ac ,/Mc = 1 2ac y  Mo. 

(5)  7i/28a5c2=7/4a<c2x"'a=7x2a2c^'"7^=14a2cy''7a. 

(6)  |/32a«Pc<=;=/16a662c^x2=    -        -        -    4a^bc'^/2. 

(7)  /44f?f63c = /4a^62x  11  a^=  .       -    2a^b^/lTa5o 

(8)  ^iHa»b'-'c* = / l5a^fia<X3=   -       -       -    4a<6V^  3. 

(9)  i/7oa5pc^=,/25a555c5x3a5c=     -        -    babcySaSc. 
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(10)  |/243a''62c=i/Sla?62X3ac=  -        -    Qafi/Sool 

(12)  v/f=/17|=/^Xl5=        -        -        -    ii/15. 

(13)  >/|=>/|xI=i/AXT4=       -        -        -    ii/14. 

(14)  /H=l/SX3= 2/3. 

(15)  9^/Jf=9^/ffx|=9^/ifx3=9X|l/3— 1/3. 

(16 )  by/  A=5v/";^Xfg=5/3|5XlU=5X  1^/10=  ?/10. 

(17)  10v/;\=10,/^X|=10/tI7x6=10Xt'5/6=/6. 

(18)  5=,/5Xo= v/25. 

(19)  2a=/2ax2«= /4a« 

(20)  3/5=/3x3X/5=i/3x3,x5=      -        -        -       /45. 

(21)  3ci/2c=  /3cx3cx2c= y/lSc^. 

Article  200. 

ADDITION    OF    RADICALS. 

(4)     ,/12z=2i/3         (5)     ,/20=2/5         (6)       y'40=2yl0 
i/27=3,/3  ,80=4/5  /90=3/10 

Sum  =5/3  Sum  =6/5  /2o0=5|   10 

Sum  =10,   10 


(7)     /28a262=2a6/7      (8)     v/i=J/3        (9)    2/J=/3 
/112a262=4a6/7  /,^=i/3  3/12=6/8 

Sum=6a&/7  Sum^^y'S  Sum  =7/8 

(10)  b''l=il/2  (11)     /48a2c»r=4ar>,  3x 

j/2=fi/2  /]26-j=26i  3a: 

Sum=/2  Sum=(4ac+26)/3ar 

(12)     /(2a3— 4a2c+2ac2)=/(a«— 2ac4-c»)X2a=(a— c)/2a 
/(2a3-f-4aV-t-2ac«)=/(a«-+  2ac-f  c«)x2a=(a+c)/2a 

Sum=^a,/2a 

(13)        /a+x=/a-i-x 

__/ax2_|_x3=a;/a4-x 

/(a+a;)3=(a-f-x)/«+x 

Sum  =  (1  f  a-|-2a!)/u-i  x 
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Article  201. 

SDBTRACTION    OF    RADICALS. 

(3)  1/4002=30^5     (4)  ^/.>iZ;=3^/66     (5)  ,/2765cJ=36c,/3Zic 
Dif.  ^'2a^/l  Dif.  =2,/ 66  Dif.  =6c/36c 


(6)  v/49a63c-=76cj/a6  (7)  50/27=100/3      (8)  2|/J=/3 

/2oa6^e2=56c/a5  3a/48=l-J«v/3             3j/^i=|/3 

Dif.  =26c-,  a6  Dit.  =3a|/3"             Dif.  =0 

(9)     i/|=^,/30        (10)  3/^=i/2        (11)     /4a2a;=2aj/x 

l/^o^^/SO  /2=,/2                      a,/a:'=a.r/x 


Dif.  =xVl/30  Dif.  =  1 1/2  Dif.  —i^2a—ax)^'". 


(12)     j/3;H2x4-6nwx+3/<2j;^(;n-j-n)/3x 
^3w-x — Smvx  ^'6)1^x^7)1 — }i)y  l^x 
Dif.  =2/(^  3a; 


Article  202. 

MULTIPLICATION'    OF    RADICALS. 

(3)  v/8Xv/2=/16=4.  (4)    2/ax3i/a=6/«2=6a. 

(5)  i/27X/3=v'8l=9.  (6)    3/2x2/3=6,/G. 

(7)  2/15x3/35=6 /3xo^X5x7=^30,/21 

(8)  /o^ZJ^x  /<''6c=  /a<6«e2=a263e. 


(»)    i/JXi/|=/H=v/^AX5=T^/5. 


ao)^/^X3Vi'l=eVS=eVj^oX=='.o.'^=¥.'- 


(11)     2-1-/2 
2— ,/2 


4  +  2/2 
—  2, '2  — 2 


4—2=2. 
(12)    /x+2X|/x^=^=/'(a;+2)(z— a)=/x5^=4: 


(13)    /aH-xX/a+«=v^(a+aJ)(«+a:)=<»+a:. 
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(14)  |/a:+2Xv/a:+3=v'(x+2)(a:+3)=v/a:H5x+6. 

(15)  Cv/a  +  d/6  (16)    7  +  2/6 
c\/a  —  d\/b  9—6/6 


c^a^cd^/af) 

— cd^ab  —  d~b 


c^a 


—  d^b 


63  +  18/6 

—  35/6  —  10x6 

3  —  17/6. 


(17)  /«+x+  /«— a; 
/o+x —  /« — a; 
(a+x)+/(«2-.T-) 


(18)    x2— x/2+1 

X2  +  X/2+1 


X^— x3,/2  +  x2 


/(a2— .r-' — (r/-x)    +x3/2— 2x2+x/2 

+x2  — x/2+1 


(a+.x)  — (a— x)^2x. 


x« 


+1. 


(2) 
(4) 
(5) 


Article  203. 

DIVISION    OF    RADICALS. 


.54 


/54 
v/6 

r/160         .160 


6/54      6      54 


=./_  =  /9=3.     (3)    3^  =  3v/.^=Vi 


/-^=/20=2/5. 


/8 

1.5/378      15      378 


=3/63=3  /9x7-=9/7. 


^   '       6v/a6         b  ^    ab 


V 
a 


„         fZ        a      e         ac         ac6d       1     ,— , — r 


62cP  -ftd 


,1 


1         1         li     "5         3         6        /'I     -     1     „ 

W     v/2^>/3  =  V2>^l=v'2=^4=V4X^=2'^^ 

(9)     2^/18^_^.2=^XjV  2  =3-/9=4. 

3      113      3      2    il~~5     6    fT",      6     ^.     2   ^. 
<1°)     5'^3-2^5  =  5Xn3X3  =  5\«X^=i6^''=5^^ 

1        I        1      /I       ^       1         1        1      1     ,o 

(^^>     2^2=2\4X2=-2X2V'2=4/2; 

/2+3/l.^/2+3^/r^=/2f?v/2=^v2i 
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iv  ^2^^-i^^V  2-20-10- 


Article  204. 

1_     1      1/2/21 
^^^     72"72^72~"2'~2l^ 

(A^  5        _        5  /7-/G_5(v^7-/6) 

v/7+/6~|/7+v^6^/7— /6  7—6 

-5(j/7-/6). 

(5)    ^  =  ^X^  =  ^V/5=|(2.2360679+)^1.3416407-^. 

(a\  t/2       _       v/2  t/5+v/3      /lO+y/e 

'"^     v/5— y3~v/5— v'3^|/6+v/3         5-3 

-^  (^/lO +/6)=- ^(3.162277+2.449489-1-)  z=2.805833+. 


Article  205. 

mUPLB    EQUATIONS    CONTAINING    RADICALS    OF    Till 
SECOND    DEGREE. 

(1)  /(a:+3)+3=7. 
Transposing,    /(x-|-8)=4; 

squaring,  x-t-3=:I6;   whence,  a:^13. 

(2)  a:+/(x2+ll)=:ll. 
Transposing,    y/(x-+\l)=.ll—x; 

squaring,  x--\-ll^l2l —  'J2x-\-x-;  whenc<5,  X=&. 

(3)  ^{6+^/x—^)=3. 

Squaring,  6-\-y^x  — 1^9;   transposing,  ^/X  — 1=3, 
squaring,  x — 1=9;  whence,  X=;1U. 


(4)  |/z(a+x)=a— z. 

Squaring,  x(a-fx)=a-  —  2ax-\-x^. 

Reducing,         3ax^=a*;      whence,     3:= -5. 

o 
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(5)  /x  — 2=v/(a:-8). 

Squaring,  X  —  Ay/X  -{-4i=^ — 8;  reducing,  — 4|/«= — 12; 
dividing,  y/x=3;  squaring,  X=9. 

(6)  X-\-y/X^'  —  7=^7. 

Transposing,    ^/x^  — 7=7 — x; 

squaring,  x^  —  7=49  —  14x+x*;  whence,  z=4. 

(7)  ,/x+7=:6-^x— 5. 
Squaring,  x+7=36  — 12|/X— 5+X— 5? 
transposing  and  reducing,  /x  —  5=^2; 

squaring,  a?  —  5=:4;  whence,  X=sB. 


(8) 


|/X  — a: 

1 

y/a. 

1 

Squaring, 

X  — a=x— ,  ax-l-ja; 

5a 

transposing 

and 

reducing.    ^ax= 

=  T' 

25a2 

25a 

squaring. 

ax= 

""16"' 

whence, 

^=16-- 

(9)     1/X+225—/X  — 424  — 11=0 

Transposing,       |/x+225=ll  -|-v/'x— 424; 
squaring,  x+225=121+22/x— 424+x— 424; 

reducing,  528 -=22 /x— 424;  dividing,  24  =  y/x  — 424; 
squaring,  576=x  —  424;   whence,  X=100U. 

(10)  x+/2ax+x2=a. 

Transposing,     y/2ax-\-x^=a — x; 
squaring,  2ax-fx2=a2  —  2ax+x^; 

reducing,  4ax^a2;    whence,  X:=ja. 


(11)  y/x-fa  — |/x  — a=/a. 


Transposing,        y/x-\-az=y/a-\-y/X  —  a; 
squaring,  x-f-a=a-}-2/ax  — a^-|-(«  — a); 

reducing,  a-2^ax  —  d*\ 

ba 

•quaring,  a'=4(ax  —  a');    whence,  X-= —. 
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(16) 


(12;  y/X+l2=2-\-y/X. 

Squaring,   x-\-12—4-i^A^/x-\-x■, 
reducing,  2=|/a:;  squaring,  X=A. 

(13)  yW+'x=.2y/r\lc—^x. 
Squaring,       8+a;=4(l-j-X) — A^X-\-X^-\-x; 
transposing  and  reducing,  4|/a:-|  x-=4(x — 1); 
dividing,   ^/x-\-x-=x  —  1;    squaring,  x4-a:-=a;-  —  2x+l; 

1 

wlionce,     3;=:-. 

o 

12  , 

(14)  »/oa;+  --=^.  =  v/^+B". 

i/  5a;  -  b      ^ 

Multiply  by   ^'W^',  /2oa;2-|_3Ua;+12^5x-L6; 

transposing,  ,/25a;2-f  30x=5a; — 6; 

squaring,  2.5a:2H30a;-25a;2  — 60a;-|-86; 

2 
reducing,  90x^=30;   whence,  X^^-. 


b 

237— lOx 

4+v/a;'' 

Multiplying  by  44^/x,  x— 10=237  — lOx; 
transposing,  11x^=263;  and  X=23. 


(15)  l/x  — 4  = 


\  x2+|/4x2+x+ ,/9x2+12x=l-f  X. 

Squaring,    x2+'\'4x2+x+;/9^+T2x=l+2x+x2; 
omitting  x2  on  each  side,  and  squaring  again,  we  have 

4x2-|-a:-|-^/9.i--'+12x=.l+4x+4x«; 
reducing,  y  9x2+12x  ^l+3x; 

squaring,  9x2-f-12x  ._  1-f  6x-f-9x2; 

reducing,  6xr=;l,  and  X— 5. 

b 


(17)  \a-\y/ax='^/a  —  \a—i/ax. 

Squaring,  a-]  yOX—tt — 2\a2 — ax/dx+{a  —  j/CTX); 

transposing  and  rcducing,2  \a2  —  a^/ax--a  —  2ydJC; 
squaring,  4(a2  — a i''ax)—a^  —  4a ,/7^i^ ■4ax ; 

.   ,  So 

reducing,  3a2=4ax;    wIumico,    x=  — . 
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(18^  6{/a:+i/6)=a(v/x— v/6). 

Transposing,  a^/x — b^x^=a^b-^b\/b\ 
factoring,         {a  —  6),/a;=(a+6)i/6; 
squaring,  (a  —  b)^—{a-\-b)*b] 

6{a+6)2 


whence, 


[a-bY 


(19)  i/x+^/aar=rt— 1. 

Factoring,    |/x(l  +  |/a)=a  — l=(/0-(-l)(y'a — 1); 
dividing  both  sides  by  \-\--^a,  and  observing  that  l-|-p/a 
is  the  same  as  ■y/a-\-\, 

yx={i/a  —  1);   squaring,  X=:{i/a — 1)2. 


Article  211. 

»<IE8TI0NS    PRODUCING    VVRK    QUADRATIC    EQUATIONS 

(2)  Let  x=  the  number. 

X      X  x^ 

Then,  -X;:=108;  whence,  -^=108; 

a5«=1296;  and  x=36. 

(3)  Let  x=  the  number. 

Then,  a;2  — 16=^+16;    whence,  ^=32,  and  X=3. 

(4)  Let        a:=  the  number. 

X      16 
Then,  -  =  — ;  0:2=9x16;  and  a;=3x4=12. 
9       X 

(6)  Let  3x  and  4a;  represent  the  numbers. 
Then,     16.^2  — 9a;2=63; 

from  which       7x2=63,  and  x=3. 

(7)  Let  5x=  the  breadth  and  9x=:  the  length. 
Then,  5xx9x=45x2=  the  number  of  square  feet; 
therefore,            45x2=1620 ; 

whence,  x2:=!36,  and  x=:6. 

(8)  By  placing  10x=   tlieir  sum,  we   have   the   greater  =7l. 
since  their  sum  is  to  the  greater  as  10  to  7.     And  if  lOx— 
their  pum,  and  7x=  the  greater,  the  less  =3x. 
Therefore,  10xX3x=30x2=270; 

whence.  x2— 9,  an  I  x=:3. 
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(9)     Let  2x=  their  diftcrencc;  then,  Ux  will  be  the  greater,  and 
9x — 2x=7x,  will  be  the  less. 
Therefore,    (9a;)-'— (7a:)2^128; 

81a;2  — 4Ux-=128; 
whence,  x-  --4,  and  a;=2. 

(10)  Let  4z=  tlie  cost  of  1  yard  in  cents,  then  9x=l  the  number 
of  yards.     Then,  9xx4x^36x-=324; 

whence,  x2=9,  and  x=3. 

(11)  Let  ^x  and  |x  represent  the  numbers. 
Then,  ^x2+|x2=22o. 

9x2+16x2=22.5x4x9. 
25x2=22.5x4X9. 
Dividing,  x2=9x4X'>. 

Extracting  the  sq.  root,  X=3x2x3=l8. 
Ilence,     Jx=9,  and  §x=]2. 
We  may  avoid  fractions  by  representing  the  numbers  by  3x  and 
4x,  as  recommended  in  the  book. 

(12)  By  reducing  ^,  |,  and  |,    to  a  common   denominator,  we 
find  they  are  to  each  other  as  6,  8,  and  9;  therefore,  let 
the  three  numbers  be  represented  by  6x,  8x,  and  9x. 
Then,  36x2+64x2+81x2=724. 

Adding,  181x2=724; 

whence,  x2^:4,  and  x=2. 


Article  212. 

AFFECTED    QUADRATIC    KQl'ATION!*. 

(34)  2ax— x2=  — 2a6  — 62. 
Changing  signs,       x2  —  2ax^=2a6+62_ 
Completing  square,  x2 — 2ax+a2=a2+2a6+62^ 
Extracting  sq.  root,  X  —  a^±(n+6). 
Transposing,  x=a±(a+6)=2a+6,  or  —6. 

(35)  x2+36x— 462=0. 

x2+36x::=462,  by  transposing; 

962  9A2      256' 

x2+36x+-j-=462  +  -j-  =  _-— ,  by  completing  the  sq.; 

36  66 

X+Y  =±  "91  "y  extracting  the  square  root; 

36      56 

x=-  -3-^-0=+^  or -46. 
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(36)    «-  —  O.X  —  bx^=  —  ab. 

X-  —  {a-\-b)x=z  —  ab,  by  factoring; 

a-\-b         a  —  6  ,         a-\-b     a  —  b      ,  ,  . 

X X_=^____;    and  x=  ~^±^^-==-\-a,or-\-b 

(87)    2bx--\-{a  —  2b)x=a. 
2     a — 26   _  a 

2    a— 26       (a— 26)-_(a— 26)2     a  _a2-j-4a6-f-46« 

^  +  '~2b~^~^     1662     -""1662       '"26"         1662 

a  — 26         a+26 

^+^6- =±-46-' 

a  — 26     a+26     ,  a 

-, —  =1,    or    — pTT' 


~         4b     -     4b    ~  '  26' 

(38)    x-  —  {a  —  l)x  —  a=0. 
x2  —  (a  —  l)a;=a; 

(a  — 1)2      (a  — 1)-'      4a      (a+1)^ 

a — 1         a+1         a  —  1     a+1 


,     ,       ^      X       (a+6— c)'      (a+6— c)2      4(a+6)o 
a;2_(a+6_c)a;+  ^    ^^      ^  =  ^    ^4      '  +       |  ^ 


(30)    x»— (a  +  6  — c)x=(a+6)c 

(a+6 — c 
-(a+6-c)a;+^       4 

rt2_)_2a6+62  — 2ac  — 26c4  c2+4ae+46- 
a2+2a6+624-2ac+26c  ■  c-      (a+6+c)» 


-  4  .      -         4         ' 

by  extracting  the  square  root  of  both  sides,  we  find 
a+b  —  c         a+6+c 


2        ~-        2 
a+6  —  c      a-f-6-|-c 


=a+6,  or  — c. 


Article  214. 

PRODI,  KMS    PRODUOINQ    AFKEOTKP    QDADRATIO 

EQUATIONS. 
(0)     Let        .        x=  the  number. 
Then,  a:«— 6x=7; 
from  which  x^=-\-7,  or — 1. 


AFFECTED    QUADRATIC    EQUATIONS.  'H 

The  positive  value  satisfies  the  given  question  in  an  arithmeti- 
cal sense,  and  the  negative  value  satisfies  the  following  question 
in  an  arithmetical  sense. 

Find  a  number,  such  that  if  its  square  be  increased  by  6  times 
the  number  itself,  the  sum  shall  be  7. 

(7)  Let  x=  the  number. 

13 

Then,    2a;2  +  3a;=65;    whence,  x^+5,  or  —  —. 

(8)  Let  a;=  the  number. 

2  fyx  1 

Then,    ^(x^  — 1)=_;    whence,  x=-|-4,   or — -. 

The  negative  value  is  the  answer,  in  an  arithmetical  sense,  to 
the  following  question. 

Find  a  number  such,  that  if  1  be  diminished  by  its  square,  and  | 
of  the  remainder  be  taken,  the  result  shall  be  equal  to  5  times  the 
number  divided  by  2. 

(9)  Let  x=  the  greater  number;  then,  X — 8^  the  less. 
Therefore,  x2— &r=240; 

whence,  x=-}-20,  or  — 12;  hence,  x  —  8=-(-12,  or  — 20. 

(10)  Let  x=  the  number  of  sheep. 

80  80 

Then,       — =  cost  of  one;  also,  7  =  cost  of  one,  if  he 

X  x+4  ' 

had  bought  4  more  for  the  same  money 

m.       .  80        ,       80 

Therefore,    -+1=-. 

'    x-f4  X 

80x+x2^4a;=80x4-320,  by  clearing  of  fractions; 

x2+4x=320;  from  which  x=+16,  or  —20. 

The  negative  value  is  the  answer,  in  an  arithmetical  sense  to 
the  following  question. 

A  person  bought  a  number  of  sheep  for  §80;  if  he  had  bought 
4  less  for  the  same  money,  he  would  have  paid  ?!  more  for  each: 
how  many  did  he  buy? 

(11)  Let  X=  the  greater  number;  then,  X — 10^  the  less.     ' 

600        600     ,„ 

Then,  — =10. 

X— 10       X 

600x— 600x+6000=10x«— lOOx. 

Whence,     x«— lOx  -600;  from  which  x=-f30,  or— 2C, 

and  X— 10^+20,  or— 30. 
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(12)  Let  Z^  tbc  rate  of  travel.     Then, 

45 

—  =  number  of  hr.  traveling  at  X  miles  per  hr. 
X 

45 

=  number  of  hr.  traveling  at  (aJ-j-^)  miles  per  hr. 

45  45 

Therefore,    j--)-l^=  — ;   whence,  x=+4,  or — 4|. 

The  negative  value  is  the  answer,  in  an  arithmetical  sense,  to 
a  question  expressed  in  the  same  words,  except  that  increates 
should  be  diminishes,  and  sooner  should  be  later. 

(13)  Let  x=  one  of  the  numbers,  then  14 — x=  the  other. 
Then,  a;2^(14— a;)2=100; 

a;»-fl96— 28x  +  a:»=100; 

reducing,   x^  —  14x=  —  48; 

whence,  a:=7±l=+8,  or  +6;  and  14— x=-|-6,  or  -f  8. 

(14)  Let  x^=  the  number  of  rows,  then  a;-|-5=:  number  of  trees 
in  a  row, 

and  a;(a;J-5)=r  the  whole  number  of  trees. 

Therefore,  a;2-f-5x=2U4 ; 

whence,  x=-f-12,  or  — 17; 

and  x+5=  f  17,  or  —12. 

The  negative  value  is  the  answer  to  a  similar  question,  the  won] 
more  being  changed  to  less. 


Then, ;:r-ro=B^; 


(15)  Let  z=:  B's  rate  of  travel;  then,  x-\-3=  A's  rate. 
150       150 

X       x-\-3 

150a;+450  — 150x=:8^2_(_25x,   by  clearing  of  fractions; 
reducing,  a::'-|-3x=54; 
whence,  x=-|-6,  or  — 9,  and  X-f3^+9,  or  — 6 

(16)  Let  X^  the  number  in  the  company  at  first;  then, 

175 

■  ■^  what  each  ought  to  have  paid,  and 


X 

175 


x-2" 


what  those  paid  who  remained. 


175        175     ,^ 

Therefore, -—  —  ^10. 

X  — 2       X 

175x  — 175x-(-350=10x2  — 20x,  by  clearing  of  fractnaj 

0^ — 2x=:35,  by  reducing;  whence,  x=:-f-7,  or  —  6. 
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100 
(17)     Let  x^  the  larger  number;  then, =  the  smaller. 


Therefore,  (x  — 1)  (^1^-f  A=120  ; 

(X— l)(1004-x) 


120; 

X 

100x4-0:2— 100— x=l 20a;;  x2— 21x=100; 
whence,  x=-f2o,  or  —  4;  and   =+4,  or  —  25 

x*  — 4 

(18)     Let  x2=  the  father's  age;  then, — - — =  the  son's  age. 

o 


^^^'^'    2(-^ V=^ 


x* — 4  —  3=Gx,  by  multiplying  by  2  and  then  by  3; 

X*  —  6x=7,  by  transposing; 

xi 4 

whence,  x^=-\-7,  or  —  1;  hence,  x*=49,  and   — - — =-15. 

o 

(19)  Let  x-=  her  age. 

Then,  -5-+x=10;   whence,  x.=+4,  or — — . 
o  3 

Hence,  x2=:16,  or  44|,  the  former  of  which  satisfies  the 

conditions  of  the  question  in  its  arithmetical  sense. 

X 

(20)  Let  x=  cost;       then,  ——=:per  cent,  of  loss, 


100 


X2 

Therefore,  x— -^^r^ 24; 

whence,  x=-(-60,  or  -f  40. 


Article  219. 

QUADRATIC    EQUATIONS    CONTAINING    TWO    UNKNOWN 
QUANTITIES. 

(6)    a:«  +  2/«=34,        (1); 
x»— y«=16,        (2). 

By  adding  these  equations  together,  and  dividing  by  2,  we  find 
r2r:^2o;   t'roin  wliich  x=-(-5,  or  —  5. 

The  value  of  1/  may  be  found  either  by  substituting  25  iusto«>l 
of  X*  or  by  subtracting  Eq.  (2)  from  (1). 
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(7)  X+.V--16,  (1); 

xiJ^&S,  (2). 

The  values  of  x  and  y  are  readily  obtained  by  finding  the  >alue 
of  eitlier  in  terms  of  the  other  from  Eq.  (2),  and  substituting  it 
in  Eq.  (1) ;  or  thus: 

x*-\-2xy+i/-=2o6,  by  squaring  (1); 

4x1/        =2-52   by  multiplying  (2)  by  4; 
afi — 2xy-\-y'=4,     by  subtracting; 

X  —  ?/=2,  by  extracting  the  square  root; 

x  + 1/^16. 

From  these  equations,  by  adding  and  subtracting,  the  values  of 
X  and  y  are  readily  found. 

(8)  x—y^5,  (1); 

xy=3e,        (2). 

From  Eq.  (1)  y=X  —  5;  this  being  substituted  instead  of  y  in 
Eq.  (2)  gives  afl  —  5z^36,  from  which  X  is  readily  found,  then  y. 

Or,  by  squaring  Eq.  (1),  then  adding  it  to  4  times  Eq.  (2),  and 
extracting  the  square  root,  we  find  a;-|-y=13;  from  which,  and 
Eq.  (1),  by  adding  and  subtracting,  the  values  of  X  and  y  are 
readily  found. 

(9)  a:+y=9,  (1); 
a:»+2/«=53,        (2). 

From  Eq.  (1),  2/^9 — X;  this  being  substituted  instead  of  y  in 
Eq.  (2),  gives,  after  reducing,  id* — 9x=  — 14;  from  which  we  find 
X=7,  or  2;  consequently,  y=2,  or  7. 

Or,  by  subtracting  (2)  from  the  square  of  (1)  we  obtain  xy, 
then  finish  as  in  Ex.  7. 

(10)  x-y=b,         (1); 
x2+2/«=73,  .      (2). 

From  Eq.  {\)  y:=x  —  5;  this  being  substituted  instead  of  y  in 
Eq.  (2),  gives,  after  reducing,  X- — 5x=24;  from  which  x  is  found 
:=8,  or — 3;  hence,  2/=^3,  or — 8. 

Or,  subtract  the  square  of  (1)  from  (2)  and  find  xy;  then  finish 
as  in  Ex.  8. 

(11)  x3 +2/3  ^152,  (1); 

x+t/  =  8,  (2). 

Dividing  Eq.  (1)  by  Eq.  (2),  we  find  x*  — X3/-f-y»=19,  (8V 
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From  Eq.  (2)  1J—S  —  X;  substituting  this  value  of  ?/  in  F,q  (3) 
and  reducing,  we  have  x-  —  Sx=  — 16;  from  which  wc  find  X—5- 
or  3;  hence,  y=3,  or  5. 

Or,  subtract  (3)  from  the  square  of  (2)  and  finish  as  in  Ex.  7. 

(12)  x^—y^=208,  (1); 

x-y=4,  (2). 

Dividing  Eq.  (1)  by  Eq.  (2),  we  find  X'+xy-J^y-=52,  (3) 
From  Eq.  (2),  y=x  —  4;  substituting  this  value  of  1/  in  Eq.  (3) 
and   reducing,    we   find   X-  —  4x=12:    from    which    x^6,   or — 2; 
hence,  2/=2,  or  —  6. 

Or,  subtract  the  square  of  (2)  from  (3)  and  find  xy. 

(13)  a:3+2/3=19(a;+2/),  (1); 

«— 2/=3,  (2). 

By  dividing  both  sides  of  Eq.  (1)  by  X-\-y, 
a:--a3/+2/2=19,  (3). 

From  Eq.  (2)  y=x  —  3;  substituting  this  value  of  2/  in  Eq.  (3) 
and  reducing,  we  find  x^  —  3a;=10;  from  which  z=5,  or — 2; 
hence,  y=2,  or  — 5. 

Or,  subtract  the  square  of  (2)  from  (3)  and  find  xy. 

(14)  x+y=n,  (1); 
x2 -2/2=11,                     (2). 

From  Eq.  (1)  y=ll — X;  this  being  substituted  in  Eq.  (2)  in- 
stead of  2/,  and  the  equation  reduced,  gives  22x=132,  from  which 
X=6;  hence,  y=5. 

Or,  divide  (2)  by  (1). 

(15)  (x-3)(2/+2)=12,  (1); 

xy        =12,  (2). 

Performing  the  operations  indicated  in  Eq.  (1)  and  then  sub- 
tracting Eq.  (2)  from  it,  we  find  2x  —  3y=6,  (3).     From  Eq.  (3) 

we  finda;;= — ^ — ,  and  this  being  substituted  in  Eq.  (2),  gives,  after 

reducing,  2/2-|-22/^8;  from  which  2/=2,  or  —  4;  hence,  x=6,  or — 3. 

(16)  y-x=2,  (1); 

3xy=10x+y,  (2). 

From  Eq.  (1),  y=x-{-2;  this  value  of  y  being  substituted  in  Eq. 
(2),  gives,  after  reducing,  3x2  —  6x=2;  from  which  x=2,  or  — J; 
henoe,  2/=4,  or  1|. 

Kv.  4. 
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(17)    3a;2+2a^=24,  (1); 

5a;-3?/=l,  (2). 

5a; ] 

From  Eq.  (2),  2/=  — 5 — ;  this  being  substituted  in  Eq.  (1),  gWes, 
o 

no 

after  reducing,  lOx^  —  2x^72;  from  which  X=2,  or  —  — ;    hence, 

199 
y=3,   or— ^.,. 


11  5 

Let  -^^',  and- =2;  then,  v+z=:-.  (3): 

X  y  6  ^  ' 

13 

and  v2+2«=—  (4). 

»         T,      /ov         5  5— 6y 

From  Eq.  (^5),  2=^  —  '*'= — ^r — ;    substituting    this    value    in- 
stead of  z  in  Eq.  (4)  and  reducing,  we  find  6j;* — 5v= — 1;  from 

11  5 

which    v=  -,  or-;  and  substituting  in  the  equation,  2=5   —V 

WO  find  z=-x^  or  -. 

Hence,  v=:-::^-,  or  ^'j  from  which  X— 2,  or  3. 

11      1   . 

Z=:-=-,  or  rri  from  which  V—o,  or  2. 
2/3        2 

Or,  subtracting  (2)  from  the  square  of  (1)  wc  obtain  the  value 

2 

of .     Subtracting  this  from  (2)  and  extracting  the  square  root, 

xy  °  '  ' 

we  obtain .     Then  add  and  subtract  this  and  Eq.  (1). 


(19)  x-y^2,  (1); 

x-y=21— 4a^,  (2). 

In  Eq.  (2),  let  xtl^=z\  the  oquation  then  becomes 

z^=2l — Az;  from  whichz  or  X2/=3,  or — 7 
We  then  have  X  —  2/^2,  and  xy=3,  to  find  X  and  y. 
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Tnese  equations  are  similar  to  those  in  example  8,  and  we 
readily  find  x=3,  or  —  1;  hence,  2/=l,  or  —  3. 

From  the  equations  X — y=2,  and  xy^= — 7,  we  may  also  find 
two  other  values  of  x  and  y,  but  they  are  imaginary. 


Article  219. 

PROBLEMS  PUODUCING  QUADRATIC  EQUATIONS,  CON- 
TAINIXG  TWO  UNKNOWN  QUANTITIES. 

(1)  Let  X  and  y  represent  the  numbers. 
Then,  x-\-y=\0,        (1); 

a;2+y2=52,        (2). 
Solved  like  question  9,  preceding. 

(2)  Let  X  and  y  represent  the  numbers. 
Then,   x-y=3,         (1); 

a;2 —2/2^39,      (2). 

Divide  Eq.  (2)  by  Eq.  (1)  and  we  get  X-\-y^\Z,  (3);  then  from 
this  and  Eq.  (1),  we  readily  find  a;=8,  and  y=b. 

(3)  Let  x^  and  y*  represent  the  parts. 
Then,  a:2_^2/«=25,       (1); 

a;+y=7,        (2). 

The  values  of  X  and  y  may  now  bo  found  in  the  same  manner 
as  in  question  9,  preceding. 

(4)  Let  X^  the  digit  in  ten's  place,  and  y=  the  digit  in  unit's 
place. 

Then,     \Ox-\-y=z  the  number; 
(10x+y)(x+y)=160,        (1); 

1^^^=4  (2) 

iy        '        ^^• 

Dividing  Eq.  (1)  by  Eq.  (2),  we  get 

10  —  1/' 

Ay{x-\-y)=^\  from  which  X= —. 

Substituting  this  instead  of  X,  in  Eq.  (2),  we  get 


,0(1^) +,=■«„; 


clearing  of  fractions,  lUO  — 10y-f-2/«=16i/*; 
from  which    y  — 2;  hence,  X  =3. 
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(5)  Let  a;—  the  greater  number,  aud  y=^  their  difTerenoe; 
then,  x—y=  tlic  less. 

Then,      a:?/=lG,  (1); 

and3-»/-3/2=lo  (2). 

Subiracting  the  2d  Eq.  from  the  1st,  we  get 
2/2=4;  hence,  2/^=2; 

Ifi 

x=  —  =8,  and  X — y=6. 
2/ 

(6)  Let  X  and  ?/  represent  the  numbers. 
Then,     a;+2/-10,  (1); 
xy-(x-u)^'2:2,  (2). 

Find  the  value  of  either  X  or  y  from  Eq.  (1),  and  substitute  it 
instead  of  the  same  unknown  quantity,  in  Eq.  (2). 

This  may  also  be  easily  solved  by  means  of  one  unknown  quan- 
tity; thus,  let  x=  one  of  the  parts,  then  10  —  Xz=  the  other,  and 
10 — 2X:=  their  difi'crenco. 

Then,  a;(10— .T)  — (10— 2x)=22; 
from  which  x=S,  or  4; 

hence,  10  — a;=2,  or  6. 

The  numbers  4  and  6  satisfy  the  conditions  of  the  question  in 
an  arithmetical  sense.  The  numbers  8  and  2  satisfy  the  following 
problem.  Divide  10  into  two  such  parts,  that  their  product  plot 
their  difference,  may  be  22. 

(7)  Let  X  and  y  represent  the  numbers. 
Then,  a;+2/=10,  (1); 

a;3+2/3^370,  (2). 

For  the  method  of  solution,  see  question  11,  preceding. 

(8)  Let  X  and  y  represent  the  numbers. 
Then,  a;-2/=2,  (1); 

x^—y^=98,  (2). 

For  the  method  of  snlutioti,  sec  question  12,  preceding. 

(9)  Let  x=  the  digit  in  fen's  place,  and  y^  the  digit  in  unit'* 
place. 

Then,   lOx  |  y=  the  number. 

■'-^=^  (.,; 

xy 

10x+y^-27^lOy+x,  (2). 


QUADRATIC    EQUATIONS.  45 

From  the  2d  Eq.,  2/=3;+3;  this  being  substituted  in  the  Ist  Eq., 
we  get,  after  reducing, 

2x2  —  5a;=r3,    from  which  we  find 

X:^S;  hence,  2/=6,  and  the  number  is  36. 

(10)  Let  X,  ?/,  and  z  represent  the  numbers. 

Then,    ^=a,       (1);         ^-6,       (2);         f  =c,        (3) 

Multiply  the  three  equations  together,  and  we  have 

xyz=abc,        (4). 
Divide  this  successively  by  each  of  the  equations  (1),  (-'), 
and  (3),  and  we  obtain 

z^=bo,  ij-^ae,  ami  x-=ab. 

Hence,        o-=±Y/aT>,  ?/  — zb/^,  :in.l  z=±^/7Jc. 

(11)  Let  x-\-p,  and  X — y  represent  the  numbers. 
Then,  the  sum  of  their  squares  =^2x^ -{-2y^ ; 
the  difference  of  their  squares  =4^2/; 

and  their  product  =:X^ — y^. 

Therefore,  2.T2+22/2_2(a:2—V2)=4,        (1), 
4a^-i(a;2-.v-)=4,        (2). 

Reducing  Eq.  (1),  we  readily  find  y^l;  this  value  being  sub- 
stituted in  Eq.  (2),  we  have,  after  reduction, 

X^ — 8a;=  —  7,     from  which  x=7. 
Hence,  x-^y=8',  and  X — 2/=6. 

(12)  Let  x=  the  circumference  of  the  less  wheel,  and  y^  the 

circumference  of  greater. 

120      120     „ 
Then,  _  =  _+6,  (1); 

120y=120.T-|-6.r?/,  by  clearing  Eq.  (1)  of  fractions; 
120y+120^12tl.cf  12()4-4x.y  f  4a;  f 4^-f-4,  by  clearing  Eq. 
(2)  of  fractions. 

116.i/=124.c  f  4.ry-f4,  by  reducing. 

20x 
From  Eq.  (1)  after  clearing,   we  find  ?/=^^-:r ;  this  Dcing sub- 
stituted in  the  last  equation,  gives,  after  clearing  of  fractions  anj 
reducing, 

11x2  — 89x.=20;  from  which  x=4;  hence,  y— 6. 


46  KEY    TO    FIRST    BOOK. 

(13)     Let  X  and  1/  represent  the  rates  of  travel  of  A  and  B;  theL, 

2x^  distance  A  travels  in  2  hr.  at  X  mi.  per  hr. 

2x-t-l=^  distance  A  travels  in  2  hr.  at  X-\-l  mi.  per  hr. 

30  —  2x^=  distance  A  travels  after  B  starts,  in  Ist  case; 

42  —  (2x4-l)=41 — 2x=  distance  A  travels  after  B  starts, 

in  2d  case. 

^,       ,        30  — 2x      30      ^,,          41  — 2x       42 
Therefore, =  — ,     (1):         ■ = ,      (2 

Clearing  Eq.  (1)  of  fractions,  and  reducing,  we  find 
15a; 


^    15  — x 
Clearing  Eq.  (2)  of  fractions,  and  reducing,  we  get 

41ir— 2xt/=43x+^. 
Substituting  the  value  of  y  before  found,  in  this  equation, 
clearing  of  fractions,  and  reducing,  we  get 
26x-  — 59x=15;   whence,  x=2^,  and  y=3. 

(14)     Let  x=  the  number  of  miles  B  traveled;  then, 
a;-|-30r=  the  number  of  miles  A  traveled. 
Then,  since  the  distance  traveled,  divided  by  the  number 
of  days  spent  in  traveling,   gives  the  number  of  miles 
traveled  per  day, 

X       ,,  ,  ,  ,x+30     „, 

-=  As  rate  of  travel;  and — ^ — ^=B8. 

Then  dividing  the  distance  traveled,  by  each  man's  rate 
of  travel, 

(X4-30)-!-  ^  =  -i^i — i=  days  A  traveled. 

x+30         9x  ,        „ 

x^. Q— =       gQ=  days  B  traveled. 

But  they  both  traveled  the  same  number  of  days;  therefore, 
4(a;-f30)_    9x 

X       ~"x+30' 
4(x-f  30)2=9x»,  by  clearing  of  fractions; 
2(x-(-30)  =3x,  by  extracting  the  square  root; 
ftrom  which  x=60;  hence,  x-t-30^90, 

and  60-{-00=160  miles,  the  distance  from  A  to  B. 
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AllITHMETICAL    PROGRESSION. 
Article  222. 

(9)     Here  n=20,  ar=16^^,  rf=48j  — 16^=32J. 

;^a+(n  — l)d=16jJj+(20  -l)32J=16i>j+611i  _627J. 

Article  223. 

(6)     Here  ;=a+(n  — l)d=.10— 3X9=  — 17. 
«=(H«)^=(-17  +  10)  ^  =  -35. 

Article  225. 

(1)  «=(i-f  a)  ^=  (1  +  1000)  1^^^500500. 

(2)  ;=a+(n  —  l)d=l+(101  — 1)2=201. 
«=(;4-a)  ^=(201+1)  ^^=10201. 

(8)     First  find  how  many  times  a  clock  strikes  in  12  honrs. 
Here,  a=\,  1=12,  n=12. 

8=(12  + 1)^1=78. 

SRX2=156=  strokes  per  day; 
156X"=1092  strokes  in  a  week. 

(4)     Since  the  2d  term  is  2,  the  Sd  term  3,  and.  80  on,  the  n*b 
term  is  eviilenily  n. 
Or  thus,  ;=a-l-(?j  —  l)d=l-f-(n  — 1)1=1 -f-n  —  l=n 

(6)     Substituting  the  values  of  I,  a,  and  rf,  in  the  fonnata, 
l=a-{-{n--\)d,  wo  have 
29=2+ (n  — 1)3;   from  which  7i=10. 

»=r;+a)^*  =  (29-f2)^„^^165. 
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(6)  Substituting  the  values  of  I,  a,  and  n,  in  the  formula, 

l^=a-\-{7i  —  l)d,  we  have 
10=6+(9— l)d;  from  which  d=J. 

«=(^+«)?  =  (10  +  6)^=72. 

(7)  Substituting  the  values  of  s,  a,  and  n,  in  the  formula, 

g={l-{-a)--,  we  have  85=(;-|-10)  — ;  from  which  1—7. 

Substituting  the  values  of  l^  a,  and  n,  in  the  formula, 

l=^a  —  (n — l)d,  we  have 

7=10  — (10  — l)rf;   from  which  d=^. 

(8)  Substituting  the  values  of  a,  b,  and  m,  in  the  formula, 

^     6  — a        ^        ^     16-1     „ 

a= =-,  wehavea=— T — j— =3. 

m+1'  4+1 

Hence,  the  series  is  1,  4,  7,  10,  13,  16,  &c.;  or,  put  a=l, 

i^l6,  and  7i=6,  and  find  d,  from  which  write  the  series. 

(9)  Substituting  the  values  of  a,  and  d,  in  the  formula, 
i=a+(n— l)d,  we  have  ^=24  — 4(n— 1)=28  — 4n; 
substituting  this  value  of  I,  and  those  of  8  and  a  in  the 
formula, 

«=(;+a)s,  w'e  have  72=(28  — 4»+24)^;^;    from    which, 

hy  reducing,     n"  —  13n= — 36;  whence,  n^-(-9,  or   -f-4. 

(10)     Let  n=:  No.  of  acres ;  then  the  nth  acre  cost  n  %, 

71 

Substituting  n  for  I  in  the  foimula,  «=(i-|-a)- ,  and  for  % 

A 

n  • 

and  a  their  values,  we  get  12880^:  (n+1)  -; 

by  reducing,  n2-|-n=25760 ;  whence,  n=160. 

Having  the  number  of  acres,  the  average  price  per  acre 
is  easily  found. 

(12)     Let      n=  the  number  of  hours. 

Then,  i=a-|-(n  — l)d=5f  (n— l)l=4-f n; 

•=('+«)  ^  =  (4+n+5)^=^(94-n). 

Therefore,    -(9-fn)=6(Sj+n). 

By  rc(lncin(]f,n2_3n— 40;  from  which  n=8. 
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(13)     Let  x=  the  number  of  hours;  then,  the  formula, 

l=a  —  (n — l)d  becomes  1=4:  —  ^{X — 1)=4J  —  ^; 

s=(l-\-a)  I  becomes  a=(4i- Jx+4)  |=(8i— ia:)|; 

but  in  X  days,  A  travels  3x  miles: 

X 
therefore,  3x=r(8^  —  2*)o'  di'^iding  ^^^  sides  by  X  and 

u 

reducing,  we  find  x^=b. 


GEOMETRICAL    PROGRESSION. 
Article  229. 

1  a  118 

(4)  Here,  the  ratio  ia  —  g;    8=^ -— =  j-_-__  =  _  =  _. 

(5)  Here,  the  ratio  is  —5:  9=- = --  =  -5 — ~, 

^  '  '  x^  1  —  r    .       1        x2 — 1 

6 

(6)  In  this  example,  the  ratio  is . 

a  a  a  cfl 

«== = 


1— r 

1  a  10        10 


\     a/  a 


(7)     Here,  the  ratio  is  ^;  «=:= ^—^^  =  —  =  20. 

*  2  1  — r     1  — i       J 


KEY 


NEW  HIGHER  ALGEBRA.. 


GREATEST    COMMON    DIVISOR. 
Article  108. 

Note. — This  article  contains  the  first  examples  in  tlie  Algebn. 
which  the  attentive  student  will  find  any  real  difiBculty  in  solving 

^^^    a^ — X*  |a3-|-a2x — ax'^ — x^ 

a*  -\-  a^x  —  a^x^  —  ax^  I  ct+ 1 

—  a^x-f  a^x-  -\-ax^  —  x* 
■= — x^a^ — a^x  —  ax^-fx")         After  dividing,  we  find  tk 

d?  —  d^x  —  ax'^-\ofi  first  remainder  contains  a  fao 

d?'-\-a'^x  —  ax^ — x?  tor, — x,  not  found  in  th»  ii- 

—  '2/x'^x         -(-2x3  visor;    hence,    it    should    bf 

—  2x(a2  —  x^)  canceled.    See  Note  3. 

By  dividing  a?-\-oflx — ax« — v?  by  a^ — x»,  we  find  there  ii  ni* 
remainder;  hence,  the  latter  is  the  0.  C.  D.  required. 

(5)    x3— 5x2-fl3x-9        |x3_oa;2^.4x— 3 

— 3x2-f9x— 6=— 3(x«— 3X-I-2) 

a:3_2x2-|-4x-3      [x^— 3x-}-2 

x3— 3x2-(-2x  |x-fl_ 

x-^  2x— 3 
a;2_3a;^U 

x^^ 

X  —  1  will  be  found  to  divide  x^  —  3x  f  2  without  a  remainder 
U  ii,  therefore,  the  0.  C.  D. 
(60) 
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Note. — In  the  solution  of  the  remaining  questions  in  this  ar- 
ticle, we  shall  merely  exhibit  so  much  of  the  operation  as  is  nec- 
essary to  show  how  liie  G.  C.  D.  is  obtained.  The  reasons  for  the 
diflFerent  steps  of  the  operation  will  be  found  in  the  rule,  or  in  the 
notes  following  it. 

(6)  Multiplying  the  1st  polynomial  by  2  to  render  it  dlTiaible 
by  the  2d,  and  dividing  by  X  (Note  3),  we  have 

42.r2_52.r;  f  IG  |6x2— x— 2 

4ic-  —7x  —  ]4  |7 

— 45a:+30  " 

—  15(3.c— 2)  Ans.  3z  —  2. 

(7)  Multiplying  the  1st  polynomial  by  7  to  render  it  divisible 
by  the  2J,  we  have 

7aH^  14x2+63  |7a:3— llx2+15a;+9 

7a;<  — ll.T'4-15a;-+9.c  |a;-fll 

11x3—       x2—     9X+63  .     .     .     .     Multiply  by  7. 
77x3—     7x2—  63x-(-441 
77x-'  — 121x2-!- 165x4-  99 
114x2— 228X-H342' 
114(x2  — 2x-(-3)  Ans.  x»— 2x-fb 

(8)  This  example  presents  no  difliculty  whatever. 

(9)  In  this  example,  26  is  a  factor  of  the  1st  polynomial,  and 
3a  of  the  2d.  Canceling  these  factors,  arranging  the  terms  in 
both,  and  multiplying  the  2d  by  4,  to  render  it  divisible  by  the 
1st,  we  have 

12a3— 12a26-f4rt62— 46^       \ia^—5ab-\-b' 
\2a^ -15n^b+3ab»  |3a+36 

3a26-|-a6»  — 463 
4 


12a«6+  4a62— 1663 
12aa6-loa62+  363 


19a62  — 1963 

1962(a  — 6)  Aiu.a-b. 

(10)    x"  +  a2x2-i-a^  |ar'-|-ax3  — aa*— a< 

X*  -\-  rtx3 — a^x — a^  [l 

—  a(a-3  — az2  —  a^x — 2a3)     {Ooncludedon  pagtb2.\ 
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ar»  -f  ax^  —a^x—  a*         \x?—ax^—a^x—2a^ 

X*  —  ax^  —  a  -X-—  2a^x  |x-}-2 

a)     '^2ax^-f-  ahc'^  a^ —  a* 

-f    2x'''+   ax--\-  a-x —  a^ 

_j_   2a;3—  2ax-'— 2«-x— 4a3 

+  3a)  —  3rta;-' +  3a-x -(- 3a3 

(11)    z^— pic3+(7— l)x-'+px— g-      |x'— 73^^+(P— l)a^  +  ga^P 
a:^_^a:3^(p— l)a:2-f.ga;— p  |]^ 

(g— i>)x3+(ry— p)x2— (g— p)X— (7— ;>), 
or  x^'-\-x-  —  X  —  1,  liy  dividing  by  q — "p. 

X* — qx^'+iP — l)x^+qx—p        |X'  f  z^ — x — 1 
x*+  x^ — X' — X  \x — (7+1) 

—  (q+l)x-i-^pxi+(q  +  l)X—p 

—  (7+l)x3-(7+l).r^+(7+l)x+(7^1) 

(p+7^1)xi— a>+7+l) 
=(j3f7+l)(x2  — 1).  Ans.x^  —  1. 
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Article  113. 

(4)  From  Arts.  85  and  SO,  it  is  obvious  that  a-f-x  is  the  only 
tivisor  of  both  the  quantities;  hence,  (Art.  113)  {a^-\-3fi)  {a- — x") 

h(a-\-x)={a^-\-3fi){a  —  x)  —a*  —  a''x-(-ax-'  —  x»,    Ant. 

(5)  l^y  examining  these  quantities,  we  see  that  the  second 
quantity  is  divisible  by  the  Hrst,  and  the  fowih  by  the  thinly  and 
that  theso  are  the  only  cases  of  divisibility  among  the  four  quan- 
tities; hence,  their  L.  C.  M.  will  be  the  product  of  the  2d  and  4th 
quantities. 

(6)  I5y  factoring  the  several  quantities,  we  find  the  1*'  ^- 
(x-t  1)(X— 1),  the  2'  =x2  +  l;  3<*  =^(X  — l)(x  — 1);  4«*  =(x+l) 
(X-l-l);  5"^  =(x  — l)(z2+a;+l);  G"-  =(x+l)(x»— x  |-1).  It 
will  now  be  seen  that  if  we  omit  the  3d  and  4lh  quantities,  the 
rem  lining  quantities  will  contain  the  factors  of  these,  and  no  other 
factor  not  necessary  to  be  found  in  the  L.  C.  M. ;  hence,  the 
L.  C.  M.  will  be  (x«  — l)(x«+l)(.r3— l)(r'-f-l)=(x'  — l)(i«  — 1)^ 
t»0  — x«— x«  +  l 
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(7)     We  first  find  the  G.  C.  D.  of  the  1»<  and  "2^   pol^  tiomiula,  to 
be  X  —  3;  then,  of  the  1"   and  S**    to  be  3x  —  2.     Hence, 

3x2_lla;+6—  (a;  — 3)(3a;  — 2)  1  It  is  evident  the  L.  C.  M 

2x2—   7x-{-3^  (X  — 3)(2.T  — 1)  I         is  (x— 3j  (3x— 2)  (2x— 1) 
6x2—  7x+2=(2i  — ])(3x  — 2)  J         ^-Gx^!- 25x2+ 23x— 6. 


FRACTIONS   TO   LOWEST   TERMS. 

Article  111). 

The  only  difficulty  in  solving  any  of  the  examples  in  this  ar- 
ticle, consists  in  finding  the  G.  C.  1>.  of  the  two  terms.  In  genera), 
it  may  be  easily  found  by  the  rule  (Art.  108),  and  in  moat  casei 
by  mere  inspection.     Thus: 

(11)  From  Art.  86,  we  know  tliat  X-1-1  is  a  divisor  of  the  de- 
nominator; and,  by  trial,  it  will  be  found  to  divide  the  numerator. 

(12)  Canceling  X  in  the  denominator,  and  multiplying  by  5, 
we  have 

135x34-315x2- OOx— 1 40       |15x3+35x2+3x+7 


135x3-j-315x2-f27x-t  63_  |y^ 

— 87x— 203  "" 

—29(3x4-7).        G.  C.  D.  .=3x4-7. 

(14)  ac4-  62/4-  ay^bc^(a^b)G-^{a  \-b)y  ={a^h){c-\-y); 
aj^lbx  i-2«.c4-6/=(a4-6i/'4-(a  +  6)2x^(a  f  6)(/4-2x). 
Hence,  a\-h—  G.  C.  D.  of  both  terms. 

(15)  x8-fx'y4-x-^-f2/^=(x24-2/2)x'-4-(x2-^-2/2)y 

^(x24-3/-')(x'>4-2/)  ;    X*  — ?/'=(x24-y2)(x2  —1/-'). 

Hence,  X'-\-y'-=  G.  C.  I),  of  both  terms. 

(16)  a34-(a4-6)ax4-6x2=(a24-6x)a4-(a24-6x)x=(a24-6x) 
(a-|-x) ;  «'  —  62x2::^(a24-ftx)^a-  —  6x). 

Hence,  a24-6x=  G.  C.  U. 

(17 )  « J-"'"  —  6.1"'+'  =( ox  —  6x'- ;x"' - ' —X[a,  —  6x)x«-i ;  a'Ox— 
b^x-=Ox{a^—0-x-)—bx(a-[-Ox)(a  —  bx). 

Heuce,  x(a  —  6x)=  G.  C.  U.  of  both  terms. 
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ADDITION  AND  SUBTKACTTON. 

Article  130. 

(10)  Tlie  L.  C.  M.  of  the  denominators  is  readily  found  to  be 
ia^{a-^x){a  —  x){a^-\-3fi)=ia^{a*  —  x*).  We  then  find  for  the 
numerators  of  the  respective  fractions,  the  following  quantities: 

l.t  (a— a:)(a2-La;2).  .  .  .  =  a" -[-ax^  —  a-x—afi 
2*'  {a  +  x){a-^x-).  .  .  .  =  a^ -\-ax--\-a^x-\-3^ 
3<*  2a{a-\-x){a—x}    .    .    .  -^2a^—2ax'- 

■ia^{a* — x')      a' — x* 

(11)  It  is  most  convenient  to  make  the  common  denominator 
of  the  fractions,  abc{a  —  6)(a  —  c)(6 — e).  In  doing  this,  we 
must  change  the  signs  of  the  factor  b  —  a,  in  the  denominntor  of 
the  2d  fraction,  which  may  be  done  if,  at  the  same  time,  we  change 
the  sign  of  the  numerator  (Art.  124).  The  value  of  the  3d  frac- 
tion will  not  be  altered  if  we  cliange  the  signs  of  both,  the  factors 
C  —  a  and  c  —  6,  so  as  to  have  a  —  c  and  6  —  c.     Hence, 

1  l)c{b~(i) 


a{a — 6)(a  —  e)     abc{a — b)[a  —  c)(6 — c)' 

1  — ae{a  —  e) 

6(6 — a)(6 — c) "~  abc{a — b){a — c)(6— c)' 

1  ab{a  —  6) 

c{c — a)(c — 6)      ab(;{a  —  b){a  —  c)(6 — c)' 

The  sum  of  the  numerators  is  6c(6  —  c)  —  ac{a  —  c)  fa6(f/ — 6), 
which,  by  performing  the  multiplications  indicated,  and  reducing, 
gives  the  same  result  as  (a  —  6)(rt — c)(6  —  c).  Hencjc,  this  pro- 
duct may   be  canceled   in   both  terms,  and   the  sum  ot  the    three 

fractions  is  found  =  — j— . 
a  be 

(12)     Reducing  the  3d  fraction  to  its  lowest  terms,   ii   becomes 

X^                                                                                             j-4-x>/-\-u' 
,     The  2d  traction  subtracte<l  from  the  Ist  leaves ' — — — . 

Xf/  *  V"' 
Subtracting  the  preceding  from  this  leaves     "^    ,'  I,     Am. 

i/(x-\-y) 
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n^)    J__^ _2(x+l)-(x-l)  _   x+3    ^ 

^     '    x—l      2(aH-l)"~        2(a:2— 1)  2(a:2_i)' 

x-1-3  a;+3         (x-\-S)(x^+l)—(x-\-S){x-—l)       x+3     ^ 


2(x2— 1)      2(x2^1)"~  2(x<— 1)  x*—r 


MULTIPLICATION   AND    DIVISION. 
Article  131. 

Remark. — In  the  solution  of  all  questions  in  multiplication  or 
division  of  fractions,  it  is  important  to  separate  the  quantities  into 
factors,  before  performing  any  actual  multiplications,  as  this  might 
80  involve  the  factors  that  they  could  not  be  readily  discovered. 
By  attention  to  factoring,  nearly  all  the  examples  are  easily  solved. 

_^     4a      3x 
(»)     3-^  +  2-6 

26      3x 

3x'^4a 


8ab 
9x2^ 

+■  +  8^6 

9x2  '      '  8ab 

(10)    pr+ipq-\-qr)x-\-q^-z'^={p+qx)r-\-  {p-\-qx)qx^ip-\-qx) 
(r-\-qx) ; 

ps-\-{pt  —  qs)x-\-qix'-={2i  —  q^)s-\-{2'>  —  qx)tx={p  —  qx) 
{8+tx). 

The  faotors  in   the  denominator  of  the  product  will  cancel  the 
factors  p  —  qx  and  p-\-qx  in  tlie  numerator,  leaving  for  the  result 

(r4-qx)(s-{-ix)=i'S-{-{rt-\-qs)xi-q(x''. 

Article  132. 

no)   x'      ^  ^x^-l^(a;'-l)(a:'  +  l)^  ^xH1)(x2-l)(r^-Ll) 

^      '  X*  X^  X*  x* 

1        X2— 1 

X --= .      (  Concluded  on  page  60.) 
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(X^+l){x2  —  l)iX*-{-l)  X      _{X»-\-l){X*+l)^lfi+X*-\-3fi-\-l 

X*  '^««-'-l~  X3  ~  X^ 

11  ,1  1 

This  example  may  also  be  readily  solved  by  ordinary  division. 


MISCELLANEOUS    EXERCISES 
IN    FRACTIONS. 

Article  139. 

(2)  To  reduce  these  fractions  to  a  common  denominator,  it  wil. 
be  most  convenient  to  cliange  the  signs  of  the  factors,  as  in  the 
solution  to  Ex.  11,  Addition  of  Fractions,  so  that  the  common  de- 
nominator may  be  (a  —  b)(a  —  c)(6  —  c). 

a^-fa+l  a--\-a-\-l         b — c     a^b-fi^c'ab — rtc-|-6— c 

X  i       7=" 


(a — b)[a — c)      (a — 6)(a — c)      6 — c  (a — b)(a —c)\^b — c)      ' 

— 62 — b — 1        — 62 — 5_i      c( — Q    — ab--\-b^c — ab-\-bc — a+c 


(a — 6)(6— cj     (a— 6)(6— o)^a — c  {a—b)(a—n)(b—c)      ' 

c^+c-t-l  c2-|-c-fl         a — 6     ae^ — 6c2-j-ac- -6c-|-a— 6 

;X ; 


(a — c)(6 — c)     (or — c)(6 — c)^a — 6         (a — 6)(a — c)(6— c) 
_  a26— a62— a2c+62cH-qc2 — 6c2  _ 
"""~a26— a62— a2c-|-62c+ac2— 6e2  ~  '      "'"*' 

(3)     Perform  the  operations   indicated  before   substituting  the 
value  of  X 

,  o        4«*    ,  o       6a6-l-2a2 

a-\-b  a-\-b  ' 

6a6-|-2a2      Sb+a      —a—Sb 


first  fraction  = 


2a  6— 2a  2       b—a         a—b  ' 

.,lo^.--»«6   ,o^,_6"6+262 
'^-^-  a-|-6+-^-    rt+6     ' 

„.       4a6      „^     2a6— 262 

«— 26=  —p.  —26= -J- ; 

a-f6  o-f6    ' 


MISCELLANEOUS    EXERCISES 
6ab-\-2b^      3rf-f-6 


second  fraction 


'2ab — 20-      a — .0' 


-a—Sb      3a +b      2a— 2b     ^ 

-j .  = r-  =2.     Am. 


a — b 


a — b       a — b 


57 


(5)    x-\-y 


xryxy 


Similarly, 


xy 

"      1 

X 

V 

x-y 

xu 

X!i_ 

1     1 

y    X 


x;i 


By  dividing  botb 
terms  of  each  frac- 
tion by  xy,  and  re 
ducing. 


(6)  First. — Let  (a — 6)(a — C)(6 — c)  be  the  common  denomina- 
tor of  the  three  fractions;  then,  we  must  change  the  signs  of  the 
numerator  of  the  2d  fraction,  and  the  signs  of  the  1st  factor  of 
the  denominator.  We  must  also  change  the  signs  of  both  factors 
of  tlie  denominator  of  the  second  fraction.  The  numerators  of  the 
respective  fractions  when  reduced  to  a  common  denominator 
will  be 

(a2  +  A2)(6— c)=    a^b  —  a^c  +  bh^  —  ch^; 

( —  62 — h-){a  —  c)=: — ab--{-b'-c--a/i''  -f  ch-; 

(c2-f  /i2)(a  —  6)=    ac-  —  be-  ^  ah-  —  bh-. 

Sum  of  the  numerators  .=a\b — c) — b-{a  —  c)-\-C-{a — 6); 
(a  —  b){a  —  c){b—c)=a-\b  —  c)—b-{a-  r)-j-c2(a  — 6); 
hence,  tlic  value  of  the  fraction  is  1. 

Second.     {a--\-h-){b  —  c)(6-(-c)=    a-b- — a-c--\-b-h'- — c-h^] 

— (62-f /i2)(a_c)(a+c)=r— a262  +  b-c-—d'h-  -f  c-h'^; 

(c2+A2)(a— 6)(a-|-6)=    a2c2— 62c2-f  a2A-'  —  62/^2, 

The  sum  of  the  numerators  isO;  hence,  the  sum  of  the  iVactions 
isO. 


Third.      (a--\-h-)  {b — c)bc—    a-b-c — tt'bc- -\- b-ch-  —  bc^/i^; 

— (62-)-/t-')  (a — c)nc= — a2/>2c  -f  ab^c- — a^h-  -\-  ac-h'; 

{c--\-h-){a  —  b)ab—    a-bc-  —  ab-c-  f  a'b/i^—  abVi'. 

The  sura  of  the  numerators  is  /t'|  a\b  —  c) — b-(a — c)-\-c'(a — b)  \ , 
and  since  the  denominator  is  the  quantity  within  the  brackets,  th» 
value  of  the  fraction  is  /i*. 
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SIMr*LE    EQUATIONS. 

Remarks. — The  attentive  student  will  find  no  difficulty  with  th» 
examples  in  Arts.  151  and  153,  provided  he  attends  carefully  to 
the  rules.     (See  Remark,  page  10,  Key  to  First  Book.) 

The  ease  and  facility  with  which  several  of  the  examples  may 
be  solved,  will  depend  on  the  particular  method  of  solution.  The 
shortest  methods,  however,  are  not  always  the  best  for  learners. 
It  is  important  that  the  pupil  understand  every  step  of  the  opera- 
tion. Let  the  aim  be  first  to  perform  the  operations  correctly  and 
understandingly,  and  after  this  with  facility. 

In  some  cases,  it  is  better  to  perform  the  operations  indicated 
before  clearing  (he  equation  of  fractions.  To  illustrate  this,  we 
will  take  example  21,  Art.  153. 

Multiplying  the  terms  in  the  parentheses  in  the  2d  member  by 

sq,  and  removing  it,  we  have 
3" 


K^S)-^('-'^^=^-S+T5: 


—.3x 
6~' 


Now,  156  is  evidently  the  L.  C.  M.  of  the  denominators.     Mul- 
tiplying both  members  by  this,  we  have 

78a:— 153 — 24+72a;=156a;— 20a;+ 1 0  -   3a: ; 
reducing,  17x=187;  whence,  X— 11. 


QUESTIONS    PRODUCING    SIMPLE    EQUATIONS. 

Article  154. 

(11)  Let  x=  the  1st;  then,  2a;=  the  2d,  and  4x=  the  3d; 
and  a;  f-2a:-|-4a;=133.   Whence,  z=19,  2a:=38,  and  4a;=78. 

(12)  Let  x=  the  1st;  then,  3x=  the  2<l,   and  4.Ja;=  the  Sd ; 
and  z  +  ?,x-\-4\x^-lS7. 

Whence,  z=22,  3a;  -66,  and  4iz=99. 

(13^     Letx=i  tlie  2d;  then,  S\x=  the  Ist,  and  3jx— x=100. 
Whence,  x=40,  and  3^x^=140. 


SIMPLE    EQUATION'S.  ^i'J 

(14)  Let  Sx  and  7x=  the  numbers.     Tlipii.  3x-f  16  :  7x  — 16  :  . 
7:3.     Hence,  49x  — 11 2=9a;+48. 

(15)  Le(,  2x  and  ?,x=  the  numbers.     Then,  2x-\-G  :  3x-f  6  •.  :  4 
5.     Hence,  12j;+24=10.r+30. 

(16)  Let  x=  wife's  and  3x=husbaii(r3  age.     Then,  3x-f-15=2 

(x+15). 

(17)  Let  x=  No.  of  half-dollars  and  100— x=  No.  of  dimes. 

Then,   ^r-=  dollars  paid  in  pieces  of  1st  kind,  and   — =-^r — 

X      1 00 X 

—  do.  of  2d  kind.     Hence,   - -f    — -— -t34. 

(18)  Let  x=  the  1st;  then,  3^x^  the  2d, 

and  100  — (3Jx— x)  =  100  — 2'x=  tlie  3d. 

Then,  x-f  3^x+100— 2jx=:15G. 

Whence,  x=28,  3^x=98,  and  100—2^=30 

CC        OC        QC 

(19)  Let  X  =  the  number ;   then,   -  -|-  -  -f  -  =52 

^       o        4 

13x 

Whence,  -^  =52,  and  x=r48. 

6x 

(20)  Let  x=  the  number;  then,  x^-     — 20—45 

Whence,  x=35. 

XXX 

(21)  Let  x=  the  number;  then,  x+ -  +  -  —  -  -  51. 

Q  4  t> 

Whence,  X=36. 

(22)  Let  x=  the  number;  then   4x  —  40=40  — x. 
Whence,  x=rl6. 

(23)  Let  x=  the  number;  then,  4(x-(-16)=10(x-f  1). 
Whence,  x=9. 

(24)  Let  x=   the  number;  then,  4a:+20=r32.     Whence,  x=3. 

(25)  Let  x=  the  number;  then,  —  — 5=-.     Whence,  x=12. 

8x 

(26)  Let  x=  rent  last  jear;    then.  x+-— =1890.      Whence 

x  =  1750. 
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-X     r  ,         ,       .  a;    20x        ,   15x 

(27)     Let  X=  estate;    then,  the  shares   are    j,    — -,   and    -— =, 

and  we  have  x=  -  +  •=  +  ktv  +2168.   Whence  x=5420,  and 
4       5      20 

the  shares  are  1355,  1084,  and  813. 

(28}     Let  x=  the  less  number;  then,  30  —  a;=:  the  greater, 

and  J(30— X  — x)=3.     Whence,  x=9,  and  30— a;=2l. 

(29^     Let  X=  the  number  of  days  he  worked;  then.  28— a::^ 
idle  days;  then,  75x— 25(28  — a;)=1200,  or  fa;— ^(28— x) 
=12. 
Whence,  |x — 7+^x=12,  or  x=19. 

(81)  Let  x=  number  of  minute  spaces  the  minfite  hand  has 
passed  from  XII.  Then,  X — 60=  do.  the  hour  hand  has 
passed,  and  12(x  —  60)=x.  Whence,  x=65^  min.  or  1  hr. 
5^j  min. 

(32)  Let  X=  dist.  in  min.  spaces  the  fast  hand  has  passed 
from  XII.  Then,  X  — 10=  dist.  the  slow  band  has  gone, 
and  12(X  —  10)=X.  Whence,  x=10|f  min.,  or  the  time 
will  be  8  hr.  10|^  min. 

(33)  Letx=  B's  money  ;  then,  3x=  A's,  and  3x-f-50-T4(x — 50). 
Whence,  X=250,  and  3x=750. 

1  X 

(84)     Let  x=  sum;   then,  X— -X  — 20=-  — 20; 


X     ^^      1  /x      _\      „^     X     X     ^^     20      X      130 

-OO-j -=: 


2 
__20_'(  1-20) -30=^4     -^,-3-3-. 


(35)     Observe  that  20  fo  is  i  and  25  %  }. 

1 ox    1 1 ox 
Let x=  capital;  then, x-t-^=r  ^j^  =  cap.  close  1«'  yr. 

115x      1         II  ox      llo.r      23x      13Sx 

-100+6  °^  W^  100+100=  lod^'^'^i^-^'  y" 

138x      1         13aT_138x     69z_345x_ 

'100  +4  100  —  100  +200"  200  "~  '^^^'    '    ^^' 

Therefoin.     -,,,.  —  x=1000.50.     Whoncc,  X   -1380. 
200 
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(36)  Let  X=  B's  age;  then,  ^=A's,  and  3{X  — 22)=2z  — 22. 
Whence,  X=i^,  nnd  2x^88. 

(37)  To  avoid  fractions,  we  may  take  some  multiple  of  X  that 
is  divisible  twice  by  2.     Thus, 

Let  4X:=  cost  of  1"'  house;  then,  4x-\-2x—6x=  cost  of  2^  , 
and  6a;-f3x=9a;=  cost  of  3''  ;  also,   4a;-f9x=13x=  cost 
of  i"'.     Hence,  4x4-6x-(- 9x4-13x^8000. 
Whence,  4x=1000,  6x=1500,  9x=2250,  and  13x=32oO. 


(38)     Let         x=  gal.  the  3d  conveys  in  1  mi 

then,    3x=     "         "  "  "    3 

and      3x-|-8=gal.  1st  "  "    3 

also,     3x— 7=  "    2d  "  "    3 

9x-fl^  "     all  convey  "    3 

72x-f  8=  "      "        "  "  24 
72x+8=1050. 
Whence,  a;=14H;  ^{Sx-^-S)  =17 ^\ ;  K3.r-7)=12A. 


(40)     Let  X^=  the  number  of  days  in  which  B  can  do  it; 

then,    -=  part  B  does  in  one  day  ;  but  A  does  :^7j,    and    A 


and  B  together  do-  in  one  day; 
Whence,    x=23j. 


1 


10 
1       1 

ro~x' 


(41)     Let  X:^  the  number  of  days  in  which  A  can  do  it; 

1  12      1 

then,    -■=  part  A  does  in  one  day;  but  A  does  -rof  -^^. 
"'  4/14 


X 
in  one  day 


1        1        , 

-  =  ,  .,  wlicnce,  X- 
X      14 


=14. 


If  A  and  B  finish  ^  of  the  work  in  6  days,  tliey  do  \  of  4^^j 
in  one  day;  and  since  A  docs  ^^  in  one  day,  B  does  ^^ —  iV^A 
in  one  day,  or  the  whole  in  21  days. 

The  solution  of  this  question  mainly  depends  on  arithmetical 
analysis,  and  the  employment  of  algebraic  symbols  can  scarcely 
be  said  to  be  of  any  advantage. 


(42)     Let  X:=  number  of  each;  then,  3x=  cost  of  sheep,  12 
cost  of  cows,  and  18x=  cost  of  oxen. 
Therefore,  3x+12x+18x=330;  whence,  x=10. 
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(43)  Letrc=snm  A  reed;  then  X  — 10=  what  B  rccd  : 

X — 10^-16=a;-f  6=  what.  C  rec'd;  x+ti  — 5=j:  - 1—  what 
D  rec'd;  x-)-l-f-15=a;  rl6  =  what  E  reed. 
_..  x-\-l-tx+li3=x  \-x — 10-|-a;-|-6.      Whenec,  a;=21, 
what  A  rec'd,  from  whicJi,  what  tJie  others  rec'd,  is  readiljr 
found. 

X 

(44)  Let  Xr=  the  number  of  eggs;   then,     -=number  of  dozen, 

X      ,„     3x 
and  j2Xl«=-2=cost. 

— — -  ^  number  of  dozen  if  he  liad  bought  5  more;  and 

since  the  whole  cost  divided  by  the  number  of  dozen,  muflt 

give  the  cost  of  one  dozen,  therefore, 

Sx      X  I  5 

—  H — ^^j-  =  cost  of  one  dozen  under  2d  supposition. 

3x     x+5_3x        12  _  l&c  . 

Y  ^  ^2~  "^  "2"  ^  2+5  ~  x+5 ' 

18x 
.      =18— 2V=15J;  whence,  x=31. 

•  •     X+O  -  -' 

94 

(45)  Let  x=  tlio  number  bought;  then,  — =    cost    of    each  j 

and  |(x  —  7)=^  the  remainder. 

4           80 
20--:-i(z  — 7)=20X ^  = ;:=  what  each  sold  for. 

94        80         ,  ,_ 

.•.   —  = -;   whence,  a;=4/. 

X      X — / 

X 

(46)  Let  x=:  the   number  of  hours   eacli    traveled;  then, -X3 

3x  X  5x 

—T—-=r  miles  \  traveled,  and -X5=-r  ='"'■  ^  travclol; 
2  4  4 

.-,  -^  +  -J-  =154;   whence,  X=r56,  -jj-=84,  and  -    =/0. 

(47)  Let  X=:  price  of  harness.  Then,  'It  -  price  of  horse,  and 
6x=  price  of  chaise.  Whence,  X-|-2x-f-6x=9x=450,  or 
x=50,  2x=100,  and  6x=300. 

X 

•  48)     Let  x=  weight  of  body.     Tlien,  9-}-  ^=  weight  of  head, 

and  i=9-f  ^-f9,  or  X  -  30,  weight  of  body.     Weight  of 
head  9+18=27.     Then,  9  ^^27+38=72,  his  whole  weight 
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5j; 24 

(49^      r.cta;=  the  number;  then, — [-13=x;  wlicnce,  3::=54. 

(50)  Let  x^=  number  of  S;  then,  3a=  number  of  eagles. 
...  5(a;  — 8)=3x  -8;   whence,  x=16,  and  3x=48. 

(51)  Let  a:^  number  of  apples;  tlien,  100 — ^a;=numbc»- of  pears. 
X  X 

YqXI  =10=  ^°^*^  ^^  apples ; 

100  — a;     „    200-2X 

and -, —  > -= ^ =  cost  of  pears; 

2o  2o 

X       200 2x 

•■•  r?;  +  - — ^^— —  =9i;   whence,  ar=75,  and  100-z=25. 
10  '         25  * 

(52)  Let  X:^  number  of  sheep; 

X  X 

then,  -=:  acres  plowed,  and  -=  acres  of  pasture. 

.-.  5-f- J=r32o;  whence,  x=1000. 


(53)  Let  x=  miles  he  can  ride; 

X  X 

then,    Tp^  i'xme  of  riding,  and-^  time  of  walking; 

X         X 
.-.  T7-. +  -:  ^2;  whence,  X=6 
12      4 

2 

(54)  Let  x=:  number  of  lbs;  then,  — =:lbs  of  salt  in  1  lu 

6o-fX 

and  25  (  .-^:L- )  =  lbs  of  salt  in  25  lbs. 
\6o+x/ 

•••-KG5q:i)=^'  ^vhence,  x=135. 

(55)  In  every  10  lbs  of  the  mass,  there  are  7  lbs  of  copper 
and  3  lbs  of  tin;  hence,  in  80  lbs,  there  are  1^X^=56 
lbs  of  copper,  and  |gX3=24  lbs  of  tin. 

Let  x=  lbs  of  copper  to  be  added;  then,  56-|-x=  lbs  of  copper 
in  the  new  mass,  and  24^=  lbs  of  tin;  and  since  there  are  11  lbs 
of  onpper  for  every  4  lbs  of  tin,  -jlj-  of  the  copper  must  be  «-i-««il  to 
\  of  the  tin. 

564-x      24 
fhercfore,   -——=_.     Whence,  X— 10 
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1   »•                     4x      1000 
(56)     Let  x=  stock;  then,  a;  —  250-(- -  (x— 250)— — -— = 

stock  at  the  close  of  the  P<  year. 

4z     1000     „,^     4a:      1750         ,  4a;      1750     l/4a5      1750\ 
_____250=3— 3-;   and    ^-—+.^{^-—^) 

Wx     7000 
= -—  =  stock  at  close  of  _'  year. 

16a;      7000       ^.^     16.c      0:250          ,  16a;      92-50 
-F 9--^-^^=  IT- IT'  ""^  T- 9- 

1  /16x      92.50  \      04.r    37000 
+  3  (^  -g <r/  ""  27" 27  "  ""  ^  ^'" 

...    ^-^"'^=2r.     Whence,  X=370U 
27  27 
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Article  158. 

(10)  By  multiplying  eq.  (1)  by  m  and  (2)  by  n,  and  subtract- 
ing, we  find  the  value  of  x.  Again,  by  multiplying  (1) 
by  n  and  (2)  by  7n,  and  subtracting,  we  find  the  value 
of?/. 

(11)  Transposing  b^i/  in  eq.  (2),  multiplying  by  3,  and  factor- 
ing, we  have 

(a^b2):i,/^(a+b  +  c)3hx^{ai-2b)3abi-  ^^^^ ;     (4) 

Separating  oq.  (1)  into  its  parts,  we  have 

(a-  —  b-)!ix+{a2  —  b-)3i/--^{ia  —  b)2ab;  (1) 

Subtracting  eq.  (4)  from  (1),  we  have 

3rt6*c 
(5a2_56i— ."(7 /^    ob-  -Sbc)X:=Sa^b  -2ab-—3a^—6ab- ^ 

Reducing  and  factoring,  (5a-  —  86* — Sab  —  36c)a;— 

.  (5a2— 86* — '.iab — 36c);  whence,  x= 

a+b^  a+b 

Substituting  the  value  of  X  in  eq.  (1),  we  have 
^  (a«  — 62)+3^(a2  — 62)=8a26  — 2a62;  reducing 

3y(a2-^62)=3a26-(-3a6«-=3a6(a  f  6),  or,  y{a  —  b)-ab. 

ab 

Tii(M'cforc,  W^  ,. 

(I  —  b 
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Article  159. 

(4)  Let  x-=.  number  of  sbeep,  and  y=z  number  of  cows; 

then,  6a;-f7^=lll, 
7a;+5^=  93. 
Whence,  a:=4,  and  »/=13. 

(5)  Let  x^  cost  of  1  lb  tea,  and  y-  cost  of  1  lb  coffee; 

then,  7x4-  9?/^520, 

Whence,  a;=55,  and  »/=15  cts. 

(6)  Let  a;=  A's  money,  and  y^=  B'a; 

then,  x+50^y  — 20. 

3a;+5^  ^2.350. 
Whence,  x=2o0,  and  2/=320. 

(7)  Let  6x-^  A's  money,  and  5y=  B'a; 

then,  G.c-}-5^=9800; 
also,  ^x  —  x=.hy — ?/,  or  5x — 4^=0. 
Whence,  x=800,  and  ?/=1000. 
.-.  6x=4800,  and  5^^5000. 

(8)  Let  x=   the   numerator   and   y    the   denominator    of    the 

fraction; 

x-fl_l  X  — 1      1 

y\\~~I  """    ^ 


then,    "—^z=z-    and    ^-  =  1^;   whence,  X=3,  and  v=7 

2  t/  —  1      3  '         ^ 


(0)     Let  x=:  the  first  number,  and  y^=  the  second; 
then,   1  =  5+3,   and? +1=10. 
Whence,  X— 24,  and  2/— 20. 

(10)  Let  X—  number  of  lbs,  and  ?/=  cost  per  lb;  then,  7ty-=.  cost 
.-.  30x—   x^^lOO,  (1) 

X2/  — 22x=300.  (2) 

Adding  eq.  (1)  and  (2)  together,  we  have 
8x=400.     Whence,  x=60. 
By  substitution,  the  value  of  y  is  found  to  be  28. 

(11)  Let  x=::  number  of  busliels  of  wheat,  and  y=  bu.  of  corn  ; 
then,  55x=33^;  and  55x-f33y=  rent; 

also,  65x-}-41,y — 140^  rent. 
.-.  65xi-41y  — UO^SSx+SSy,  or  10x+8y=140. 
Whence,  x=:(),  and  y     10. 
Ky.  U. 
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(12)  Let  X  and  y=  the  cubic  feet  which  each  discharges, 
then,  X:  y  :  :  5x8  :  13x7; 

.-.    40^^91x;  (1) 

also,     y  —  x^m\.        \l) 
Whence.  x=440,  and  7/=1001. 

From  (1)  it  is  evident  that  y  is  greate.    han  X\  therefore, 
iu  (2),  we  write  y — X. 

(13)  Let  5x  and  Ix  represent  the  first  two  numbers,  and  3^  and 
by  the  other  two;  then,  , 

hx^Zy  :  7x+5y  :  :  9:  13; 
.-.    65x+39^  =63x4-45^,  or  2x=Gy;     (1) 
also,  7x+5y — (5x-i-37/)=16, 
or  2x-\-2y=16.  (2) 

Whence,  x^6,  and  y^2,  .-.  5x=30,   7x^42;  and  3^=6, 
and  5y=10. 

(14)  Let  x=  number  of  apples,  and  ?/=:  number  of  pears, 
then,    4+5=30,    and -of  ^  ^gOf  ^,  or  g+ -  =13. 
Whence,  x=72,  and  2/=60. 

(15)  Let  x=  acres  of  tillable  land,  and  y=  acres  of  pasture; 
then,  200xfU0^=.24oU0;  (1) 

also,  X:  — Y^  :  :  28:  9; 

.-.  9x^l4x  — 14y,  or  ox=14y.     (2) 
Whence,  x=98,  and  y=35. 

(16)  Let  X^=  digit  in  ten's  place,  and  y=  digit  in  unit's  place; 
then,  lOxi-y—  the  number,  and  10/y-fXi=  the  number 
when  the  digits  are  inverted. 

Then,  10x+2/4-10^-t-x=121,  or  llx-hll^=121 ;     (1 ) 
and  lOx-f-y— (10;/-l-x)=9,  or  9x  — 9^=9.  (2) 

Dividing  (1)   by  11,  and   (2)  by  9,  and  adding  and  sub- 
tracting, we  find  X=G,  and  ,y=^3. 

Remark. — It  may  be  asked  why,  in  obtaining  eq.  (2),  we  sub- 
tract H)y-\-X  instead  of  10x-|-»/,  since  we  do  not  know  whicli  is 
the  greater.  The  answer  is,  wc  can  not  tell  which  to  subfrncl  till 
we  proceed  to  verify  the  result;  but  if  we  had  subtracted  the 
wrong  quantity,  tlie  error  would  be  maile  known  in  verifying  the 
result,  by  some  quantity  being  negative  that  ought  to  be  positiTe. 
(See  Art.  164.) 
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(17)  Let  2a;  — 6,  3a; — 6,  aii'l  »/  be  the  numbers.     This   fulfills 
the  first  condition.     Tlie  second  condition  gives 

2x  — 1  :^/+5:  :  7  :  11, 

or  22a;  — 11  =7?/+ 35;  (1) 

also,  3x  — 42  :  J/  —  ?S  :  :  6  :  7, 

or  21a;-294r-_62/  — 216.         (2) 

Whence,  aJi^lS,  and  .V=50; 

.-.  the  numbers  are  30,  48,  and  50. 

(18)  Let  a;  and  2  represent  the  days  respectively  in  which  A 
and  B  can  do  it; 

then,    -    and    -  =  parts  which  each  can  do  in  a  day. 

'a;  z 

111 

Then,  -  +  -=-.  (1 

'    X        3        16 

4      4 

Also,  in  4  days,  A  and  B  do-4--;  and  in  36  days,  B  does 

36 

—  parts  of  the  work; 
z 

4      4      36         •  4      40 

.-.  --I 1 =1  (the  whole  work);  or  - -j =1.     (2) 

X  ^   z       z  ^  '         X       z 

Multiplying  eq.  (1)  by  4,  and  subti-acting  it  from  (2),  we 

qc       q 
have  —  =  -;    wlicnce,  2^48,   and    by    substitution   x    is 

z       4 

readily  found  ^=24. 

(19)  First,  2  Ins.,  48  niin.  =21  hrs.,  and  4  hrs.,  40  min.  =4|  hrs 
Let  X  and  z  represent  the  hours  respectively  in  which  A  and  B 

:an  drink  it;  then,  -  and  -:=  parts    which  each  can  driak  in  an 
X  z 

2      2 
hour;  and  — 1--=  parts  drank  by  both  in  2  hours; 

2i      14 

-^=:— -^  parts  drank   by  B  in  21  hours; 

4|      14 

--  =  ^=  parts  drank   by  .\  in  4j  hours; 
X         oX 

•■•   5  +  i  +  Si=^  (the  whole);  (1) 

2      14      2     , 
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By  adding   together    the   terms   containing    X,    and    those    con- 
taining z, 

2      24  20      2 


By  multipljnng  (3)  by  ^i  ^^'^  subtracting  (4)  from  it,  we  hare 

;         7 

z  "~V 


14      7 

=^-;  whence,  2=6,  and  by  substitution  x  is  found  =10. 


(20)  Let  a;=  numerator  and  y=  denominator  of  1»'  fraction; 

X  8     a:      8u  —  5x     . 

then,  -=  1''  fraction,  and = — ;: =2<' fraction. 

.V  5     y         oy 

By  adding  the  numerators  together,  also  the  denominators, 
we  have  a;-f8?/ —  5a;=2/4-5?/,  or  2^=4.r,  or  2z=ry. 

X      1 

Whence,  -  =  k=  the    1"  fraction,  anl  4  —  .l=U=the  2^ 
'  y      2  s       -     1 0 

fraction. 

(21)  In  solving  questions  of  this  kind,  it  is  convenient  to  de- 
note the  capacity  by  1;  it  may,  however,  be  denoted  by 
C,  the  object  of  the  question  being  not  to  find  either  the 
size  of  a  crown  or  guinea,  or  the  size  (capacity)  of  the 
purse,  but  the  ratio  of  the  size  of  a  crown  or  guinea  to 
the  size  of  the  purse. 

Let  x^=  number  of  crowns,  and  2=:  number  of  guineas; 

then,  -^  part  filled  by  1  crown,  and  -==  part  filled  by  1 
X  z 

guinea. 

Also,L%^^l      (1),         andl  +  ^  =  J.3^         (2). 

Multiplying  eq.  (1)  by  5,  and  (2)  by  6,  and  subtracting, 
we  find  a;:=21;  then,  by  substitution,  0=:63. 

(22)  Let  X^=  number  of  bushels  of  wheat,  and  y=^  bu.  of  rye. 
.-.  6z-[-3»/=  li'S  money. 

Observe  that  7  bushels  of  rye  will  cost  21  shillings,  and  ti 
bushels  of  wheat  30  shillings.  Then,  from  the  nature  of  lh« 
question,  we  have  the  following  equations: 

—^ ^-7=a:+2/-2,  (1) 

30+3(a;-|-y— G)=5x+3y  — G.  (2) 

Whence,  x=9,  and  ^12. 
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SIMPLE    EQUATIONS    INVOLVING    THREE    OK 
MORE    UNKNOWN    QUANTITIES. 

Article  160. 

(10)     (3)from(2)give3-  — =6— c;  (4) 

X      y 

2 
Sum  of  (1)  and  (4)  gives -^a-|-6  —  c. 

2 

Whence,   aj=— — ^ ;  subtracting 

(2)  from  (1 )  gives  -  —  -=a-h-  (5) 

y    ^ 

2 

Sum  of  (3)  and  (5)  gives -=a  —  6-(-0. 

2 
Whence,    2/= .  ,     ;  subtracting 

(1)  from  (3)  gives =c  —  a,  (6) 

2 
Sum  of  (2)  and  (6)  gives -=&+c  —  a. 


Whence,    2=: 


6+e— a* 


(11)  Adding  the  four  equations  together,  and  dividing  by  2, 
we  find  the  value  of  X-\-y-\-Z-\-V.  Then,  subtracting  from 
this  each  of  the  equations  successively,  and  dividing  bj  2, 
we  get  the  values  of  a",  ?/,  z,  and  v. 

Article  161. 

(1)  Let  x,  y,  and  2  represent  the  respective  shares;  then, 

a;+y  + 2=^760,  (1) 

x-f-y— 2=240.  (2) 

y\z-x=Zm.  (3) 

Whence,  a;=200,  y  -300,  and  2=260. 

(2)  Let  ar,  1/,  and  2  represent  the  numbers  respectively;  then, 

x+2/+2=20;  (1) 

*-l-2/  :  .V  +  2  :  :  4  :  5,  or  5x  4-  hy=^y-\-^z\  (2) 

y— x:  2  — z:  :  2:  3,  orSy  — 3ah=22— 2x.  (3) 
Whence,  Xz=.h,  .V=7.  and  2—8. 
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(3)  Let  X,  y,  z,  and  v  represent  the  numbers  respectively,  the> 
a;+.V+2=13,  (1)  a;+0+v=18,  (3) 
x-\.yJ^v—lo,            (2)           y+2+u=20.  (4) 

Adding  the  four  equations  together  and  dividing  by  3,  we  hare 
x-\-y -\-z ^v=2'l;  from  which,  by  subtracting  eqs.  (4),  (3).  (2),  and 
(1)  respectively,  we  find  x='l,  ?/=4,  Z:=7,  and  v=9. 

(4)  Let  x=digit  in  hundred's  place,  y^=  digit  in  ten's  place, 
and  2^  digit  in  unit's  place;  then,  \W)x-{-\Oy -\-z-=  the 
number,  and  x-\-y-\-z=\Q\  (1) 
also,  x^y  :  y+z  :  :  3  :  3|,  or  3|a;+3|?/=32/+32;         (2) 
and  100x+102/+2-f-198^10024-10^-(-X; 

or  99a;-l-198=992.  (3) 

From  these  equations  we  readily  find  a;=5,  2/=4,  and  2=7. 

(6)     If  X,  y,  and  z  represent  the  three  numbei's;  then, 
ix+^2/4-i2=46,  (1) 

\x+\y+¥=^^  (2) 

¥^+\y+\^=^\'         (3) 

By  clearing  these  eqs.  of  fractions,  the  values  of  x,  y,  and  z  vn 
readily  found  by  elimination  by  addition  and  subtraction. 

(6)  Let  X,  2/,  and  2  represent  the  three  numbers;  then, 

x+J/=a,  (1) 

x+2=6,  (2) 

y+z=c.  (3) 

Whence,  X,  ?/,  and  2  are  readily  found. 

(7)  Let  X,  2/,  z,  and  v  represent  the  capacity  of  the  respeotire 
casks;  then, 

(2) 

(4) 


(8)     Let  X,  y,  and  z,  represent  the   number  of  guns,  soldiert, 
ami  filers,  respectively;  then, 

gX22+10^,       (1)        y-^z=b{x+y).        (2) 


4x 

(1)             J/-2=|. 

9v 

(3)        x=24-t;-|-16. 

Whence,  X= 

=140, 

y=m,  2=45,  and  v=80. 
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Siucc  the  number  sLain  in  the  engagement  was  \  of  the  8ur- 
vivors;  therefore,  |(y-(-2)  represents  the  slain,  and  i{y-\-z)  th* 
survivors. 

.-.  |(2/+2)+5=|xl3.  (3) 

From  these  eqs.,  we  readily  find  X=90,  y^=5o,  and  2=670. 


GENERALIZATION. 

Article  163. 

X 
,13)     Representing  the  parts  by  x — m,  z-\-m,   — ,  and  mx,  we 

have  X — 7n4-x+m-\ \-mx^a; 

ni 

2xH \-mx=a\ 

2mx-^x-\-ni^x^='ma ; 
x(?n2-f2m-t-l)=a;(m+l)2=ma. 

Whence,    x=- -—„,  from   which  the  parts  are  easily 

'  (r?i  + 1)2'  ^  ^ 

found. 

(15)     Let  x=  distance  he  may  ride;  then, 

X        .  X        .  . 

-=  time  employed  in  riding,  and  -  =  in  walking 

X     X  ,  abc 

.■■  -4--=a;  whence,  x=r . 

(17)     Let  x^=  the  less  number;  then,  bx^=  the  greater,  since  th« 
quotient  of  the  greater  divided  by  the  less  is  6. 
.-.  bx  \-X—a,  or  {b-\-\)-=.a. 

Whence,    x^=-r — ^=  less,  and  ox=j-—:=  greater. 

(19)     Let  x=  tlie  number  of  beggars  that  received  b  cts.  eftch; 

then,  71  —  X;=  the  number  that  received  C  ct«.  each. 

.'.  6x-fc(n  —  x)-=a. 

a—nc       ,  nb  —  a 

Whence,    x=-i ,  and  n  —  X~ -r 

'  b  —  c  b — 0 
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(21)     Let  a;=  the  greater  part,  aud  n — x=  the  less;  then, 

X  ,       ^         wu  nq-\-r      ^  n—r 

=  9  H .     Whence,  z=  -  =— — ,  and  n — x=- 

n — X  n  —  x  1+9  1+g 

(23)     Let  X,  y,  and  z  represent  the  days  respectively  in  which 
A,  B,  and  C  can  perform  the  work. 

Then,  if  A  can  do  it  in  x  days,  he  can,  in  one  day,  do- 

part;  so,  B  and  C  can  do  -  and  -  parts  in  one  day. 

1  1  1  n.  1  1  1  ^  1  1  1       /ov 

For  ihe  method  of  solution,  see  example  10,  Art.  160. 

X 

(25)     Let  x^  A'b  share ;  then,  -  =  expense  of  one  ox  for  m 

X  X 

months,  and  -  -.-m=  —  =  expense  of  one  ox  for  1  mo. 
a  ma 

X         .      nbx 
.-.   —  y^no^= —  =  B's  share,  and 
ma  ma 

X  PCX 

ync=- —  1=  C's  share ; 

m,a  ma 

nbx      PCX     _ 

ma    '  ma 

mrtP 

Whence,    x^= ; ,  from  which  the  sharoB  of  B 

ma-\-nb-\-pc 

and  C  are  easily  found. 

(27)     Let  x=.  cost  of  1  lb  of  the  mixture;  then,  (a-|-6-|-o)X=— 
cost  of  the  whole  mixture. 
But  77ia^  cost  of  a  lbs  at  m  shillings  per  lb, 
nb=      "       6      "      n       "  " 

pc=      "       c      "      c        "  " 

.-.  (a4-6-fc)x=ma-fn6+pc. 
7na-f-n6-fpc 


Whence,  x^=- 


a-\-0-\-o 


(28)  Instead  of  representiug  either  of  the  quantities  to  be 
found  by  a  separate  symbol,  the  simplest  solution  is  ob- 
tained by  taking  x  to  represent  the  number  of  miles  per 
hour  the  waterman  goea  when  bo  rowa  vith  the  current; 
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then,  since  he  can  row  c  miles  with  the  current,  for  d 
miles  against  it,  we  have 

c  :  d  :  :  X  :  —  =:  rate  of  sailing  up  stream, 
c  .        °    -^ 

And  since  the  number  of  hours  employed  in  sailing  any 
given  distance,  is  equal  to  the  whole  number  of  miles 
sailed,  divided  by  the  number  of  miles  sailed  in  1  hour, 
therefore, 

-  =  number  of  hours  in  sailing  down  stream,  and 
X 

(X-i =  ^r-  =  number  of  hours  in  sailing  up  stream. 

c      dx 

a     ao     ,  ac+ad      ,dx     ac-\-ad 

.:  -  4-  _.  :=o,    whence   x=  — j-j — ,  and  —  ^  — r — 
x~  dx  bd     '         c  be 

ac+ad       bd 

a-= r-^ — = ;=  time  down; 

bd         c-\-d 

ac+ad       be 

a-. i =: 5=  time  up. 

be         c-{-d 

It  is  evident  that  the  rate  of  the  current  will  be  half  the 

difference  of  the  rates  of  sailing  down  and  up;  that  is, 

1  f  ac-{-ad     ac-{-ad  \  _  a{e^ — d^} 

2 1  ~~bd  be      I  ^     2bed     ' 

Lastly,  the  rate  of  rowing  will  be  the  difference  between 

the  rate  of  sailing  and  the  rate  of  the  current;  that  is, 

ae+ad     a{c'^  —  d^)  _a{c-\-dy 

bd  2bcd~  ~    2bcd 


NEGATIVE    SOLUTIONS. 
Article  164. 

Enunciations  of  questions  2,  3,  4,  5,  and  8,  so  that  the  results 
Mhall  be  true  in  an  arithmetical  sense. 

2.  What  number  must  be  tubtraeted  from  the  number  SO,  that  the 
remainder  shall  be  19?  Ana.  11. 

3.  The  difference  of  two  numbers  is  9,  and  their  »um  25;  required 
♦he  numbers.  Ant.  17  and  8. 

Ky.  7. 
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4.  What  number  is  that  whose  third  subtracted  from  its  half 
loaves  a  remainder  15?  Ans.  90. 

6  A  father's  age  is  40  years;  his  son's  age  is  13  years;  Aoi* 
manr,  years  since  was  the  age  of  tlie  father  4  times  that  of  the 
Bon  1  Ans.  4 

Article  169. 

r- ,     ^  innq 

(1)  Here,  we  find  x^= =-. 

1»'.  There  will  be  a  negative  solution  when  n  ]>  Wl.  2^. 
The  value  of  X  will  be  infinite  when  m^n  (Art.  136), 
3<*.  When  q  is  0,  and  m^n,  there  will  be  an  indetermi- 
nate solution;  that  is,  X  may  have  any  value  whatever. 

(2)  1"'.  The  boats  will  meet  half  way  between  C  and  L.,  when 
m=n.  2'.  They  will  meet  at  C  when  m  is  0.  3''.  They 
will  meet  at  L  when  «  is  0.  4'*.  They  will  meet  above 
C  when  nK^n,  and  the  boat  A  runs  in  an  opposite  direc- 
tion from  C  to  L.  5'*.  They  will  meet  below  L  when  ni^n, 
and  the  boat  B  runs  in  an  opposite  direction  from  L  to  C. 
6"'.  They  will  never  meet  if  m  and  n  have  difi'erent  signs 
and  are  equal  to  each  other.  7"".  They  will  sail  together 
when  a  is  zero,  and  — m=n,  or  7n=  —  n. 

(3)  We  shall  find  the  same  values  for  X  and  y  from  any  two 
of  the  equations,  for  example,  from  the  l-'  and  2'',  1"  and 
3'',  1"  and  4  A,  2''  and  3<t,  2''  and  4'*,  or  S'l  and  4"^.  Hence, 
we  may  take  either  two  of  the  equations  and  'be  other 
two  will  be  redundant. 

(4)  From  the  1"'  and  2''  equations,  wo  readily  find  X=6  and 
y=3.  From  the  l"  and  3',  x=^,  and  i.«=2f  From  the 
1"  and  4"',  x=  —  5  and  2/=8.  Hence,  the  equations  caa 
not  all  be  true  at  the  same  time. 

Article  171. 

(6)  First  divide  both  members  by  x"*. 

(7)  I^t  Z=  the  number;  then, 

/x     X\      X      X      X         ^      x* 

^2-X2;  =  3X3X3'°'-^=27- 
ISInltiplying  both  members  by  27,   and   dividing  by  X*,  X=;2f7 
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(8)     Let  x=  (he  length  and  y^^  the  breadth;  then,  a;y=  the 
number  of  Rquare  feet. 

From  l"'  supposition,  (x-|-4)(y-f 6)=ity+116.  (1) 

From  the  2<*  supposition,  (a;-|-5)(2/+4)=a:y+113.       (2) 
Performing  the  operations  indicated,  omitting  xy  on  each 
side,  and  reducing. 
We  have  5a;-{-4^=96; 
4a;+5y=93. 
Whence,  a;=12,  and  2/— 9. 


INVOLUTION    OR    THE    FORMATION 
OF    POWERS. 

Note. — The  examples  in  the  Formation  of  Powers,  and  the  Ex 
traction  of  Roots,  being  performed  by  direct  methods  of  operation, 
which   the   attentive   student  will   readily    understand,    it  is   not 
deemed  necessary  to  give  these  solutions  here.     The  last  three  only 
wliich  present  some  peculiarity,  will  be  given. 

Article  172. 

(1)   ^^\=i>      (1). 

Squaring,  x2+2-f  —  =p2,  or  x*--\ — ^^P^  — 2     (2). 
Multiplying  (1)  by  (2),  x^-f a;+ -  + ^=p3_2p    (g). 
Substituting  in  (3)  the  value  of  x-(--  from  (1),  and  trans- 
posing,  we  have  7?-\ — ==p^ — So. 
a;-' 

(2)  Let  X  and  y  be  tlic  numbers;  then, 

X— y=l. 
Multiplying  botli  members  by  X-\-y,  we  have  x^ — y^^x-^-y. 

(3)  Let  the  numbers  be  represented  by  X — 1,  x,  and  x-fl, 
the  sum  of  which  is  3x.  The  cubes  of  these  numbers  will 
be  x3— 3x2+3x  — 1,  x',  and  x3+3x2-|-3x-f  1,  the  sum  of 
which  is  3x3-f-6x.     This  is  divisible  by  8x. 

Or,  take  for  the  numbers  X,  X-|-l,  and  x  ;  2.  and  prooeod 
in  a  similar  manner. 
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EXTRACTION    OF    ROOTS. 

Article  183. 

(12)     The  lerms  arranged  with  reference  to  x,  give 


,„  ,      14x3      1051x2 
49X' ^  +  - 


6x 


25 


+9. 


(15) 


1— x2 
1 


\       x~      x*      afi      Sx^ 
F~T~S"~16~I28~  ^° 


-^^+T 


2— x2- 


X* 

"T 


X*      af>     x'^ 

o_ 

2     x*      x«|     x6      x* 
■*       4       161      8      W 

X*        X®        X'"         X^2 

"¥'^]6~'"6T"''256 


5x8     x>o 
■64  —  64 


256' 


A  more  eirgant  method  of  extracting  the  square  root  of  1  — a^, 
\b  by  means  of  Indeterminate  coefficieDis,  Art.  317;  or,  by  the 
Binomial  theorem,  Art.  321. 

(16)     The  operations  in  this  example  are  similar  to  those  in  the 
preceding. 


Article  191. 

(6)  In  solFing  this  example,  let  a-\-l  be  considered  a  single 
qnantity.  It  may,  for  example,  be  represented  by  a  single 
letter  aa  6. 


7) 
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X      x^ 
1— -—      — ,  &c. 
3       9      ' 


3— a:+-g-     -^ 


X-      a;3 

-*+y-27 

8 

a;2      a:3 
■"■3+27 

Article  192. 


X*— 2x2-f3— — 2  +  ^=  8q.  root. 


(7)      xj-te«+l(te^-16x=+19-  ^;  +  ^  _  A  4-  i^ 


x«^a:8 


2aH— 2a;^l  — 4a:fi  rlO-c' 
—4x6-1-  4^« 

2x*-4a;-'   +3j         6x<-16a:2+19 
6x<— 12x2+  9 

2ar<— 4x2+6  — 4 
x^ 

— 

— 

2ir4_4a;2^6— 4  +  ^ 

^       x2  T^  a;i 

+-^+1- 
+-^.+:- 

4        1 

"x6  +  X» 

--  +  - 

The  square  root  of  x*  —  2x2+3  —  — ;+— r  is  now  readily  found 

a?      X* 

to  be  x2_i_^ 

^  X2 

(8)     The   terms  arranged  with  reference  to  the  powers  of  a, 
give  a^  — 6a<+15a2— 2)+ — ^^--g-    The  square  root 

of  this,  found  as  in  the  preceding  example,  is  a' — 3a+ 

8      1 

-=;  and   the   cube  root  of  this,  found  by  the  rule  in 


Art.  191,   is   a- 
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It  is  proper  to  remark  that  both  the  preceding  examples  may 
be  Bolved  without  using  fractions  in  the  operation,  by  multiplying 
all  the  terms  of  the  iiolynomial  in  example  7,  by  3fi,  and  writing 
a^  beneath  it,  and  after  extracting  the  fourth  root  of  both  termi 
dividing  by  a;-. 

We  thus  find  x^  —  2x'''+3x'  —  2x2 -|-1,  tjig  grgt,  square  root  of  the 
numerator,  and  X* — x^+l  the  second. 

Similarly,  in  example  8,  we  must  multiply  all  the  terms  by  a*. 
It  is  recommended  to  the  pupil  to  solve  these  examples  by  both 
methods. 

Article  194. 

(5)  By  the  1st  method,  the  first  terra  of  the  root  would  be  2x, 
the  trial  divisor  80.r',  and  the  complete  divisor  HOx*  — SOz^ 
+40a;2_i0a;-fl. 

By  the  2d  method,  the  first  term  of  the  root  would  be  2z, 
and  the  trial  divisor  80a;''.  Dividing  the  1st  term  of  the 
1st  remainder  by  80ar',  we  obtain  for  the  2d  term  of  the 
root — 1.  Raising  2a;  —  1  to  the  5fh  power,  we  obtain  the 
original  polynomial. 


RADICALS. 


NoTB. — As  most  of  the  examples  in  Radicals  are  performed  by 
direct  methods  of  operation,  which  the  careful  student  can  scarcely 
fail  to  apply  properly,  it  is  not  deemed  necessary  to  present  all 
their  solutions. 

REDUCTION     OF     RADICALS. 

In  the  reduction  of  fractional  radicals  of  the  second  degree, 
there  is  a  principle  with  which  it  is  well  pupils  should  be  ac- 
quainted, as  it  both  facilitates  and  simplifies  the  operations.  This 
principle  is,  that 

J/  a  number  contains  a  /actor  that  is  a  perfect  square,  the  number  may 
be  made  a  perfect  square  hi/  multiplying  it  by  the  other  factor. 

Tims,  if  the  denominator  of  a  fraction  is  a-6,  it  may  be  made  a 
square  by  multiplying  it  by  6.     For  example, 


J72~>/36X2     >i3G<2*     >/36x4^         0x2*  12*^ 
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If  the  denominator  contains  no  factor  that  is  a  perfect  square, 
it  can  only  be  rendered  a  perfect  square  by  multiplying  both  terms 
by  itself.     Thus. 

Article  200. 

In  order  to  separate  a  quantity  into  two  factors,  one  of  which 
is  a  perfect  power  of  any  given  degree,  it  is  necessary  to  ascer- 
tain if  the  quantity  contains  a  numerical  factor  that  is  a  perfect 
power  of  that  degree.  To  do  this,  we  must  see  if  the  quantity  is 
divisible  by  any  of  the  perfect  powers  of  that  degree. 

Thus,  if  the  radical  is  of  the  third  degree,  the  perfect  powers 
to  be  tried  as  divisors  are  8,  27,  64,  125,  216,  343,  512,  729,  etc. 
If  the  radical  is  of  the  fourth  degree,  the  divisors  are  16,  81,  2-56, 
626,  etc.  If  the  radical  is  of  the  fifth  degree,  the  divisors  are 
32=25,  243=35,  1024=4^,  and  so  on. 

(3)    f-^=fJxi=flx^=W-i; 

lf|=rIX6=hr6;   fT-=f^T^X36=i^3^ 
fl=lfAXr5=i^^: 


V!=V5-Vf^=Vix3x23=^*^^ 


orthus-^/|=-y^x|  =  Vix3X4^=^i/768. 

The  first  method  has  the  advantage  of  giving  the  result  in  the 
most  simple  form. 

Article  203. 

(1)  3^  and  2*^3^  and  2"^=p3  ^nd  f  5?=^57  and  •  I,  or 
27»  and  4* 

(2)  {/'6  and  v/4=5^  and  4^=6*  and  45={/6»  and  ^  43= '/SB 
and  ^64. 
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(3)  a«  and  b^=a^  and  b^=a^  and  b^—-i/a*  and  /ST 

(4)  t/«-=«^=a^^='  */^=2jJ/a6 ; 
«/56=(56)^=(56)"='|/(567=*  ^e^SS*"; 

The  remaining  examples  may  be  solved  in  a  similar  manner. 
ADDITION    AND     SUBTRACTION    OF    RADICALS. 

Article  204. 

(9)  -1-/I28=+  /64xiJ=+  8/2; 

—2/50=— 2  /2ox2=— 10  /2 ; 
+  |/72=+  i/36x2=+  6/2; 
—  /IB^—  /9x2  =—  3/2; 

.'.     Sum  =        /2,     ^«3, 

(13)  2^1  =2/1  x2=  ^2; 

8^-^=8/7^X2=2172; 

.-.    Sum  =3/2;    ^««. 


(14)  6fla5=6-y/4a2=6^^a; 

2l/2a=2l/2d     =2/^; 


f  8a3=  -yf/8a3=  ^20; 

.-.    Sum  =9 /2a,     ^n*. 

(16)     ^^16=2,  ^81=/27X3"=3»/S,  — /:=5l2=— /Z:^ 
=8,  ^T92.=/B4x3=4]/3,  — 7t/9-=r— Tj  5; 
.  •.    2 f  3/54-8-1-4/3— 7 V3=10, 

JL  /(a-^fi  — 4a262_|.4„^,.i)=  J.  /a6(a»-4a6-}-46«)= 
-05-  »/«'':  -  i/"*4-  -o—  /^=  2a  *^^^ 
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MULTl  PLIOATION    AND    DIVISION    OF    KADI0AL8. 

Article  205. 

(8)  3  f  5=36^=3//  -  =3^^'b*'; 

4  t,'a=4a^=4aT^=4 1  ^o^ ; 

.-.    Product=12i^a36*,  Am. 

(9)  ^-2=^^^,  !/3^V"3?,  V^=i^^; 

'  ^'2f'X'v^^X '  ^'63='^"2«X3<X6^='f'64x81Xl26 
=^^648000. 

(10)    jy£5=2'^i»,  3yx^5^v5=2y^; 

70^9" 


(13) 


7fl8 


=10f^=10f  |=Yv^4=5f4,  ^n». 


(14)  V72--,/2=f/72-^8=f/9=^v/9=f3- 

(15)  4f9--2,'3=4v''92--2^'P=2t/3. 

(16)  v/72--,?^3=t/72--r  9=v/8=^f8=/2. 


(19) 

l/2  +  l 

/2— 1 
2  +  /2 

, 

-/2-- 

-1 

2  —  1: 

=1. 

(20)     11/2— 4,/15 

(21) 

/2+/S 

I/6+V/5 

/2+/g 

1VT2— 4/90 

2+/6 

+11/10—41 

/To 

+/'S+8 

11/T2— /TO— 4/7 

'5 

5+2/6 

=22/3-/10-20/3 

5+2/6" 

-=2/3— /lO 

25+10/6 

Observe  that  —4/90= 

— 12/ID. 

+10/6+4x6 

49+20/6. 
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(22)  'y/l2-h/19X'Vl2— i/19=,f{(12+/19)(12-yl9)i 
=f  { 144— 19} =,f  l33=ir9=fT25=5. 

(23)  a;2— a;/2+l  (24)  a;^— a/S+l 
a;-'-l-x,/2+l  a;2+Xi/3-fl 


X'—X^y/^-j-X^  X'—3fiy'3+X2 

+V2—2a;2 +0:^/2  +a:V3— SxZ+aj/S 

+x^—x^/2+l  -\-x^—x  /3 -f  I 

Adding,  x<  +1,  ^ns.  a:<— a;2+l,  by  adding." 

a;2+l 


(8) 


(8) 


x^~x*-{-x^ 

^x*—afi+l 
^  +1,     Aru. 

Article  206. 

(5)     8-5)/^__'^5t/2     3+2/2_44-/2 

3—2/2     3—2/2     3+2/2       9—8   —^^'^^^' 


v'3+/2      /3+/2.  ^  /3+/2_5+2/6 

/3— /2      /3— /2      /3+/2        3—2     =^+2/6. 


(7)     3,/5-2,/2    .  2/5+ ,-18_  18+5/10 _,^     ^ 

2/5— /18      2/5+ /18        20—18  '^     * 


3+4/5  /6+/2+/5 

/6+/2-  /5^  /6+/2+/5 
^(3+V3X^^^  ^^. 

(9)    L_x?=^  =  ^=i^^^^  =^-v^i^ 

x+/a;2— 1     a;— /^=:i     x^—{x2—l) 

1  x+x/x^^     a:+v'a;2— 1  ___, 


X— /a;2— 1     x+,/a;2— 1     a;2-(x2— 1) 


Sum  =2x,     --In*. 


/^i+/^  X  ^^;-^^^^  =.^+/i^ 

/x2+l— /^2zri^/a;i+l+/a;2Zri        ^^ 

/i5+l_/x2=l       /i^Tl— /«5=^I         ,  -3—, 

/i5+i  +  /a;2— 1  ^  v^xz +1  —  /z*— 1  ^ 

Sum  =2x2,    ^j„j, 
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-L  X  Vl=}^^.h^^+  =.707106+. 
no.     i/20'+v/12^V5+/3_16+2t/60 
=8+2  /  15=15.74696e+. 


IMAGINAKY.    OR    IMPOSSIBLE    QUANTITIES, 

Article  210. 

(2)  (av/^=l)M«/=:i)2x(av/"=T)=-«*Xa/^ 

=— aV— 1- 

(av/:=r)<=(a/— l)2x(av/'^2=(_a«jx(— a2)=a*. 

(3)  (2v/=3)X(3v/=2)=(2v'3/=r)X(3/2/=r)=-6v/^ 

(4)  6v/=^=6y'3/=i;  2/^=4=2/4|/^=i=:4v/^; 


_     ^   ^__     6/3/— 1      3     _ 
4/1=1 


6^/3/-l-^4/-l=/^j^       =-/3 


'5>     i±}^^    l+/-l^l+2/-l-1^2/-l_ 
'    ■^     1— /— 1      1+/— 1  1— (-1)  2         ^ 

(6)  (a;+a/^T)X(a:-a/"^^)=a;-  — a2(  — l)=a:-  +  a2; 
(i+a)X(a:— a)=a;2  — a«;  (a;2+a-)(x-— a2)=ar'  — a*. 

(7)  Multiply  the  quantities  together. 


MULTIPLICATION    AND    DIVISION    OF    QUANTITIES 
WITH    FRACTIONAL    EXPONENTS. 


Artie 

le 

213. 

(4)    a^  +  a^6^+6^ 

(5) 

x^?/+y* 

a^~b^ 

x^-rj-i 

a+a^6i+a^6t 

xiy+x^y* 

-^ib^—aH^  —  b 

— x\v'— ^f/1 

n — 6,     An.1. 

x^y— .v^,     .l/M. 
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(6)  (a+6)  k  X(a— 6)  »<  =[  {a+6)  (a— 6)]  ;^  =(a2  —  62)  ^ 
(a+6)KX(a— 6)^=[(a+6)(a-6)]^=(a2— 62)i; 
(a2-62)  A  X(«2-62)  7;=(a2-62)  ^,  +  :?r  =(a2-62) -5;^ 

(7)  Observe  that  -  —  -=  — ; := • 

S      i      12      m      71  inn 

S  S         I  1  1 

(8)  a'i—bi     I  a*— 6? 

3  1.111  11  1 

a?— a26?^    |a^+a?^6?4-62,    Ans. 

1 . 1 
+a26? 

11        11 
a26J— a?62 


(9)    a— 62  |af+aU2+aU+6^ 


—  aU^— a2^,_ai6^— 62 


Article  215. 


(3)    ci  —  {ax  — a2)2 
a  —  {ax — a'^y 


a2 — a{ax — a«) 


—  a{ax — a-)  2  -[-ax — a2 
— 2a(aa;— a«)2-fax,     ^fw. 

(4)    a^x-'-fa-^a;  a"^!,  x"^!,  (Art.  82) 

a»x~'  fa~5x 

+  a»X<'+a-?x»         ( Concluded  on  page  85.) 
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1     ,         1 
ax-^-\-2a  '^ar^-\-a'^x 

ax~^-{Za 3^x~'  ■\-oa^'Sx-\-a~^x^,    Am. 

(5)  V(  27a3a;)  2=(27a''a;)'^=27^a5xi^3^aiT^=3^a^xSor 

V(27a3x)^=(27a%)i=275a^a;^=:3^a^a;'=3^a^x^  or 
(3ax3)3^,    j„a. 

(6)  5a;3-4a;(5ea;)i+4c     JG^a;*— 2c*     ^n*. 
5X-'' 

2(52x2) — 2c-' — 4a;(5ca;)  ^+4c 
— 4a;(5ca;)^+4c. 

(7)  ^a3— |a26^+6a6— 86^1  ^a— 265=cuberooL 


«.a2— 3a6^+46   — |a26^4-6a6— 8^'^ 
— 8a26^+6a6-86' 
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Article  216. 

(4)  Transpose  3,  and  then  square  both  sides. 

(5)  Square  both  sides,  transpose  1,  and  square  again. 

(6)  Square  both  sides,  omit  x  on  each  side,  divide  both  sides 

a 

by  2a,  transpose  y'a;,  or-,   and   square.     The    answer  i« 

.  ^      (a— 1)2     (1— a)2    , 
either    — J""^*""  ^ — i — t  ''ic  two  being  equal. 
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(7)  Square  both  sides,  transpose  2x — 3a-\-2x,  divide  by  2 
and  square  again.  * 

(8)  Square  botli  sides,  and  transpose  13;  square  again,  and 
transpose  7;  square  again,  and  transpose  3;  whence,  we 
have  |/x^l  and  a;=l. 

(9)  Multiply  both  sides  by  the  first  term,  transpose  2-\-x,  and 
square  both  sides. 

(10)  Multiply  both  sides  by  |/x,  transpose  y^a,  then  square 
both*  sides,  and  omit  x'^  on  each  side. 

(11)  Transpose  the  second  term  to  the  left  member  and  square 
both  sides,  omit  X  on  each  side,  transpose  the  known 
quantities  to  the  left  side,  and  square  again. 

(12)  ayx-^-b)]/x  —  Ci/x=d,  or  (a+6  —  c)j/a;=d; 

/-             «^  ,  ^' 

whence,  yx= j- ,  and  x= 


(a-f-6— c)'  (a4-6— o)«' 

(13)  Multiply  both  sides  by  ^X  to  clear  the  equation  of  frac- 
tions, and  we  have  X  —  ax  -1,  or  (1 — a)a;=l. 

(14)  Square  both  sides,  omit  a-  on  each  side,  then  divide  by  X, 
and  square  again. 

(15)  Since  X — 4  -(^x-|-2)(/a;  —  2),  the  first  member  becomes 
\/X  —  2;  then,  by  transposing,  we  have  6=5Jj/Xj  or 
lll'a;=12;  whence,  X:=|Jf. 

(16)  Since  X  —  a=(|/^-|-|/a)(/X — ^/a),  the  first  member 
becomes  y/x  —  ]/«;  then,  by  clearing  of  fractions  and 
reducing,  we  find  |/a;=4j/a;  whence,  X:=.16a. 

(17)  Since  3a;—l=(i/3x-|-l)(|/Si  —  l),  the  first  member  be- 
comes y/Sx — 1;  then,  by  clearing  of  fractions,  reducing 
and  squaring,  X  is  found  ^3. 

(18)  i/ia+a;=2/7+a;  — /x, 

4a+a;  =46-f  4x — A^/hx+x^-\-x,  by  squaring, 
|/6x-(-x2=(6  —  a)-\-X,  by  transposing  and  reducing, 

6x-|-x2— (6  —  a)- 4-2(6  —  a)x  \-x-,  by  squaring, 
(2a  —  b)x—{b  —  a)\  by  transposing, 
(6  — a)« 
'Za  —  b 
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6        ^    I    bo      ,      c  I  ibc 

1-2 A s-^ =\—:i s  by  squariDir. 

a+x^    Va2— a;2^a— a;      \a2— a;2    "^    ^         * 

^      «   /    bo  I   46c 

But  2aH 5  =  A'-^ 5- 

6  c        -       ,  c[(64-c) 

Therefore,    — ^ 1 =0;   whence,  a;=-^ '-. 

'   a+x     a — X  b — c 

(20)  Multiplying  both  terms  of  the  first  meml^er  by  the  nu- 
merator, and  then  clearing  of  fractions  and  transposing, 
we  have 

2y/X^+ax—a  {c—l)  —  2x, 

4x2-|-4ax=a2((j  — 1^2 — 4aa;(c  —  l)+4a:*  by  squaring, 
iacx^a'^{e  — 1)2  by  reducing  and  transposing; 
a(c— 1)2 


Therefore,  x= 


4c 


(21)       ^^X-{-3—^  y/X—3=\2y/X. 


Squaring  both  sides,  and  observing  that  \/v'3'-|-3    multi- 
plied by  -yi/x — 3  produces  ^x — 9,  we  have 

■^/x-\-^  —  2^/x~~9-\-yx—3=2^/x. 
Reducing,  and  omitting  2yX  on  each  side,  we  have 
— 2y/x — 9=0,  and  4(a;  — 9)=.0  by  squaring; 
whence,  x=d. 

(22)  Square  both  mctubcrs,  omit  —r,  on  each  side,  square  again, 

and  omit—  on  both  sides;   then,  multiply  both  members 

by  x2,  clear  the  equation  of  fractions,  and  the  value  of  X 
is  readily  found. 

(23)  Square  both  members,  omit  equal  quantities  on  each  side, 
place  all  tlie  terms  not  under  the  radical  on  the  right  side, 
and  divide  by  2,  and  we  have 

i/{(l  — a2)H2x(l-f-3a2)+(l— a2)z2j=(a2  — 1)  — x; 
square  both  sides,  and  we  have 

(I_a2)2^2a;tl+3a2)-|-(l-a«)x2=:(a«— l)2^-2j:(a2— 1) 
+x2. 
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The  square  of  1  —  a^  is  the  same  as  the  square  of  a-  —  1:  om.t- 
ting  these  aad  x^  on  each  side,  and  dividing  by  a;  and  transposing, 
we  have    a^x==8a^ 
whence,        x=8. 


EXAMPLES    IN    INEQUALITIES. 

The  subject  of  inequalities,  though  interesting  and  highly  im- 
portant in  itaelf,  is  not  much  used  in  the  subsequent  parts  of 
Algebra.  The  last  four  examples,  that  is,  from  the  10th  to  the 
close,  may  be  regarded  as  so  many  independent  algebraic  theorems, 
the  study  of  which  may  be  omitted  by  all  except  the  higher  class 
of  students. 

Article  223. 

(7)  Squaring  both  quantities,  subtracting  19  from  each,  and 
dividing  by  2,  we  have 

y'7D>,  or  <l+3^^6; 

70>,  or  <l+6/5+54,  by  squaring; 

15>,  or  <[6j/B,  by  subtracting  55  from  each  member; 
5>,  or  <^2j/6,  by  dividing  by  3; 

25>24,  by  squaring; 
hence,  |/5-f- /14  is  greater  than   i/3-f3j/2. 

(8)  Multiplying  both  members  of  the  first  comparison  by  12, 
to  clear  it  of  fractions,  and  reducing,  we  get  x<^6. 

Treating  the  second  comparison  in  the  same  manner,  we  find 
Z>4;  hence,  if  x  is  a  whole  number  and  is  greater  than  4  and 
less  than  6,  it  must  be  5. 

(9)  2x+7  not  >19,  3x— 5  not  <13, 
or  2x  not  >12,  3j;  not  <18, 

X  not  >6,  X  not  <G. 

Hence,  if  x  is  neither  less  nor  greater  than  6,  it  must  be  6. 

(10)     Referring  to  example  G,  we  have 
aa-f6«>2a6, 

ah'^ab  -^^  ^^  dividing  by  a6. 

a    b   ' 

^-h- >2,  by  reducing. 
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(llj     From  question  6,  we  have 

also,  a2-(-c2>2ac, 
and    62-f-c2>26e, 

from  whicli,  by  adding  together  the  corresponding  mem- 
bers, and  dividing  each  member  by  2, 
we  have  o?-\-h--{-c'^^ab^ac-\-hc. 

(12)  x2=a2+62,  and  ^2^02+^*; 
a;2^2^(a2-}-62)(e2+d2)=a2c2-|-rt2tZ2-)-62c2+62dj^ 

(ac+6rf)2= a2c2-|-2a6c(i+6-d2, 

a;2y2_(ac4-6rf)2=a2cZ2— 2a6cd-t-62c2=(arf— 6e)» 

but  x^ — [ac^hd)'^^xy-\-[ac-\-hd)\\xy — (ac-\-bd)\ ; 

divide  each  member  by  xy-\-(ac-\-bd)^  and 

[ad  —  bcY 

we   have  xy — {ac-\-bd\^=- — '—. 

-^     y     ^     '     xy^ac-\-bd 

But  the  second  member  of  this  equation  is  necessarily  positive, 
Bince  the  numerator  is  a  square  and  the  denominator  positive; 
hence,  the  first  member  is  positive ;  that  is,  xy'^ac-\-bd. 

(13)  ofi^^dr — (6 — c)2,  since  (b — c)*  is  necessarily  positive, 

'^(a-\-b — c)(a-f  C — b)  by  factoring; 
6s>6»— (a— c)2, 

>(a+6— c)(6+c-a); 
c2>e2— (a— 6)« 

>(a+c— 6)(6+e— a). 
Multiplying  together  the  corresponding  members  of  these 
inequalities,  a^b^^'y{a-\-b — cf{a-\-c — 6)2(6-(-c — a)-\ 
extracting  the  square  root  of  both  members, 
we  have  a6c>(a-|-6 — c)(a-|-e — ^)(i  f  c — a). 
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PUBK    QUADRATIC    EQUATIONS. 

Article  228. 

(8)  Multiply  both  members  by  y/<X'->f-7?,  transpose  a'-|-x'  and 
square  again. 

(9)  Multiply  both  members  by  the  product  of  the  denomina- 
tors, and  reduce. 

Kv.  S 
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(10)     Clearing  of  fractions,  transposing,  and  factoring,  we  haTe 
a  (1  —  6)     ^(6+l)/a2  — z2; 
a2(l  —  6)2    =(b+l)-{a- — x-),  by  squaring, 
(O  -{-iyx^=^Aa-b,  by  transposing  and  reducing; 

Therefore,   x-=-i — r-o,    an^l    a;=H — ,    "^^   . 
(6+l;2'  -    6+1 

Article  229. 

(2)  Let  x=  the  number;  then,  x-  — 17=1:50  —  2x2. 
Whence,  x=7. 

(3)  Let  x=  the  number;  then,  (10  —  X)X=10(X  —  6J). 
Whence,  x=8. 

(4)  Let  j;^=  the  number;  then,  30  —  lx-—}^x^-\-9. 
Whence,  x=G. 

(5)  To  avoid  fractions,  let  9x=  the  greater;  then,  |  of  9x=- 
2x,  and  9x — 2x=7x,  will  represent  the  less. 
Therefore,  (9x)2  — (Tx)*  or  81x2—49x2=128. 

Whence,  x=2,     .-.    9x^18,  and  7x=14. 

(7)  Let  x=:  the  greater  number;  then,  14 — x=  the  less; 

X  14 — X        ,,.     „ 

then,    — :  :  :  IG  :  9. 

14  —  X  X 

9x  16(14— X)       ,       . 

Whence,  — ; = ;  clearing  of  fractions, 

14  —  X  X  ' 

9x2^=16(14-— a;)2  ;  extracting  the  square  root. 

3x=4(14— X). 

Whence,    X  =8,  and  14 — x  — 6. 

(8)  Let  x=  the  number;  then,  (20-fx)(20— X)=319. 
Whence,  x=9. 

126 

(9)  Let  x=  the  greater;   then,  — -=  the  less,  and 

126  _         X  _  x2         1 

^'^~x'~^^r26~126~   2" 

126 
Whence,  x2^441 ;    .-.    x=21  and  - — =6. 

X 

P 
(10)     Let  x=  one  of  the  numbers;  then,   -  =    the    other,    and 

'    P  XX- 

X  P      p 
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P        P  IP 

Whence,    x=  i,^pq ;  -  =r=  — ^  =  -x^- . 

(11)  Let  X=  one  of  the  numbers;  then,  its  square  is  z^,  and 
the  square  of  the  other  is  370 — x^. 

Therefore,  a;2_(370— a;2)=208. 

Whence,  x=\',  and  370— a:-':=370— 289=81. 

Therefore,  the  other  =|/81=9. 

(12)  Let  x^  one  of  the  numbers;  then,  its  square  =a:^,  and 
the  square  of  the  other  is  c — a;^; 

Therefore,  X-  —  (C — x'^)—d. 

2a;2=c+rf, 

4x2=2(c-fd), 

2a;  =  i/2(c+cr), 

X  =\^2i^+d),  

j/c— x2=/c  — ^(e+d)=/|(c  — d)=^/2(c  — d). 

bx 

(13)  Let  x=  the  sum;  then,  :r7j7:=   interest  for  1   year,   and 

l„5a;5a;.  ^„  ,  1„ 

-   of    —rjr  =  — -7-=  interest  for  3  months,  or   -  of  a  year. 
4  100      400  4 

Therefore,  a:X^^,-=720,  or  — =720; 

5a;2=720x400, 
a;2=l  44x400, 
X  =12  X20=240. 

a  6 

(14)  Let  a;—  the  1st;  then,  -  =  the  2d,  and  -=  the  3d; 

a2      62                                //a24-62x 
Therofore,    —^-\ — 5=c;  whence,  a;=:-\/(  ■ —  I 

=*V(e^2)- 

(17)  Let  x=  number  of  drawers;  then,  X'\X^:zX-  the  number 
of  divisions,  and  a:*x4iC^4a:^^5324. 

Whence,  x3:^1331,  and  a;=ll. 

(18)  The  solution  of  this  question  involves  a  knowledge  of  two 
elementary  principles  of  Natural  IMiilosophj*,  with  which 
the  student  should  be  rendered  familiar  by  simple  illus- 
trations. 
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1st.  In  uniform  motion.,  the  space  divided   by  the  time  it 
equal  to  the  velocity  or  rate  of  moving. 

2d.  In  uniform  motion.,  the  apace  divided  hy  the  velocity  i» 
equal  to  the  time. 

Tlius,  if  a  man  travels  80  miles  in  4  days,  his  rate  of  traveling 
(velocity)  is  20  miles  per  day;  or,  if  a  man  travels  100  miles  at 
the  rntc  of  20  miles  a  day,  the  time  of  traveling  is  5  days. 

Let  X^=  the  distance  B  traveled;  then, 

a;+18=  "         A        " 

Then,  since  the  distance  traveled,  divided  by  the  number 

of  days,  gives  the  number  of  miles  traveled  in  one  day, 

or  the  rate  of  traveling,  we  have 

X         4x  3?  4-1 8 

---,  or  — ^=  A's  rate  of  traveling,  and— — -— =  B's. 
15|-        bo  2o 

But  the  distance  traveled,  divided  by  the  rate  of  travel- 
ing, gives  the  time;  therefore, 

,„       4x      63(x-fl8) 
(a:-fl8)^-.=      ^  / i=time  A  traveled,  and 

a;+18        28z 
^-      28    -a;+18-  ^ 

But  since  they  both  traveled  the  same  time,  we  have 
63(x-f-18)_  28a; 

4x        ~x-rl8' 
Divide  each  side  by  7,  to  reduce  to  lower  terms, 
9(a:-|-18)_    4.r 

4x       ~xTiS' 
Multiplying  by  4x  and  a;-(-18,  and  indicating  the  opera- 
tions, we  have  9(a:-|-18)2=lGx-; 

Extracting  the  square  root  of  both  members,  3(x-|-18)=4x. 
Whence,  a:=54,  and  a;-|-18=72;  and  54+72=126,  the  re- 
quired distance. 

(19)     The  solution   of  this  question   involves  principles   anala- 

gou8  to  the  preceding. 

Let  x=  the  number  of  days ;  then,  X  —  4=  days  A  worked, 

and  X  —  7=d!iy8  B  worked. 

.1         ''^  4.     1  -,  ,48         _, 

Also,  — • T=  As  daily  wages,  and i^  B  8. 

X  — 4  •'        *  X  — 7 

If  B  had  played  only  4  days,  he  would  have  worked 
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days,    and  received  (-^^  )  (^—4)  shillings. 

If  A  had  played  7  days,  he  would  have  worked  X  — 7 

days,  and  received   (    _-J  (x—l)   shillings.     But  by 

the  question,   each   would  have  received  the  same   sum; 

therefore,    (^i^)  (a;-7)=  (^--)  (x-4;. 

Multiplying  each  side  by  X — 4  and  X  — 7,   to  clear  the 

equation  of  fractions,  and  indicating  the  multiplication. 

we  have  75(x  — 7)2=48(z— 4)2. 

Dividing  by  3  to  reduce  it  to  lower  terms, 

25(x— 7)2^  16(a;  — 4)2. 

Extracting  ihe  square  root  of  both  members, 

5(x — 7)=4(x — 4);  whence,  x=19. 

(20)     First   Solution. — Let  -  =  the  part  of  the  wine  drawn 

each  time;  then,-of  1  (the  whole,i8-=  the  part  drawn 
X  X 

1       X  — 1 

at  the  !»'  draught,  and  1 = =  the  part  remain- 

X  X 

ing  after  the  1"  draught. 

X— 1      1  ,x-l     x(x  — 1)      (x-1)      (x-l)(x— 1) 


XX  X*  X2 


(x-1) 


ht. 


=  part  left  after  2'^  draug 

{x-iy- _  1  ^^  {x-iy~ ^ x(x-i)»    (x-i)2 ^ 

X2  X  X2  x3  X*  ' 

(a:_l)(x— 1)2      (a:_l)3  ,   .     .      o^  ^ 

^ ^-^ =- ~  =  part  left  after  3<*  draughU 

x3  x^ 

(X  — 1)3        1        (iC_l)3^x(X— 1)3        (X  — 1)3_ 

X3  X  X3  X*  X* 

(X  — 1)(X  — 1)3        (X  — 1)*  ,    ^       ^         ,,,  ^ 

■^ '-^ '—  =  ^  '    =  part  left  after  4"^  draught. 

But  by  the  question  there  were  81  gal.  of  wine  left  after 
the  4"^  draught,  or  ^^  of  the  quantity  at  the  beginning; 

Therefore,    ^,^=056. 

X— 1     3 

=  3>  ^y  extracting  the  4'*  root 

X  *i 
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Whence,  4a;  —  4^3z,  or  x=4,  and  -  =  T)    the  part  of  the 

wine  drawn  at  each  draught. 

^  of  2o6=04  gallons,  drawn  at  1''  draught ; 
t>o6— 64=192,  and  \  of  192=48  gallons,  at  2'Mraught; 
192— 48  =144,  and  ^  of  144=36  gallons,  at  S-*  draught; 
144—36=108,  and  |-  of  108^27  gallons,  at  4'*draught. 

Second  Solution. — Let  x  —  the  number  of  gallons  of  wine 
drawn  at  1»<  draught,  and  let  266=a,  for  the  sake  of  sim- 
plicity. 

X 
Then,    -  :=  the  part  of  the  whole  wine  drawn  at  1"'  draught, 

,  ,       X      a  —  X  ,  ^ 

and  1 = =  part  left. 

a        a  "^ 

X  „a — X     x(a—x)  ,  ^^  ,        , 

-  of =  — ^ — 2 =  P*^*'  drawn  at  2'*  draught, 

a — x    x(a — x) a{a — x) — x(a—x)    (a — x){a — «) 

and 5 — :^ 

a  a2  a»  a' 

=  - ^—^=  part  left  after  2''  draught. 

By  proceeding  as  in  the  previous  solution,  we  find 

-x)* 

-— ^  =  part  of  tl 

(g— x)<_  81 
■*■        a*~  "~256' 

a — X     3      ,  1       „. 

:=7,  whence,  x=-a=:64,     from    which    the   other 

a         4  4 

draughts  are  ea.sily  found. 


(a— x)< 

V— ^^  part  of  the  whole  wine  left  after  the  4'*  draught. 


Article  231. 

(23)     Multiplying  by  x  and  transposing,  we  have 

44  4      1 

x^—— |x-|-g  =  — 1-1--=-,  by  completing  the  square; 

2  1 

x  —  —  =-fc  — -  • 
j/3     "^v/S 

^13  ,         1        1 
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(24)     ^Inltiplying  both  terms  of  the  fractions  in  the  left  mem- 

her  by  X,  we  have 

3.2  I  1      x4-l      13 

Z__t__lL_ :==--;  multiplying  both  terms  again  by  x' 
X'—l   '  x—1       4 

1,  x^  ■  l-j-x^-\-2x-\-l:='^:^  x^ — '^  ;   transposing  ami  re- 
ducing, X'  —  5x=y  ;  whence,  x=3,  or  — |. 

(26)  Transposing  and  dividing  by  C,  we  have 

x^ x= 5 — ;  completing  the  square, 

c  c^ 

,     2a       a'     a2     a'—b^      b^      , 

X- a;+-5  =  — 5 —  =  -5;  whence, 

a         b  a±b 

X =±-;   or  X— . 

c         c  c 

(27)  Transposing  ab  and  completing  the  square,  we  have 
*-  — («+.o)a;-t-^ — =— a&H J — = — V — . 


a-\-b     a  —  6 
~2 


Whence,    X=  —5-  zb  — ^ —  =«  or  o. 


(28y     Dividing  by  a  — 6,  transposing  and  completing  the  square, 

,     a+b         (a+6)-       a2-6a6-|-962 

we  have  x^ i.a;4--r- i-r5  =  — s 7~1 — 

ft — b     '  4(a — 6)2  4(« — 6j» 

(a+6)        a— 36      ,  26 

Whence,    x=-\        ^..±^7 rT=l)  o^' /• 

'         2(a— 6)     2(a— 6)  a— 6 

(29)     Transposing  np,  dividingbyWQ' and  completing  the  square, 

u        ^2     "^"— -P^^  ,  (»i«— P9)^      (mn+pq)^ 

we  have  x-^ XH ; — 5-5 —  =  — -, — r-^ — : 

mq  Am^q^  4m*g* 

„  mn  —  pq     mn-\pq     n  p 

Whence,  x  =  —^r—^±  — ,--^-i  =  -,  or  — -i-. 
'  2mq  2mq        q  m 


(30)     First,  ^ -  =  — p-=^ J-; 

(a62)-i_|_(aJ6)-2      _I^ | ^       _^__L 

(a62)i    (a26)^     a^b    ab^ 

multiplying  both  terms  of  this  fraction  by  ab,  it  becomec 

ab 

— -;  the  equation  then  becomes 

a^-\-b^ 

x2  1,1  ab 

0*4-6*  a*-f-6* 
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Multiplying  both  members  of  this  equation  by  a^-j-fti  U 
becomes  a^ — (a  —  b)X^^ab\  whence,  x=a,  or  — b. 

(31)  Dividing  both  sides  by  —ac,  transposing,  and  completing 
the  square,  we  have 

ad— be       (ad — 6e)«_(acZ-(-6c)« 

ac  ia^c^  4a-c2 

ad  —  be     ad-\-bc      d  b 

Whence,  x=;  — ^ ± — =-,or . 

'  2ac  2ac  c  a 

(32)  Square  both  members,  and  then  multiply  both  sides  by 
a;+12. 

(33)  Multiplying  both  members  first  by  4-(-y'X,  and  then  by 
y^x,  we  have 

l/i^-(-2|/a;=16 — x\  or,  since  /iz^— 2a;, 

2v/x=^16  — 3x, 

4a;  =256 — 96x-|-9a;2;  whence,  a;=4,  or  «/. 

The  first  value  verifies  the  equation  when  -^^x  is  taken  phu,  and 
ihe  second  when  it  is  taken  minus, 

(34)  Dividing  each  side  by  the  square  root  of  X,  and  obserTing 
that  y/x5:=a:,  we  have  X — 2=|/x,  or 

Ofi — 4x4-4=a;,  by  squaring. 

Whence,  x-  —  5x= — 4,  and  X=4  or  1. 

The  first  value  verifies  the  equation  when  -^/x  is  taken  poBitiyely, 
and  the  second  when  it  it  is  taken  negatively. 

(35)  Squaring  both  sides  we  have 
x_(-a-{-x+6— 2,''[x2+(a+6)x-fa6]=2x; 

omitting  2a;  on  each  side,  transposing  a-\-b  and  squaring 
again,  we  have  4x2 -(-4(a+6)x-|-4a6=(a-|-6)2;  f^^.^  which 
by  transposing  and  reducing,  we  find 

(a— 6)2 

x^+{a-\-b)x=  ^ — J— ^ . 

Whence,  x2-|-(a+6)x+  ^— V-^  =  ^    ^  ^  ^^ - 

2a2+262  a-xb     1      .   .    ^.. 

= f— i    x^--l-±  2 1/25^:255. 

(36)  Multiplying  both  sides  by  y^a-\-x,  we  have 
12a 


a-\-x+  y/a'^—x^—  — 


QUADRATIC    EQUATIONS 


la 


97 


|/a2 — X^z=  — — X,  by  transposing; 

,      ,    49a2     14a        ,  , 

a- — x^=.-^ ^-X-fa:^,  by  squaring; 

JiO  o 

la  12a2  ,        ,    .  ^  ia       Sa 

3fi —  -c-^= ^^:-,  by  reducing;  whence,  z=—,  or  -^ 


PROBLEMS  PRODUCING  AFFECTED  QUADRATIC 
EQUATIONS. 

Article  233. 

(5)  Let  x=  one  of   the  numbers;    then,  20  —  X^  the  other 
and  x(2{)  —  x)=SQ. 

Whence,  x=2  or  18;  therefore,  20— x=18  or  2. 

Oi;  let  10-|-x=:  greater,  and  10  — x=  less;  then,  100  — x2=36, 
from  which  x^=8,  and  the  numbers  are  18  and  2. 

In  a  similar  manner,  Probs.  6,  8,  9,  12,  20,  etc.,  may  be  solved, 
especially  when  the  sum  of  the  numbers  is  even. 

(6)  Let  x=  one  part;  then,  15 — x=  the  other,  and 
X(15  — X)  :  X2+(15— X)2  :  :  2  :  5; 

...  4x2— 60x+450=75x— 5x2; 

reducing  x2  —  15x= — 50. 

Whence,  X— 10  or  5,  and  15  —  x=5  or  10. 

(7)  Let  x=  the  number;  then,  x(10 — .T)=21. 
Whence,  x=7  or  3. 

(8)  Let  x=   the  less   part;  then,   24  —  x^  ihe   greater,   and 
x(24  — x)=35(24— X— X) ;  reducing, x2—94x=  —840. 
Whence,  x=;10  or  84,  the  first  of  which  is  evidently  only 
admissible;  therefore,  the  parts  arc  10  and  24  — 10:=14. 

(0;     Denoting  the  square  roots  of  the  parts  by  x,  and  26 — X, 
we  have  x2-f-(26— x)2=^346; 
reducing  x- — 2()X=r  — 165. 
Whence,  x=15  or  11.  and  26 — X— 11  or  15. 

QO)     Let  x=  the  square    root  of  the   number;   then,  x^=z  the 
number,  and  x2-f  x=^132. 
Whence,  X=ll  or  —12,  and  x2^^121  or  144. 
The  last  number  is  the  answer  to  the  question,  "What  number 
iiminiahed  by  its  square  root  gives  1327" 
Ky.  9 
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(11)     Lei  x=z  the  square  root  of  the  number;  then,  X*^  tht 
number,  and  x^ — x^48|. 
Whence,  X=7J  or  —  G\,  and  x2=56^  or  42^. 

The  last  number  is  the  answer  to  the  question,  "  What  number 
added  *o  its  square  root  gives  48|?" 

(I'A)     Lei  x=  one  of  the  numbers ;  then,  41  — x=  the  other,  and 

x2-f-(41— a;)2=901. 

Whence,  x=l5  or  26,  and  41— x=26  or  15. 

(13)  Let  x=  the  less   number;  then,  a;+8=  the  greater,  and 
x2+ (0:4-8)2=544. 

Whence,  x=12  or  —20,  and  x+8=20  or  —12; 

hence,  the  two  numbers  are  12  and  20. 

Or,   let  a;-f-4=  greater  and  X — 4=^  less.      Sum  of  their 

squares,  2a;2-)-32=544  and  X=1G.    Whence,  x-f  4=20  and 

x-^=12. 

(14)  Let  x^  the  first  cost;  then,  x=  per  cent,  of  gain,  and 

Whence,  x=20. 

(15)  Let  X=  the  number  of  miles   B  traveled  per  hour,  and 

X-|-^=  the  number  of  miles   A  traveled  per  hour;  then 

39  39 

and  — =  the    hours    respectively   which   A   and   B 

X-\-f  X 

traveled. 

39  39 

.-. 1-1=  — •    Whence,  x=3,  and  x+i=3l. 

X  +  ^^  X  .  .  I    4       -i 

(16)  Let  X:=  number  to  whom  B  gave,  and  x-|-40=  nomber 

to  whom  A  gave;  then, 

1200  .    ,  ,  .         ,        , 
rs=  what  A  gave  to  each,  and 

x+40  '^  ' 

1200 

_      i<      B     "  "        ; 

X 

1200     ,     1200       .  on       ,      ,  A,.    .«A 

,-.   t;v+5= whence,  X=S0,  and  x4-40:=120 

x-f40^         X    ' 

(17)  Let  x=  number  of  miles  B  traveled  per  day;  then 
z  +  8=  "  "  A  "  "  ,  and 
\Z=  number  cf  days  each  traveled; 

.-.  xXJ«+(aH-8)ix=320,  or  x«-l-4x=32t) 
Whence,  x=16,  and  «-f-8=24. 
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:  the  distance  in  miles  from  C  to  D;  ther 
=  number  of  miles  B  traveled  per  day;  also, 


(18)     Let  x=  the  distance  in  miles  from  C  to  D;  then, 
X 
19 
X 


■  =r  number  of  days  B  traveled;  then, 

X 

3iJ-f-7XTQ=  whole  number  of  miles  A  traveled,  and 

X       X        x^ 

— -V -—  =  -—— ■=  number  of  miles  B  traveled. 

19^19      361 

„„     7x      a;2 

•••^2+i9  +  3GT=^- 

Clearing  of  fractions  and  transposing, 

x=*  — 228x^—11552;  whence,  x=76,  or  152. 

(19)  Let  x=  the  number  bought;  then, 

240 

=  number  of  $  each  cost,  and,  since  2404-59=299, 

X 

299 

=       "  "     "    sold  for; 

X—S  ' 

oqq        osi) 
...   J^__=8;  reducing,  8x2— S3x=720. 
X — 3       X 

Whence,  x=:16. 

(20)  Let  x=one  of  the  numbers;  then,  100 — X=  the  other; 
then,  x(100 — x)=x^ — (100— x)^;  reducing, 
100x—x2=— 10000 -f200x,  or 

x«+100x=10000. 

Whence,  x=61.803+,  and  100-x=38.197,  nearly. 

Or,  by  subtracting  X^  from  the  square  of  100 — X,  and  reducing, 
we  have  the  equation  x- — 300x= — 10000. 
Whence,  x=38.197  nearly. 

(21)  Since  eacli  received  back  $450,  they  both  received  $900, 
and  the  whole  gain  was  $900 —$500 ^-$400. 

Let  x=:  A's  stock;  then,  500  —  x=  Bs  stock. 

X  $  for  5  months  is  the  same  as  5x  $  for  1  month. 

(500— X)  $  for  2  months,  is  the  same  as  2(500— x)=(1000  — 
2l)  $  for  1  month. 

Hence,  the  gain,  $400,  is  to  be  divided  into   two  parts  having 

the  same  ratio  to  each  other  as  5x  and  1000 — 2x.     But  6x-(-(1000 

5i 

—  2x)=3x4-1000;  therefore,  the  parts  of  the  gain  are^r tt^^^  fto<^ 

oX-\-10W 
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1000— 2x     ^  P      ,  .  u  •     1     1 

.  tnc  sum  of  winch  is  1    tiic  whole  gain. 

3a;+1000' 

5x  ,  ,^.        2U00x 

...    A  sgam  IS  ^^^^^  of  400^.3;^j^; 

1000— 2x    ,  ,^^     4000(10— 800x 

^''  S^^°  "  3^+1000  '^  '^^=     3x+im    ■ 

2000.C 
But  A  s  gam  =4dO— X;     .-.    - — --— —  =:4o0— X. 
^  '  3x+l(t00 

Whence,  .r=200,  A"s  stock,  and  500— x=300,  B's  stock. 

(22)  Let  x=  first  part  of  11;  then,  11 — X:=  the  second; 

45  -i'i 

also,  —  ^=  first  pan  of  17,  and  17 —      ^=  tlie  second; 
'  X  X 

then,  (11— x,  ^17 -^  =4.S,  or  (1 1— xj(17x-^o)=48x. 

Whence,  x=5,  or  |f, 

88  45     ^       85         ,,     45     „       102 

11— x=6,  or—,   and— =9,  or— ;  .-.  17— —  =8,  or^. 

Ilence,  the  numbers  ai-e  5,  6,  and  9,  8,  or,  |^  |J,  and  |f, 
Yj^,  either  of  which  entirely  satisfies  the  conditions. 

(23)  Let  3x=  the  first  part  of  21;  then,  X—  the  first  part  of 
30,  and  (21  — 3x)2-i  (30— .r)-=5S.'); 

developing  and  reducing  X* — ^^X:= — *^'. 
Whence,  x^6,  or  12§,  and  3x=18,  or  37f 

Since  the  second  value  of  X  gives  for  3x  a  number  greater  than 
21,  it  is  inadmissible. 

The  first  value  of  X  gives  for  the  parts  of  21,  18  and  21 — 18=3, 
and  for  the  parts  of  30,  6  and  30—6=24. 

(24)  Lei  X—  the  first  part  of  10;  then,  19— X=  the  second 
part;  and  since  the  dilTcrencc  of  the  squares  of  the  first 
parts  of  each  is  72,  tlierefore,  |/x2-|-72  must  represent 
the  first  part  of  29,  and  29 — /x*-^72  the  second  part 

.-.     (2d-y'3^J-72f—{ld—X)-^lS0\ 
developing  ami  reducing,  29^/'x--|-72=:19x4-186; 
squaring  each  side  and  reducing,  40x-  —  589x=  —  2163. 
Whence,  x=7  or  ^"^ ;  this  gives    ^/x24-72=ll,  or  \y. 
19— X^12,  or  4^,  29— v/x2+7^^1S,  or  \%K 
Whence,  the  parts  are  7,  12,  and  11,  18. 
""•  '*?.  W-  and  W.  W- 
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Article  230r^. 

(1)  III  order  that  the  negative  answer, — 9,  when  taken  posi- 
tively, shall  be  correct,  the  question  should  read; 
Required  a  number  such,  that  twice  its  square,  diminisked 
by  8  times  the  number  itself,  sliall  be  90. 

(2)  From  this  question,  we  see  that  the  negative  values  satisfy 
the  question  equally  well  witli  I  lie  positive,  the  only  dif- 
ference being  that  in  one  case  we  subtract  -|-3  from  -|-7, 
and  in  the  other,  — 7  from  — 3. 

(3)  Let   x^z  cost  of  watch ;  then,   x=  per  cent,  of  loss,  and 


''^  100  =  100=^  ""^"'"^^°''- 


a:2 
1( 

^^-=10,  or  a;2  — 100x=  — IGOO. 


Whence,,a;r^50±30=20,  or  8U,  either  of  which  fully  sat- 
isfies the  conditions.     Thus, 

20  — ^YiT  of  20=20—  4=16; 
80  —  /jOj  of  80=80 — 6 1=1 6. 

(4)  These  values  of  x  show  tiiat  no  positicp  number  can  be 
found  which  will  satisfy  the  question.  But  either  of  the 
numbers,  1  and  5,  will  satisfy  the  question,  if  cKinged  so 
as  to  read  thus: 

Required  a  number  such,  that  6  times  the  number,  di- 
minished by  the  square  of  the  number,  and  (he  result  sub- 
tracted from  7,  the  remainder  shall  be  2. 

(5)  There  is  evidently  but  one  solution,  because  if  4  is  one  of 
the  numbers,  10 — 4=6  is  the  other;  or,  if  6  is  one  of  the 
numbers,  10  —  6:;^4  is  the  other. 

(6)  These  results  show  that  the  question  is  impossible  in  an 
arithmetical  sense.  Tliis  we  also  learn  from  Art.  236, 
since  tiie  greatest  product  that  can  be  formed  by  dividing 
10  into  two  parts  is  25. 

(7)  Calling  X  tlie  distance  from  the  earth,  a=240000,  6=80, 
and  C^l,  we  have  by  the  solution  to  the  problem  of  the 

lights,    x= :,,ora;=        ^ 


i/b-\-yc  v'5— i/c' 
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To  prepare  theae  formulae  fcr  numerical  calculation,  mul- 
tiply both  terms  of  the  first  by  y'^5—y/C,  and  of  the 
second  by  ^ '6+^0;  this  gives 

a(6— |/5cy     240000(80—  yW) 


b—c  79 


=215865.5+ 


^^a(6+/6c)  ^  240000(80+  /80)  ^,, 
h — c  79 

a— a;=240000— 215805.5=24134.5, 
and  x—a=270210.4— 240000=30210.4. 


BINOMIAL    SUEDS. 

Article  241. 


(1)  x2+3/2=15._ 

2a:2/=6/6. 


x^-^2xy-\-y^=^  o-f-fi  ,/6. 
a;2— 2a^+y2^15— 6  /G. 


a;  —y  =  \15— 6,/B. 

x2— ?/2=  y/  225—21 6=^9"=  ±3. 
2x2=18,  whence,  x2— 9  and  X=S. 
2y2=12,  whence,  y^=6  and  .v=v/5^ 

I 2 

.-.  ^  15+6i/6=3+v/6. 

(2}  In  this  exnmple,  put  x^-\-2/'=S%  and  2xy—24^/%  and 
proceed  as  in  Ex.  1.  The  next  may  be  easily  solved  in  a 
similar  manner. 

Theorem    II. 

(3)  A.=ll,  /B=6i/15=/72;  C=v/Jl21-72=/I5=7; 

...  ^/a+  v/b=  V^+  \/-^=3+/2: 

(4)  A^^,  /B=2i/'2=v/8";  C=i/5=5=1; 
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/  _       /3+1  3—1 


(5)     A=17,  /B=2/60^v/240i  C=/289-240=7; 


/  _         /17+7         )17— 7 

.-.  ^A-i-/B=^-— +  \-Y-=2,/3+/5. 

(6)  A=a:,  /B=2/»=l=i/4^=4;  C=  /x2-4a;+4=a;— 2 ; 

~      \x-\-x — 2        IX—X4-2        

(7)  A=:0,  i/B=2a/;=T=^/-:::4a2;  C=/4a2=2a  ; 

/  T        ,0+2a        ,0— 2a        _        — 

i/a(14-i/=l'). 


(8)    A=x+2/-|-2,  y/B=^2/a;2+y3=/ 4x3+4^/2. 

C=v/A2— B=/(«2-j-2/2+2^+2ar?/+2a;2+2^2— 4x2  -4i/z) 

=i/{x2+P^-\-z^+2xy—2xz—2yz)=x^i/—z. 

I~      T      /x+j/+2+x+.y— 2      ^x+y+z—{x+y—z) 


(9)     Proceeding  as  before,  we  fina     ,'28  4- 10/3=5+^/3,    and 

-/e?— 16/3=8— 1/3,  and  the  sum  of  5-f /5  and  8— »  S 
is  13,  ^na. 

TKINOMIAL    EQUATIONS. 

Article  242. 

(5)  x^— 25x2=^  — 144, 

x<— 25x2-f  •|»=+«|s— 144=Y ; 

x2=4±^=16  or  9. 
X  =±4  or  ±3. 

(6)  5x*-{-7x^=G7ii2]  divide  by  5  and  complete  the  squar*. 

X'+iX^-+^J5=^^+  «  V  = '  VoV. 
X^+^=±^^, 

x2=— ^±W=36.  or  -^=-i^r- 
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187  i— 935  1 


=^=±6,  or  ±V— ^=±^— -:=±-^_935. 

The  bist  answer  in  the  book  is  rfc^]/ — 3740,  which  is  the  same 
as  ±1/3935,  since  /— 3740 r=/3935x4=2 /^=^935. 

(7)  9x'' — 11x^^488,  divide  by  9  and  complete  the  square, 

afi=\l±\%»^8  or  —  y/,  X^=8  or  —  W. 

x=±:2.  or  ±^— 5VXl«3=±if=183  or  dbjfl83. 

(8)  Completing  the  square  by  adding  \  to  each  member,  we 
have 

a:3_a;2_|_|=8  2ooi.   whence,   x^ — \—±^^^] 

a;^=i±2*9=125  or  —124; 

a:3=(l25)2=(5x5X5)2  or  (—124)2; 

X  =52=25  or  (—124)1 

(9)  Arranging  the  terms  and  completing  the  square,  by  adding 
I  to  each  member,  we  have 

a;i+a:^+^='«V';  whence,  x^+^=4_Y, 
a:^=  — ^±Y=32  or  —33; 
xi=  2  or  (— 33)^ 
X  =64  or  (—33)^. 

(10)     Let  ■i/x-\-Oz^ji/;  then,  x-{-5=y^,  and  the  equation  becomes 
by  substitution  and  transposition,  ?/2 — ^=6. 
Whence.  y—S  or  — 2. 
.-.    |/x+^=3  or  —2, 
X^5=--9  or       4, 
x=4  or  —  1. 

It  will  be  advisable  for  the  pupil  to  solve  this  and  the  five  ex- 
amples which  follow,  without  the  substitution  of  .V;  thus, 

x-\-5  —  |/a;-f-5-=6. 
(Completing  square,  x-\-5 — y^x-\-5-\-\=6-\-\:=^, 

/^54-i=±3, 

y'x+r>-2  or  —3, 
a;+5=4  or  9, 
X= — 1  or  4. 
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(11)      AiM  3  tc  each  side,  let  ^x^ — 3x-(-ll=;y;  tlien,  by  substi- 
tuting tlic  value  of  y-  and  transposing,  we  Lave 

^/2-27/=3. 

AVhence,  y=3  or  — 1. 
.-.   ^x2— 3a;+ll=9  or  1. 
From  which,  by  squaring  and  solving  the  resulting  equalioQS, 
we  readily  find  x^2  or  1,  or  \±\\^ — 31- 


(12)  Add  18  to  each  member,  let  |/a;-  —  7.c-(-18=i/; 
then.  v-4-2/=42. 

Wlience,  ?/,  or  -y/x-  —  7x-|-18=  G  or  — 7. 

Squaring,  X-  —  7x-j-18=36  or  49. 
Wlieuce,  x=9,  —2,  or  ^(7±v/173). 

(13)  To  render  this  equation  of  a  quadratic  form,  the  quantity 
in  the  parenthesis  in  the  right  member  must  be  made  the 
same  as  that  in  the  parenthesis  on  the  left.  This  may 
be  done  by  adding  — 7  to  the  quantity  in  the  vinculum, 
and  its  equal,  -)-7Xll=77,  without;  the  equation  then 
becomes 

(x2_9)2=3^77_^ll(x2— 2  — 7i^S0-fll(x2  — 9). 
Putting?/  and  y-  to  represent  x^ — 9,  and  (x-— 9)2,  we  have 
2/2 — 11^=80;   whence,  2/=16,  or  — 5. 
.'.  X- — 9=16  or  — 5,  and  x=±5  or  ±2. 

8  8 

(14)  Transposing    -  and  putting  i/=:X-f- -,  we  have 

2/2-|-2/=42;  whence,  y—+^  or  — 7. 

•••  x+-=+6or  — *, 

and  x2 — 6x=  —  8,  or  x-+7x  - — 8. 
Whence,  x=4  or  2,  or  {[ — 7^/17"). 

(15)  Tiiis  equation  may  be  placed  under  the  form 

Putting  x-(l}-~  J  =y,  we  have  y~  —  3^=70; 
whence,  y^lO  or  — 7. 

■■■"0+ii)  =""'—'• 

x*4^x=10  or  — 7. 


Whence,  X=3  or  —3 J,  or  J(  — l±v/— 251)- 
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(16)     Multiplying  both  sides  by  -^/x,  we  bave 
a:/ 6^=^2=1+0:2. 
Squaring  x^{6—X')=l-\-2a:^-JrZ*. 
Transposing  and  reducing,  as* — 2a:'=i —  J. 
Whence,  x=-±i/{l±W^- 

Article  243. 

(2)  We   find  the  square  root  is  X^ — X,    with  the   remainder 
— 3xi^-\-3x;  hence,  the  equation  may  be  written  thus, 
(a;«— x)2— 3(a;2— a;)^108. 

Putting  x2 — x=y,  we  find  y=:.l2  or  — 9. 

.-.  a;2  — a;=12or — 9. 

Or,  the  same   result  may  be  attained  by  completing  the 

square,  etc.,  without  the  substitution  of  y. 

Whence,  x=4  or  —3,  or  ^(li/— 35). 

(3)  The  square  root  of  the  left  member  is  x^ — X,  with  the  re- 
mainder —  x'^-\-X\  hence,  the  equation  may  be  written 
thus,  {x«— a;)2_(a--iL^)=^30. 

Whence,  X=Z  or  —2,  or  ^(l±/IZl9). 

(4)  Multiplying  both  sides  by  X,  we  then  find  the  square  root 
of  the  left  member  is  a;^ — Zx  with  the  remainder  -f-2»*— 
6a;;  hence,  the  equation  may  be  written  thus, 

(a;2— 3x)2-}-2(a;2— 3x)  =0. 
Whence,  a;=0,  or  3,  or  2,  or  1. 
The  value,  a;=0,  docs  not  satisfy  the  given  equation,  but  is  a 
root  of  the  equation  x{'X?' — 6a;2-|-lla; — 6)=0,  and  was  introduced 
by  multiplying  the  given  equation  by  x. 

(5)  The  square  root  of  the  left  member  is  a;* — 3a;  with  the  re- 
mainder — 4x''-|-12x;  hence,  the  equation  may  bo  written 
thus,  (x2— 3a;)2— 4(z2_3x)=60. 

Whence,  a;=5,  —2,  or  J(3±/^15). 

(6)  The  square  root  of  the  left  member  is  ofi — 4x,  with  the 
remainder — 6a;2-|-24a;;  hence,  the  equation  may  be  writ- 
ten (z2— 4a;)2— 6(x2_4x)=— 5. 

Whence,  x=b,  or  — 1,  or  2ih/5. 

(7)  Multiplying  both  members  by  4,  to  clear  the  equation  of 
fractions  and  render  the  first  term  a  perfect  square;  then, 
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transposing  163^,  we  find  tbe  square  root  of  llie  left  mem- 
ber is  Ax-—2x,  with  the  remainder — 'ix'--\-2x;  lience,  the 
equation  may  be  written  (-bfi — 2xf — (4z« — 2x)=132. 
Whence,  X=2,  —^,  or  ^(1±/— 43). 

124-ix      4      1,  .    .       1 

(8)     Observe  that  — —-^z=-  -{--;  then,  omitting  -    on     each 

side,  and  multiplying  both  sides  of  the  equation  by  lli^ 
clear  it  of  fractions;  after  transposing,  we  have 
x*—l  4x^-1-50x2— 49a;=60. 
The  square  root  of  the  left  member  is  X^  —  7x,  with  the  remain- 
der 7a-2  —  49x;  hence,  the  equation  may  be  written 
(x2  — 7x)2-f7(x2— 7x)=60. 
.-.  a^— 7x=5  or —12. 
Whence,  x=4,  or  3,  or  i(7±y/W). 


PURE    EQUATIONS    CONTAININO    TWO    OB    MORE 
UNKNOWN    QUANTITIES. 

Article  245. 

Note. — Instead  of  indicating  each  step  of  the  solution  of  the 
examples  in  this  article,  it  has  only  been  deemed  necessary  in 
nr.'^a'  cases  to  point  out  the  particular  step  on  which  the  solution 
iepends. 

(5)  Subtract  the  square  of  the  first  equation  from  the  second, 
then  add  the  remainder  to  the  second,  and  extract  the 
square  root,  which  will  give  X-j-y. 

(6)  Add  twice  the  second  equation  to  the  first,  and  extract  the 
square  root;  also,  subtract  twice  the  second  equation  from 
the  first,  and  extract  the  square  root. 

(7)  Subtract  the  second  equation  from  the  square  of  the  first; 
then  subtract  the  i-emainder  from  the  second  equation,  and 
extract  the  square  root. 

(8)  Divide   the   first  equation   by   the  second,    this  will   give 

(9)  From  the  cube  of  the  first  equation  subtract  the  8ccon<l. 
divide  the  remainder  by  3,  and  we  have  xt/{x+i/)  —  3*)X: 
divide  by  x-fy=ll,  nml  we  hnvc  xv=^28.  Having  x  •  '/ 
ntid  XJ/,  we  readily  find  .r  and  i/.  hn  in  Form  1,  Art.  L'l'i 
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Or,  thus.  Divide  the  second  equation  by  the  first,  subtract  the 
quotient  from  the  square  of  the  first,  and  divide  by  3,  which  will 
give  xxj. 

(10)  From  the  first  equation,  by  transposing  and  extracting 
tiie  cube  root  of  both  members,  we  have  x-^ly\  then,  by 
substitution  in  the  second,  we  readily  find  the  value  of  ?/, 
and  then  x. 

(11)  Subtract  the  second  equation  from  the  first;  add  the  re- 
mainder to  the  first  and  extract  the  square  root,  which 
will  give  x-\-y^=±i\^ ;  tlien,  divide  the  second  equation 
by  this,  and  we  have  X — y^^% 

Or,  after  factoring  the  first  equation,  divide  it  by  the  second, 
and  find  tlie  value  of  X,  to  be  substituted  in  either  equation. 

(12)  Divide  the  first  equation  by  the  second,  this  gives  X-\y^=:'%\ 
from  the  square  of  this,  subtract  the  second  equation,  and 
divide  by  3,  this  gives  a;^=;15 ;  subtract  this  from  the 
second  equation,  and  extract  the  square  root,  which  will 
give  X — y:=zt2.  Or,  divide  both  members  of  the  first 
equation  by  X-\-y,  and  equate  the  values. 

(13)  Subtract  the  first  equation  from  the  square  of  the  second, 
this    gives   xy=43;    subtract   thi-ee   times    this    equation 
from  the  first  and  extract  the  square  root,  this  gives 
x—y=±8. 

(14)  Divide  the  first  equation  by  the  second,  transpose  S^xy, 
ami   subtract  the  resulting  equation  from  the  square  of 
the    second,   this    gives   lxy=4,   or  xy=8]    then,   by  the 
method  explained  in  Form  1,  Art.  245,  we  readily  find 
X-\-y^±G. 

(15)  Dividing  the  first  equation  by  the  second,  we  find  x^ — ^y 
-f-y2;^7  J  subtracting  this  from  the  second  equation,  we 
have  2a;.y=6,  or  a;/y=3  ;  then,  adding  this  to  the  second 
equation  and  extracting  the  square  root,  we  find  x-\-y 
=±4;  also,  subtracting  xy=3  from  the  equation  x^ — ^ 
-Jf-y'^=.7,  and  extracting  the  square  root,  we  find  x—y 
=±2. 

1  1 

(16)  Let  x-i^P  and  y^:=Q„  the  equations  then  become 

P^— Q2=P  +  Q.  (1) 

P3_Q-1=:37.  (2) 
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Dividing   each   side   of  (1)  by  P-f  Q,  we   liave  P — Q:^l ; 
then,  dividing  each  side  of  (2)  by  P — Q  =  l,  we  have 

P2+PQ+Q2=r37,  (3) 

P-— 2PQ+Q2=:  1.  by  squaring  P— Q=l. 
Subtracting  and  divining  by  3,  we  find  PQ=:12;  then,  by 
adding  this  to  (3)  and  extracting  the  square  root,  we  find 
P+Q=±7,  but  P— Q=l. 
Whence,  P=  4  or  —3,  and  Q=3  or  —4 
.-.  a::=16  or  9.  and  .V=9  or  16. 

(17)     Let  X'^^V  and  p^—Q-^   then,  by  substitution   the  equa- 
tions become  P  -|-Q  =5, 

P2-(-Q2=13. 

The  values  of  P  and  Q  found  as  in  example  1,  page  221 
are  P  =2  or  3,  and  Q:=3  or  2. 

.-.  a;T=2  or  3,  and  x=;16  or  81 ; 

y^—o  or  2,  and  ?/ — 27  or  8. 

1  1 

^18)     Let  x^=V  and  ?/^=Q;  then,  by  substitution  the  equations 

become  P  +Q  =5, 

P34-Q3^35. 

The  values  of  P  and  Q,  found  as  in  example  3,  page  222, 

are  P^2  or  3,  Q=3  or  2. 

.'.  x'=2  or  3,  and  X=:8  or  27; 

2/^=3  or  2,  and  ^=27  or  8. 

(19)  Let  X-  =  V  and  i/'=-Q;  then,  by  substitution  the  equations 
become  P  +Q  =4, 

1«+Q3=2S. 
Tlie  values  of  P  and  Q,  found  as  in  the  preceding  example, 
are  P=3  or  1,  Q  .4  or  3. 

.-.  x'^—S  or  1,  and  X=9  or  1. 

J/^:=1  or  3,  and  y^l  or  9. 

(20)  Square  both  members  of  the  first  equal  ion,  and  from  the 
result  subtract  four  times  the  cube  of  the  second,  and  w€ 
have  a*— 2x'V+2/*=n222o. 
Extracting  the  sq.  root  t'^—i/^=±335\    but  x^-{-i/^=3b'l . 

Whence,  by  adding  and  subtracting,  dividing  by  2  and  extraei- 
li  g  the  cube  I'oot,  we  have  X=-:7  or  2,  and  y^z2  or  7. 
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Or,  find  the  value  of  X  in  the  second  and  gubstitule  in  first. 

(21)  Raising  both  sides  of  (1)  to  the  fourth  power   we  have 

but  X*  -1-2/'  =  82; 

or    x*-{-2x--y-^3z-y-+2xy^+  y'=lG9. 

Extracting  the  sq.  root  x--\-xy-\-y'^=zl3.  (3) 

Squaring  eq.  (1)  x-+2xy-^y-=16. 

Subtracting,  xy^3]  hence,  3x^=9,  and  subtract- 

ing this  from  (3),  and  extracting  the  square  root  of  the 
resulting  equation,  we  get  X — y=±2;  from  this,  and 
x-\-y=4,  we  get  x=3  or  1,  and  y:^l  or  3. 

Or,  find  value  of  x  in  first  and  substitute  in  second. 

(22)  Adding  the  three  equations  together,  and  dividing  by  2, 
we  have  xy  -  xz-{-yz:=  .^J±2.      (4) 

Subtracting  from  this  successively  the  three  given  equa- 
tions, we  have  yz^^^IL ,  (5) 

^^a+c-6^  (6) 

X2/^«+|z?.  (7) 

Multiplying  the  three  equations  together,  and  extracting 

the  sq.  root, 

xyz=^  { («+6-c)(«+c-6)(6+c-a)  )  ^  ^g) 

Dividing  eq.  (8)  by  eqs.  (5),  (6),  (7),  respectively,  we  ob- 
tain the  values  of  X,  »/,  and  z.     Thus,  to  find  X 


I  (  (a-t-6— c)(a+c— ^>)(6-|-c— g)  > 


ayg 

yz~^  6-f-c — a 


_   |j(a+6— c)(a-|-c— 6)(6-|-c-^)^         4 ) 

-Vl 8 ^(b^-^Z^t\ 

_.^    l(af 6— c)(a-|-c— 6)^ 
~  V         2(6-j-~c — a) 
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AFFECTED    EQUATIONS. 

Article  250. 

(3)  adding  the  two  equations  together,  and  dividing  by  2,  we 
find  a;2+a;=240. 

Subtracting  the  second  equation  from  the  first,  and  dividing  by 
we  find  y2_^2/=90- 

(4)  Multiplying  the  first  eq.  by  4,  and  subtracting  the  result 
from  the  second,  and  transposing,  we  find  y- — 18^=45. 
Whence,  ?/=3  or  15,  and  x=14 — ^^l|—1  or  — 46. 

Or,  substitute  the  value  of  x  from  cq.  first  in  eq.  second. 

(5)  From  the  first  eq.  y= 1 =1  ^x-j-T,  this  substituted  in 

the  second,  gives  3a;--j-2(lia;— 4)2^14. 
Developing  and  reducing,  we  have  X- — 'j'X^^ — '^. 
Whence,  x=2  or  IJ,  and  2/=10  or  8i. 
Or,  substitute  the  value  of  X  from  eq.  first  in  eq.  second. 

(6)  Clearing  the  2d  eq.  of  fractions  by  multiplying  by  xrj,  and 
substituting  the  value  oi  x=y-\-''l,  found  from  the  1st  eq., 
and  reducing,  we  have  y"^ — ^y:^^J>,  and  2/— 3  or  — 1^. 

(7)  Let  y^tX]  then,  substituting  this  instead  of  y,  finding  the 
value  of  X^  from  the  resulting  eijuations,  placing  these 
values  equal  to  each  other,  and  reducing,  we  find  <^=itlj. 
Then,  substituting  this  in  the  value  of  X-,  we  find  X,  and 
thence  y. 

(8)  Let  y=^(x;  then,  substituting  this  instead  of  y,  finding 
the  value  of  x^  from  the  resulting  equations,  placing  these 
values  equal  to  cath  other,  and  reducing,  we  find  t=:-\-l\ 
or  — |.  Having  this,  the  values  of  X  and  y  are  readily 
found  by  substitution. 

(9)  -'Vccording  to  the  suggestion  on  page  227,  we  find  xy—-\H 
or  — 12.  Having  the  values  of  X-\-y  and  xy,  wc  readily 
find  X  and  y  by  the  mctliod  explained  in  Form  1,  Art.  245. 

(10)     Completing   the   square  as   in  the   last  example,  we  finil 

_=-|—  or  — _ ..     From  this  eq.  and  X — .V=2,  we  readily 
2/3  3  ^  ^      ^  ^ 

find  X  a  ltd  y. 
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(11)     From  the  first  equation,  a:iy=+10  or  — 18. 

From  the  equations  xi/:=-\-10,  and  x-\-oi/=^ll,  we  find  x=o  or  6, 
and  3/^:2  or  |. 

From  the  equations  xy=: — 18,  and  z-r-i>/^=1l,  we  find  x=y 
=rjy'337,  aud2/=V±h''^- 


(12)  Let  ]/a;-j-y-=^;  then,  from  the  1st  eq.,  we  have  >^+v=l2. 
from  which  V^^S  or  — 4;  hence,  V-,  or  x-\-y^^{i  or  16 
Ilaviug  the  values  of  X-^y  and  x'--\-y'-,  we  can  find  the 
values  of  X  and  y  bj'  the  method  explained  in  example  1st, 
Art.  245.  The  eqs.  x-\-y=9,  and  x--\-y^=41,  give  Z^5 
or  4,  and  ^=4  or  5. 

The  equations  x-t-2/=^16,  and  X'-{-y-=H,  give 

a;z=8±^/^:=T74,  and  y=8=F^j/=l74. 

(13)  Adding   twice  the   second  equation  to  the  first,  we  have 
x-+2xy+y2+x+y=30,  or  {x+yy-+{x+y)=30. 
Whence,  x-{-y^-{-i>  or  — 6. 

From  these  equations  and  the  value  of  z^=6,  we  readily  find 
the  values  of  X  and  y. 

(14)  Transposing  2j:y  in  the  first   equation,  and  then  adding 
both  equations  together,  we  have 
x2+2xy+y'+4x+iy^m,  or  {x-\-yy-+4{x+y)=n7. 
Whence,  x-ry=+9  or  — 13,  and  x=^d—y  or  — IS^y. 

Substituting  these  values  of  X  in  the  second  of  the  given  equa- 
tions, we  have  y--\-2y=^oo,  or  y'--\-2y-.ol. 

From  the  1st  equation,  we  find  y=5  or  — 7;  whence,  X=^A  or  16. 
From  the  2d  equation,  we  find  y:= — 1±(/58;   whence,  z= — 12 

(15)  From  the  first  equation,  xy{\-\-y)=\2.,  and  from  the  2d, 
ar^l-f ?/•'') =18.     Dividing  the  2d  by  the  1st,  we  find 

'^"T" -^  — \   and  from  this  equation,  we  readily  find  y — ^ 

y 

or  \\  whence,  x=2  or  16. 

(16)  Adding   twice  the  second  equation  to  the  first,  we  havo 
x2+2z^+3/2+xf3/^156,  or  {x-\-yf^{x+y)=\m. 
Whence,  a;-fy=-|-12  or  —13. 

By  substituting  the  value  of  X  \y  in  the  second  equation,  we 
find  xy—ll  or  62. 

From  the  equations,  X-|-y=12,  and  xy=^lly  we  find  x=9  or  J>. 
and  y—Z  or  9. 
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Prom  the  equations,  x-\-y= — 13,  and  xy^Sli,  we  find 
a;=:|(— 134:/=5yj,  and  2/----:i(— 13qi /^59). 

(17)     Let    ( ^\^=v-  then,  (^^+^^=1,  and  v+l=2,  or 
\x-\-y/  \  Zx  /      V  V 

1)2 — 2.V— — 1;  whence,  v^-\-\. 

Sx 
.  .  =1 ;  whence,  2x=y. 

x^y 

Substituting  the  2a;  instead  of  i/  in  2d  eq.,  we  have  2x2 — 3x=:54. 

Whence,  X^=&  or  — 4^;   hence,  y=12  or  — 9. 

Or,  square  the  1st  eq.,  transpose,  and  extract  the  root,  and  we 

find  3x — (a;-|-?/)=0.    From  this  and  eq.  2d,  we  readily  find  X  and  y. 


(18)     The  Ist  eq.  is  ^^^^^,+      y      ~~^^r^ 

Multiplying  both  members  by  yX-\-y,  we  have 

y    _^a:4-y_17 
x-\-y       y        4  ■ 

Let  _2L=r;;  then,  V+I=     . 
x-\-y  V     4 

Whence,  v  or  _r_=4  or  _. 
a;+y  4 

From  eqs.  _il_=4  or_,  we  find  Xn= — _y  or  -\-'6y. 
x-\-y  4  4 

Substituting  the  first  value  of  X  in  the  eq.  x=y^-\-2,  we  find 
y=—l ±  I  y/—nd;  hence,  x=^^=F^  /■=Tl9. 

Substituting  the  second  value  of  X  in  the  eq.  x=y^-\-2,  we  find 
y^=2  or  1 ;  hence,  x=6  or  3. 


QUESTIONS  PRODOCING  SIMDLTANEOUS  QUADHATIC 
EQUATIONS,  CONTAINING  TWO  OR  MORE  UNKNOWN 
QUANTITIES. 

Article  251. 

Note. — As  the  first  five  examples  may  be  solved  without  com- 
pleting the  square,  their  solutions  will  be  given  in  this  form. 

(1)     Let  X  represent  the  greater  number  and  y  the  less; 
then,  y{x-^y)=4x,  (1) 

and  X(X-\-y)=i)y.  (2) 

Multiplying  the  eqs.  together,  dividing  both  members  by  xy,  nnd 
nxiracting  the  square  root,  we  find  X-}-y=6. 
Kv.  10. 
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Substituting  6  for  X  \-y  in  (1),  we  have  6i/=4z,  or  y:=|x.    Then, 

from  eq.  X-\-y^^Q,  we  have  Z-\- =X\  whence,  x^3.6,  and  ^^^2.4. 

'j 

(2)  Let  x=  the  digit  in  ten's  place,  and  t/=  the  digit  in  unit's 
place;   then,  10x-|-2/=  t^'®  number,  and 

z{lQx-\-y)^lQx^-\-xy=\Q,,  (1) 

also  x(a;-l-i/)  r=    x''-~\-xy=H).  (2) 

Subtracting  (2)  from  (1),  Uj;2=36;  whence,  x=2  and  ^  is  readily 
found  =3. 

(3)  Let  X^  the  greater  number  and  y  the  less;  then, 
(X— 2/)(a;2-2/2)=  32. 
(x-|-?/)(x-+2/2)=272. 

For  the  method  of  finding  the  values  of  X  and  y,  see  the  Alge- 
bra, example  4,  page  222. 

(4)  Let  X  and  y  represent  the  numbers;  then, 
x^=10,  and  x3+y3=133. 

For  the  method  of  finding  the  values  of  X  and  y,  see  the  solutioD 
to  example  20,  Art.  245. 

(5)  Let  a:=  the  greater  number,  and  y--  the  less;  then, 
a;2-fx^=^120,     (1),     and  xy—y-=16.     (2) 

Let  y=vx;  then,  by  substitution  the  equations  become 
a;2_^a;2|,^120,  and  vx^—v^x^=l&. 

Whence,  x^=}^  and  x'^=^  _^. 
1  -j-V  V — V- 

120       16        „  ,  •  1    „    2        1 

•  •.  = .     From  which,  v=r_,  or  _. 

l-|_v    v_v2  3        6 

Then,  X2=i^^72  or  100; 

1+v 

X—Qy2  or  10,  and  y  -4,/2  or  2. 

The  answers  10  and  2  are  the  only  ones  given  in  the  Algebra, 
out  it  may  be  easily  shown  that  the  others  are  strictly  true  in  an 
arithmetical  sense. 

(6)  Let  X  and,?/  represent  the  numbers;  then, 
x--^-y^+xi-y=A2,     (1),     and  xy-15.     (2) 

If  we  add  twice  the  second  equation  to  the  first,  the  re- 
sulting equation  is 

ix-{-r/)^-\-{x+y)=72.    Wliencc,  «+y=8,  or  —9. 
Having  X-f.V  ind  3ri/,  the  values  of  X  and  y  are  to  be  found  as 
in  example  13,  Art.  2o0. 
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We  thus  find  x=5  or  3,  and  3/-=3  or  5; 

or  ■r-^       —  K         and  v^=— — — i-^—. 
2  2 

(7)  Let  a;  .iiul  ?/  represent  the  numbers;  then, 
X-\-i/+xy=i7,  (1) 
x^^ij2-(x+ij)=.G2.      (2) 

For  the  method  of  finding  the  values  of  X  and  ?/,  see  the  solution 
to  example  16,  Art.  250. 

(8)  Let  x=:  the  greater  number,  and  y=  the  less;  then, 
xy  =x-\-ij,     (1),     and  x'^—y'^^x-^y.     (2) 
Dividing  each  member  of  (2)  by  x-\-y,  we  have 
x—y.-\,  or  x-=y\\. 

Substituting  this  value  of  a;  in  (1),  and  reducing,  we  find 
y2—y—\.     Whence,  7/=|±^v'5,  and  a;=|±|i/5. 
In  order  that  the  numbers  may  be  positive,  we  can  only  use  the 
tipper  sign.     This  gives  a;=2.668,  and  3/:=l.G68  nearly. 

(9)  Let  x=z  the  less  number,  and  xy^  the  greater;  then, 

x-y=^x-y'^ — a;2,  ( 1 ) 

x-y'^ArX^^x'-y'^ — a;3.  (2) 

Dividing   each    member   of  (1)    by   a;-,    we    have  2/=2/" — 1)   or 
y2==2/+li  from  which  we  find  2/=j+2i/^* 

Dividing  each  member  of  (2)  by  a;^,  we  have  y"^ -\-\=:X{y'^ — Ij, 
but  2/^=2/-|-l)  and  multiplying  both  sides  by  i/,  we  have  y^=y^ 

+3/=2/+2/+l=2,y+i. 

Substituting  these  values  of  2/-  and  y^,  the  equation  becomes 
2/+2=a;(27/); 

2/+2    f+l/S"    (1+1/5)     l-/g 
hence,  x=:^=^3— =-=.-^^^Xj— ^ 

t— 2/5-^    -2,/5    1    _  _ 

=       YZ^ ='^5-=2/^-        .-.  x=^/o,  and 

a.y=(  i+ i  i/5)(i/5)=-il/F-f  |=.1(5+ 1/ 5). 
Or   let  a;^  the  greater,  and  y=  the  less.     Then, 
x'^—y'^=xy,  (1) 

x2-i-»/2==a;'' — y'^.  (2) 

From  eq.  (1),  x~ — xy^y"^.     Whence,  X- — 3:7/+^  :^y--\-^  =^  , 

4  4       4 

and  a;=.-5:(l±|/6).     Substituting  this  value  of  x  in  (2),  and  divid- 
ing 1*7  2/^  ^^^  ™''y  find  *^h<5  value  of  y. 

This  difficult  problem  may  also  be  solved   by  putting  y  =(X,  in 
the  above  equations. 
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(10)  This  question  may  be  solved  by  using  only  one  unknown 
quantity.     Thus, 

Let  3x=  A's  gjiiu;  then,  20x—  B's  stock,  and  100— 3x=r 

B's  gain,  and  40x — 200=  A's  i^tock. 

Therefore,  40a;— 200  :  20a; : :  3a; :  100— 3a;. 

Since  the  product  of  the  means  is  equal  to  the  product  of 

the  extremes,  60x-=(40a;— 200)(100— 3a;). 

Reducing,  a;-— 2|0a;= — lo^oo. 

Whence,  a;^20;  hence,  3x^60=  As  gain,  &c. 

(11)  Let  z  and  y  represent  the  numbers;  then,  by  the  question, 

xy+x+y=23,  (1) 

x^-+y'—d(x+y)=8.  (2) 

Adding  twice  eq.  (1)  to  eq.  (2),  we  hare 
a;2-(- 2a;?/-f  ?/-— 3  (X +7/)  =.54. 
or      (x+y)- — 3{x-f2/)=54. 

This  is  a  quadratic  form,  and  we  readily  find  x-\-y=^^;  then,  by 
substituting  the  value  of  x-\-y  in  eq.  (1),  we  find  xy^li.  Having 
X-j-y  and  xy,  we  can  find  X  and  y. 

(12)  Let  X,  y,  and  z  represent  the  numbers;  then, 
x—y-{y—z)=3^2y+z=5,  (1) 

x+  2/+2=44,  (2) 

xyz=195Q.  (3) 

Subtracting  eq.  (1)  from  (2),  and  dividing  by  3  we  find 
y=13;  then,  substituting  this  value  of  .y  in  (2)  and  (3), 
we  have 

X-j-2=:31,  and  X2=150. 
Whence,  we  readily  find  X:=2o,  and  z^^G. 


F  0  R  M  U  L  2E . 

Article  252. 

Note. — Examples  1  to  4  have  either  been  solved  before,  or  arc  so 
simple  as  to  require  no  explanation.  We  shall,  therefore,  merely 
express  the  respective  formula  in  the  form  of  Rules. 

(1)     rnonLKM. — To  find  two  numbers,  having   given  the  sum 
of  their  squares,  and  the  diflerence  of  their  squares. 

Rule. — AM  the  difference  of  the  squares  to  the  sum  o/ the  squares,  mul- 
tijil;/  the  sum  by  2  and  extract  the  square  rod ;  half  the  result  will  be 
(he  greater  number. 
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To  find  the  less  number,  proceed  in  the  same  manner,  except  that 
the  difiFerence  of  tlie  squares  must  be  subtracted  from  their  sura. 

Ex.  The  sum  of  the  squares  of  two  numbers  is  120J,  and  the  dif- 
ference of  their  squares  60;  required  the  numbers. 

Ans.  9^,  and  5^. 

(2)  Peoblem. — Having  given  the  differeuce  of  two  numbers, 
and  their  product,  to  find  the  numbers. 

Rule. —  To  the  square  of  the  difference,  add  four  limes  the  product,  extract 
the  square  root  of  the  sum;  add  the  result  to  the  difference,  and  also 
subtract  the  difference  from  it,  then  half  the  sum  will  be  the  greater 
number,  and  half  the  difference  the  less  number. 

Ex.  The  difference  of  two  numbers  is  11,  and  tlicir  product  80; 
required  the  numbeis.  Ans.  5  and  16. 

(3)  Problem. — To  find  a  number,   having  given  the  sum  of 
the  number  and  its  square  root. 

Rale. —  To  the  given  sum  add  ^,  and  extract  the  square  root,  subtract  the 
result  from  the  given  sum  increased  by  ^,  and  the  remainder  will  le  the 
required  number. 

Ex.  The  sum  of  a  number  and  of  its  square  root  is  8|;  required 
the  number.  Ans.  Q\. 

(4)  Problem. — To  find  a  number,  having  given  the  diflercuce 
of  the  number  and  its  square  root. 

Rule. —  To  the  given  difference  add  },  extract  the  square  root  of  the  sum, 
and  to  the  result  add  the  given  difference  increased  by  }, ;  the  sum  will  be 
the  required  number. 

Ex.  The  diflFcrencc  of  a  number  and  its  square  root  is  8J;   r©» 
quired  the  number.  Ans.  12J. 

(5)  x+y=s.  (1) 
Squaring,  X--f-lir^-fy-=^82. 

but  xy^j)!  therefore,  by  transposing  2x1/^  or  2p, 

X--\-il-—8'- — 2p. 

Cubing  eq.  (1)  x''-t-3.r-^f  3x^2+y'=«^, 

or  ar'-f  3.n/(a;-|-?/)-|-?/3=«3^ 

or  a;''-f  3^).s  j  i/^=s^. 
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Again,  squaring  x^-\-y'^-=fi^ — 2p, 

x'+2j:)--|-2/'=s'  — 4ps-+4p2. 
.-.  a;<4-2/'=s'' — 4ps24-2p2. 

Aa  an  additional  example,  let  the  following  problem  be  proposed : 

Problem. — To  find  two  numbers,  having  given  their  product,  and 
the  difference  of  their  cubes. 

Let  X  and  y  represent  the  numbers;  then, 

x^ — y'^=CL,     (1),     and  xy—b.     (2) 

Squaring  equation  (1),  adding  to  the  result  four  times  the 

cube  of  (2),  and  extracting  the  square  root,  we  have 

Adding  together  equations  (1)  and  (3),  dividing  by  2,  and 

extracting  tlie  cube  root,  we  find 

a:=^{i(a+,./a2+463)}. 

Similarly,  by  subtracting  equations  (1)  from  (3),  we  find 

y=■^y[\{^/W+W—a)\. 

Those  formuhB  give  the  following 

Bale. —  To  the  square  of  the  difference  of  the  cubes,  add  four  times  the 
cube  of  I  heir  product,  extract  the  square  root  of  the  sum;  add  the  result 
to  the  difference  of  the  cubes,  also  subtract  the  difference  from  it,  then 
the  cube  root  of  one-half  the  sum  will  be  the  greater  number,  and  the 
cube  root  of  one-half  the  difference  the  less  number. 

Ex.  The  difference  of  the  cubes  of  two  numbers  is  604,  and  their 
product  is  45;  required  the  numbers.  Ans.  5  and  9. 

In  a  similar  manner,  special  rules  might  be  formed  for  the  solu- 
tion of  nearly  all  the  questions  on  pages  223,  224  of  the  Algebra. 


SPKCIAL    SOLUTIONS    AND    EXAMPLES. 

Article  253. 

(2)     By  adding  2a;  to  each  member,  (he  equation  becomes 
X^—X=^2y2x,  or  .c(x2— l)=2(z-f-l). 
Divide  both  members  by  JC-j-1,  X{X — 1) — % 
Whence,  X^= — 1  or  2. 


(S)     Transposing  \  and    Z^,  the  equation  bocomei 
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x^-i=l+^,  or  {x+l){z-l)=l{x+i)', 
6x  X 

.-.  x+f=0,  or  x=— f ;  also,  X— |=L 

X 

Whence,  a;=|(l±v^lOj. 

(4)  Transpose  1  to  the  left  member;  then,  the  equation  may 
be  placed  under  the  form 

2x^{x—\)+x2—l=0,  or  2x2(a>-l)4-(x+l)(x— 1)=0; 
.•.  a;— 1=0,  or  x=l ;  also,  2a;2-f-x+l=0. 
Whence,  x=i(— l±v/^^). 

(5)  The  cquiUion  may  be  placed  under  the  following  form: 
a;3_2x^— X-  -(-  2x—x + 2=0, 

or  x^{x—2)—x{x-~2)—{x—2)=0. 

.'.  x—2^0,  or  x=2;  also,  x^—x—l=0. 

Whence,  a;=|(l±|/5). 

(6)  Multiplying  both  sides  by  X,  we  have  x*—6x^-\-9x, 
or,  a;'-)-3x'--=9x-4-9a;, 

x' +3a;-'+ f =9a;2+9x+|=9(a:2+a;-|-|), 

X-— 3x,  or  x=3,  

or,  x2+3x=— 3,  and  x=l{—3±y/—3). 
Or,  thus,  X^=Gz  +  9. 

.-.  x''— 27^6x— 18^-6(X— 3). 
Dividing  by  X — 3,  x--|-3x-j-9  =6,  from  which  the  value  ol 
X  is  readily  obtained. 

(7)  x+7x3— 22=(x— 8)4-7(xJ— 2)=0. 
Dividing  by  x' — 2,  we  have 

xt+2x^+44-7=0, 

X^+2x^=— 11, 

a;^+2x^l=— 10, 

«*=— l±v/^=lU, 

X  =(— lih/^:^^''=29±7/^^. 

From  Z» — 2—0,  we  have  X»=2,  and  X-=8. 

(8)  This  equation  may  be  written  under  the  form 
X'— 8l4-i/(x2— 9)x^0, 
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or  (a;2-f-9)(a;2— 9)+i/(a;2— 9)a;=0. 
.-.  x2— 9=0,  and  x^+3,  or  —3. 
Also,  a;2^9^L3a;^o. 
Whence,  a;^^(— ISi/— 155). 

(10)  Multiplying  both  members  by  X,  and  adding  X-f-l  to  each 
6ide,  we  l^ave  x- — 2a;-fl  =4-|-4j/x-f x. 

Extracting  the  square  root,  X — l=±(2-|-|/x). 

From  the  equation  X — 1 — 2-j-|/a;,  by  transposing  y^x  and 

— 1,  we  have  x — |/x=3. 

Whence,  /^=|±^v/l3,  and  a;=^(7±/13). 

From  the  equation  X — 1^ — 2 — ^/x,  we  find  similarly 

l/'x^ —h±lv'—^'  and  x=l{~-l=fi/^^). 

(11)  Adding  _    to  each  member,  we  have 

!^-49+!?=9+^^i. 
4  x^  X     x^ 

1x1         /       1\ 
Extracting  the  square  root,  —  —  -=^±(  3-f--  ). 
2,      X  \       x/ 

1x1  1 

From  the  equation  — _=:^3-f  _,   by   clearing   of  frao- 

2       X  x 

tions,  transposing  and  reducing,  we  find  X- — ^x=y. 

Whence,  x=2,  or  — \. 

1x1  1 

From  the  equation  — _  r= — 3 — _,  we  find  similarly 

2       X  X 

aj2-}-^=Y;  whence,  x=r}(—3±]/y3). 

/17x\2 

(12)  Transposing  — 34^;,  and  adding  I  —  j    to  each  side,  we 

Extracting  the  sq.  root,  x--|- =:±(4-f- \, 

From  eq.  x--f-L'?^4+ _,  we  have  x-^i,  and  x=±2. 
4  4 

From  eq.  x2+ 1!?  =  — 4— 11?,  we  have  x2-flZ?  =  — 4 
^       ^    4  4  2 

Whence,  X=  —8,  or  — ^. 
(18)     Fifst,  _(3«2^x)^_3x2^1-f  ^Y 
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Dividing  both  members  of  the  equation  by  X*,  and  adding 
g 

to  each  side ,  we  have 

4ar» 

\      3x/      xA      3x/     ix*     X*     4x*      4ar* 

13  17 

Extracting  the  square  root,  l-l- — =:-(- : 

3x      2x2      -2x» 
hence,  1  +  1  =  +  ^,  or  —I  . 

Clearing  of  fractious,  x^-f  |x=-(-10,  or  — 7. 
Whence,  x=3  or  —3 J,  or  |(— Izbi/'— 251j. 

(14)     Multiplying  by  2,  and  adding  _-\- to  each  siie^  W3 

36      36 

,        36  ,  18  ,  81      x2  ,  8x  ,  16 

have + 4- = + -f-  — 

x2      X      36      36      36     36 

6      9  /x      4\ 

Extracting  the  sq.  root,  _4-_  =  rt(_  +  -). 
X      6  \6      6/ 

Taking  the  positive  sign,  we  have  the  equation 

a;2 — 5x=36,  from  which  x=9  or  — 4. 

6      9  /x     4\ 

From  the  equation  _-)-_= — I  _-}-_  I,  we  have  the 

X      6  \6      6/ 

equation  x2-j-13x=— 36,  from  which  x=— 9  or  — 4, 
.  •.  The  values  of  x  are  +9,  — 9,  and  — 4*. 

841  1 

^15)     Multiplying  both  sides  by  3,  transposing and  _    and 

X-  X2 

adding  1  to  each  side,  we  have 
81x24-18+1  =?ll  +  ^+16. 

X2  X2  X 

Extracting  the  square  root,  9x-f  £=:  ±(  _  4-4). 

X  \x        / 

Taking  the  plus  sign,  we  find  x^2.  or  — 'g». 


Taking  the  minus  sign,  we  find  x=J( — 2ij/ — 266). 

(19)     Let  x-\-y=8,  and  xij—j); 

then,  x2-f 2/2_g2 — 2p,  and  x'-j-y'=«3 — "^gp. 
and  by  substitution  the  first  equation  becomes 
2«3+l=(82— 2p)(j3+«-''— 3sp) ; 

but  8:=X-\-y=z3\  hence,  by  substitution  tlie  equation  bfr 
comes  55=(9— 22))(p-f-27— Op)  =.243— 126/jf  16p2, 
or  16p2 — 126p= — 188;  whence,  />=V  O""  ^ 
Kv.  11 
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Taking  x-\-y:=o,   and  xy=2,  we  readily  find  *=2,  and 
P=l. 

(20)     Dividing  both  sides  of  the  equation  by  l-\~x,  we  have 
I — x-\-X'—a{l-\-x)-=a-\-2ax^ax-. 
Iransposing  and  reducing,  (a — l)a;2_j_(2a-f  l)a;=l — a, 

orz2+?^ix=l3^'  =  -«=l=-l. 
a — 1        a — 1         a — 1 

x2+  ^^  x+  (2^*±ll'  =  (2a+l)^_.,_  12a— 3 
a— 1        4(a— 1)^     4(a— 1)2  4(a— I)*" 

^    ,    2a +1  _±v/12«^=3 
2(a— 1)        2(a— 1)~ 

^  _-2a— l±i/12a— 3_l+2a±|/12a— 3 

•  2(0—1)  2(1— a) 

Since  both  members  of  the  equation  are  divisible  by  l-j-JC,  there- 
fore, l-{-Xz^O,  and  x= — 1. 


^21)    -  —lJx—2a-^=l. 

Transposing,  multiplying  by  x,  and  arranging  the  terms 
under  the  radical,  we  have 

J  ? — x)  +(  -  — ^  )^ — 2a,  by  squaring  and  transposing 

Putting   _  — X=  a  single  unknown  quantity,  and  finding 
X 

its  value,  we  have 

?: —x=z—\±ly/l—8a=b ;  whence,  a—<t-=bx, 

or  x^-\-bx=a, 


x=—-±Wb2+ia. 

Substituting  the  value  of  6,  we  find 
6»=J+i/l^ISa— 2a, 
62+4a=J(2-f-2/l— 8a-|-8a). 


x=l(-|-J±i^'^:S5)±J^i(2-|-2^/^I=55^-8a) 
—\  {l±|/n=5a±-y^2±:2i/l^^Sa+8a}.. 
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(22)     Let  x-\-i/=8,  and  a;.y=p;  then,  the  equations  become 

8^J,8-\-p^=8b,  (1) 

Pn  s-+p8=:97.  (2) 

Adding,  S'-\~2p8-\-p'+p-\-8=182, 

or,    (8+p)2+(p_^8)^182. 
Whence,  8-{-p— +13,  or  —14. 

Taking  8+23=13,  8=13^J,  and  substituting  this  in  (1), 
13^p-|-p(13— 2?)-f/)-=85;  whence,  23=6. 
.-.  x-j-y^^l,  and  xy=Q,  from  which  we  find  X^6  or  1,  and 
y=l  or  6. 

(23\    ?£V^— (a— 6)(2c+ad)?=(a-|-6)2?— (a2— ^>2)x2. 

2c'^-{-acd—{a—b){;lG-\-ad)dx^{a-\-b)cdx—{a-—t)'^) 

d2x2, 

(a^ — b'^)d-x- — '■lacdx—a-d-x-\-2bcdx-\-abd-x — acdx 

— bcdx-~  —acd — 2c2, 

(a- — b'^)d-x-—Zacdx\-bcdx—a'^d''-x-\-abd'^x=—acd 

— 2c2, 

2 3acd — bcd-\-a-d- — abd-       acd-\-2c^ 

i^cC—b'^)d^  "      (a2— 6-')d2 

^2_  (3a— 6)c<'/-f-(a— ^))acZ2  ^ 
(a-' — b'')d- 
{Zcir—b)-c-d--\-{a—b)-a-d^-\-2acd?{Za—b){a—b) 
4(a-'— 6-'j2d* 
_  — 4a3cd3— 8a2c2d24.4rt62cd3+8ft2c;d2 

4(02—62)25^ 

(3a— 6)2c2d2-f- ( a— 6 )  2a2c/^-f  2accf  ( 3a— 6 )  ( o— 6) 

4(a2^62p^Z<  ' 

^  {a—Zbfc'^d^\-  {a—by-ii^d^ +2acd3(a— 36)  (a— 6) 

4(a2— 6-)-'rf<  ' 

jp  _(3a— 6)cd+(a— 6)arf2_  ^  (a— 36)cd-f-(a — 6)ad« 

2(a2— 62)rf2  —  «;(a«— 6»)rf« 

jP  _(3a — 6)cd+(a— 6)ad»^(a — 36)cd-f  (a — 6)aflP 
2(a«— 6»)<i»  —  2(a«— 6«)d» 

__4(a— 6)cd+2(a— 6)ad«_  2c+ad 
2(a«— 6«)d«  (a-|-6)d' 

n^_  2(a+6)(-d  _       c 
2(a»— 6«)d»     (o— 6)d* 

:24)     (x3+l)(x«+l)(z+l)=30ir'», 

"•(^+D(^+i)('-*-i)='»' 
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Let  x-^l=s;  a;-'+^  ^(x+lY—^^^^-^ 
X  x^     \       x/ 

(fi2_2_|_8)s^30,  or  s^i— 2s-f  s2=30, 

«4_|.83_2s2=30s, 

4       4 


^a2+«^y+lo(«3+0+25=^%35«+25, 


«2  I  £^5=  i^^5 
2  2 

8^— 3s,  and  s=3=a;+ 1, 

X 
X+l=3;  whence,  X=|(3±i/5). 

(25)     x3-f?/-'=35,  and  a --f 2/2=13. 
Let  x-f  2/=v,  and  xij—Z  ; 
then,    i;3_3v2=35,         (3) 
and      v2—2z  =13.         (4) 

2v^—6vz=70,         (5)  by  multiplying  (3)  by  2. 
3y3_6vz=39v,       (6)  by  multiplying  (4)  by  3v. 
'U3=39i»— 70,  by  subtracting  (5)  firm  (6). 

v^ — S'Jv^     70, 
v^—3Qv-=—70v, 
25v2=25t'2, 

V* — 14:V'^25v- — 70v, 

v*_14i;2^4(j^25y2— 70y+49, 

v2 — 7=zh(5v — 7), 

V^—dv,  and  V—H, 
or  v^-\-bV—li,  and  t;=-|-2  or  — 7; 
but  v-'— 2;=!  3, 

2^—22=13,  and  z=6, 
or    4 — 22=13,  and  e= — |, 
or  49—23=13,  and  2=18. 
From    x-{-y=b,  )    X=S  or  2, 


>,  )    x=S 


xy=6,  i    .»/-^2  or  3 
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From    x+2/=2,      1    a;=ld=i]/^ 
From   x+2/=— 7,  I   X——?,±ly/—23, 

(26j     Let  xyz^p,  and  a;-|-2/+2;=8 ;  then,  the  equations  become 
_^=a,     (1)    _^=6,     (2)     _^=c;     (3) 

8 — Z  8 — y  8 — X 

hence,  0:^8—1^,     (4)    y=s—^2,     (5)     a;=s— ?.     (6) 
a  0  c 

Adding,  x-\-y~{-z,  or  8=3s— jp  (^  _  +_+_). 

\a     6     c/ 

Whence,  ^—  ^        ' '       '^ 

2a6c 

Substituting  this  value  of  s  in  equations  (4),  (5),  and  (6), 

2abc  ^  ' 

2a  6c 
^_  (ac+6c— a6)  j>  ^g^ 

2a6c 
Multiplying  equations  (7),  (8),  and  (9)  together,  we  find 
xrr  or  >n_(«c+6c— «6)(«6+6c^-ac)(a6-t-ac— 6c)j?3. 
8a363c3 

;  f  2a6c  ^ 

..Lcnco,  p^labc^  I  (ac+6c-a6)(a6+6c-ae)(a6+ac— 6c)  J  ' 
Substituting  this  value  of  p  in  equations  (7),  (8j,  and  (9), 

.e  get  x=J  \  _  2a6c(ac+6c-a6) j  ^ 

\   ( (a6+ac — bc){ab+bc — ac) } 

_    /  f         2a6c(a6-|-6c — ao)         ] 

\  I  (ac-}-6c — ab)[ab-^ac — 6c)  i  ' 

I  f         2a6c(a6+ac — 6c)        ) 

\  1  (ac+6c — a6)(a6-|-6c— ac)  j  * 

(27)     Dividing  both  members  of  (1)  by  a;'',  and  both  monibera 
of  (2)  by  y^,  we  have 

(^+i;)y=y^-^i, 

OTX?+l=y-tl,  (3) 

iM  It 


andys+l  -^9('a;+lY 
y^       \      x/ 
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.-.  y-\-  -  =  (x-\-  -  )  J?  3,  by  extracting  the  cube  root. 
y     \       x/ 

And  x^+l^=^(x+l^  ^3  by  (3); 

dividing  both  members  by  x-{--,  we  have 

X 

x^—l+l  =^~3, 

X- 

a;2_|-2  +  i  ^v^'S+S,  by  adding  +3; 

a;2 


X-\-  _  =-J^3-(-3,  by  extracting  the  square  root. 
Similarly,  X — -=^f'^ — 1,  by  subtracting  1. 
•••a:-^j{^r3+3+^'f3-lj. 


Bxxly+\  =  (x+r^f3=f  :i^/^3+3. 
Whence,  y=i  |  f3^f'3+3±y^3f9—l\. 


RATIO,   PROPORTION,   AND 
PROGRESSIONS. 

Article  278. 

NoTB. — ^The  solutions  of  these  exercises  are  given,  not  becaaso 
(hey  are  difficult,  but  because  many  of  them  are  of  a  character  not 
heretofore  presented  to  the  notice  of  Teachers. 

(1)  3  to  4  =|;  32  to  42  =1^;  J=V,  and  since  >/  is  greater 
than  y,  the  ratio  of  3^  to  4*  is  greater  than  the  ratio  of 
3  to  4. 
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(2)  Duplicate  ratio  of  2  to  3  is  2^  to  32  =  4  to  9; 
trif  licate  ratio  of  3  to  4  is  3'^  to  4^'  ='27  to  64; 

.        subduplicate  ratio  of  64  to  36  is  |/63  to  j/36=8  to  6; 
4x27x8  to  9X64X6=864  to  3456=1  to  4; 
or,  by  canceling  thus, 
0X0^X6_$X$^2X2_4     j^^^ 

4xnx$~^x$     1  ~r" 

(3)  Let  05=  the  quantity;  then, — Zl_  =  2; 

7n-\-x     p 

whence,  np+px=:mq-\-qx,  and  g=^^~  -P. 

p—q 

(4)  -  =2|=f ;  dividing  both  terms  of  each  fraction  by  ^ 
a 

2a     ' 

Multiplying  both  terms  of  the  fractions  -  =|,  ly  f,  wi 

a 

have  !^  =fX|=V=3|. 
3a 

(5)  _  =11=1       ••.   = .or  =i. 

^  '    a      '    ^  a+6     3+0       a-j-b     ' 

0-6.  a,,     a  3, 

Sii.ce  _  =J;      .-.  -  =1,  and  ^_  =  =|. 

a  6  6 — a      5 — 3 

(6)  —  =f  and  ^=1;  also,  4m=7n,  and  m=I", 
wi  n  4 

„    „     7n     „     3n 
m — n^ — n-= . 

4  4 

Dividing  6m  by  each  member  of  this  equality, 

m—n  4        n 

Also,  dividing  5n  by  each  member,  we  have 

5"      =5nxl=^^'=6j. 


m—n  3/4      3ai 

(7)     !^::^=6,  or  7x--5y=30y~48x, 

by — 8a; 

55a;:=3o^,  or  \\x=ly, 

y.  =  ?^,  or  a;:2/:  :7:11. 
7       z 
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(9)    x^-i-y^=2ax,  or  y-=2ax — x^, 

or  2/X3/^^=^(2« — X);  whence,  (Art.  268,)  x:y:  :j/:2a — i. 

» 

(10)  Let  a;=  the  number;  then, 
a  +  x:  h^X:  :  C+x:d-\-X; 

.-.  (a-\-x)(d+x)={b+x){c-\-x), 
or  ad-\-ax-\-dx-\-x^=bc-\-bx-\-cx-\-x^, 
or  ax — bx—cx-\-dx=bc — ad, 
or     (a — b—c-\-d)x=be — ad, 

be — ad 

a — 6 — c-\-d 
The  pupil  should  verify  this  answer  by  using  numbers. 

(11)  Let  a,  b,  c,  and  d,  be  four  quantities  in  proportijn,  and 
if  possible,  let  a;  be  a  number  that  being  added  to  eaek 
will  make  the  resulting  four  quantities  proportionals ; 
then,  a-\-X:  6-fx:  :  C+X:  d-\-x. 

.-.  {a-^X)id-i-x)z=[b-]-X)[e-rx), 

or  ad-\-ax-\-dx-{-x'^^bc-^bx-\-cx-{-X' ; 

whence,  a;= 

a — 6 — c-fd 

But  since  a,  b,  C,  d,  are  in  proportion  (Art.  267),  od-^tO] 

be — bo                       0  11    /  \    .    19(;\ 

.•.  Xz= = =0,  (Art.  loo); 

a—b—c+d     a — b — c-\-d 
hence,  there  is  no  number  which  being  added  to  each  will 
leave  the  resulting  quantities  proportional. 

'12)     Cubing  each  term  of  the  second  proportion,  we  have 
a^.b^:  :c-\-x:d-\y, 
but  x:y:  -.a^-.b^. 
.-.  x-.y::  C-\-X:  d-\-y,  by  Art.  272. 
Placing  the  product  of  the   means   equal  to  that  of  the 

extremes,  and  omitting  xy  on  each  side,  we  find  X=  _. 

(13)  Let  ma  and  mb  be  equal  multiples  of  two  quantities,  a  and 

b\  then,  since  _  =  _,  we  have  (Art.263),  ma:  ?«6:  :a:  6. 
ma     a 

(14)  Let  _  and  _  be  like  parts  of  two  quantities,  a  and  b\  then 

n         n 

?  -4  =  ^X-=-,  '""1  wehavc(Art.263),  ?:^::a:6 
n      n     n     a     a  n  n 
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(15)  Since  a:b::  Old,    .-.*=?  (Art.  263) ; 

a      G 

but  !!!:^=^,  and!!^  =  ^;  therefore,  ma:  m6:  :  no:  nd. 
ma     a         no      c 

Again,  if  we  take  the  equation  _  =  -,  and  multiply  both 

a     c 

sides  by ,  we  have  = ,  which  gives  the  propor- 

m  ma     mo 

tion  m,a  -.nb:  :  mc :  nd,  (Art.  26*^) 

(16)  Leta:6::c:d,  (1) 
:ind  e:f::g:h,  (2) 
from  (2)  by  Art.  271,  f:e::h:  fj.  (3) 
Multiplying  together  the  corresponding  terms  of  (1)  and 
(3)  (Art.  277),  we  have  af:  be .  .  ch:dg\ 

whence,  — :  _£, 

af     ch 

but  ^  =  ^X -=--^-,  and  ^=^X^=^^-; 
af    f     a     f     e  ch      h     c      h     g 

.    *^«.^^^£;  whence,  (Art.  268),  ?:^::2:^. 
f     e      h     g  "  e  f    g  h 


Article  279. 

(3)  liy  Art.  275,  the  proportion  gives 
2x:2y:  :  4 :  2,  or  ix—8i/,  or  x^2y. 

By  substituting  the  value  of  X  in  the  cq.  x' — \^~bli^  we 

have  (2?/)3— 2/3=56. 

Reducing,    7^^'-=56;   whence,  y  — 2,  and  x=4. 

(4)  By  Division  (Art.  274),  the  proportion  gives 
x-f  ?/ — X :  X :  :  7 — 5 :  5,  or  2/ :  X :  :  2 :  5 ; 

whence,  x^  j^,  and  '^•'■'V2/2=126; 
2  2 

whence,  i/^  ±6,  and  x=±15. 

(5)  Extracting  the  square  root  of  each  term  of  the  proportion 
(Art.  276),  we  have 

x^-ij:x—}):  :8:li 

(Art.  274),  2.C:    2.v    :  : !):  7;  whence,  X=i^-. . 
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By  substitution  ^  =63. 
7 

Whence,  2/=  ±V,  and  x^  d=9, 
(6)     Writing  b  in  the  form  _,  the  equation  gives  the  j-5porlion 


a+|/a2 — x^:  a — ^/a- — x"^:  :  1 :  6, 
(Art.  275),  2a  :2^'a2=^2..   ^-f-l    :   1—6, 
or     a  :    y'a'2— x2:  :    6-j-l     :   1—6, 
(Art.  276),     a2:       a^—x^:  :  (6+1)2;  (1—6)2. 
(Art.  274),  a2:  a2— (a2— a;2) :  :  (6+1)2;  (6-^.i)2_(6— 1)2, 
or  a2:a;2;:  (6+1)2;  46; 
whence,  a;-'(6+l)2=4a26, 

X^  =  ^^,andx=±'^^J. 
(6+1)2  ^,_^i 

(7)     The  equation  gives  the  pioportion 

j/a-i-a;+|  a — x:  j/a-j-x — /a — x :  :6;1, 


(Art.  275),  2/a+a; 

(Art.  276),        a-\-x 

(Art.  275),  2a 

or,  a 

,           ^     2a6 
whence,  x=z 

62+1 


2^a— a;:  :  6+1    ;  6— 1, 
a—x:  :  (6+1)2;  (6—1)2, 
2a;;:  262+2  ;  46, 
x::    62+1   ;26; 


(8)     Let  x=  the  greater  number,  and  y=  the  less.     Then, 
x-'- ?/•'' :  (x—y)^ :  :  61 : 1,  and  a:y=320. 
(Art.  259),  a;2_|_  xy+y^ :  x^— 2x^+2/2  =  =  61 : 1, 
a;-'-)-320+?/2;  a:2._ 640+1/2;  ;  61 ;  i^ 

(Art.  267),  a;2+320+.(/-'^61a;2_39040+6l2/2. 
60a;2+6U2/2-^39360. 
x-+y-—Go6. 
From  this,  and  the  eq.  .r2/=32U,  we  obtain  j;-=20,  and  y—16. 

VARIATION. 

Article  290. 

Note. — The  nolutions  to  ihose  examples  are  given  for  the  same 
reason  as  those  following  Article  278,  not  because  they  are  difficult, 
but  because  to  many  Teachers  they  will  be  new. 

(3)     Since  y  varies  as  X,  let  y   -fTlX;  then,  since  if  X=2,  y=4a, 
we  have  4a=2m,  or  m^^2a;    .•.  y=2ax. 
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1  771 

(4)  Since  y  vari'iS  as  _,  let  y^ ;  then,  since  if  a:=J,  y=8, 

X  X 

we  have  8^ ,  or  m^i;    .■.  y=-. 

(5)  Here,  we  have  y=v-f-2,  where  vacx,  and  Z(x._  . 

Let  v=mx,  and  z=^  ;  then,  y=mx-\-^  . 
x'^  x^ 

Since  y=6  when  X=l,  we  have  6=  m+n,         (1) 

and     "     y=5  when  x=2,    "      "     5=2»i-f-".        (2) 

4 

From  equations  (1)   and  (2),  we  readily  find  ■m=^2  and 

4 
n=4;  hence,  2/=2a;+_  . 

X- 

(6)  Here,  we  have  y=^a-{-v-\-z,  where  a  is  constant,  vacx,  and 

Let  v=7/ix,  and  2=na;2; 
then,  2/=a-f-  mx-^-  nx^. 
.-.     6—a-{-  m  -ir  n,  (1) 

ll—a+2m  4-4n,  (2) 

18=a-(-37n  +9rt.  (3) 

From  the  eqs.  (1),  (2),  (3),  by  elimination  (Art.  158),  we 
find  a=:3,  7n=:2,  n=l;  hence,  ?/=3  ^2x-{-x-. 

(7)  Since  8cx:t-  when  /  is  constant;  and  sccf  when  t  is  con- 
stant, therefore,  when  both  vary,  it  is  evident  from  Art. 
283  (3),  that  soc/^-'. 

then,  let  s=mft-\ 

but  since  2s=f,  or  8^\f  when  ^^=1,  therefore, 

whence,  in^\,  and  8~\ft-. 

It  is  proper  to  observe,  that  all  the  preceding  examples  admit 
of  proof. 

Variation  is  of  considerable  use  in  Natural  Philosophy,  and 
though  not  so  easily  understood  as  other  parts  of  Proportion,  ia 
worthy  the  careful  study  of  the  learner. 
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ARITHMETICAL     PROGRESSION. 
Article  294. 

Note. — The  learner  who  wishes  to  understand  the  subject  thor- 
oughly, should  derive  each  of  the  formulae  on  page  256,  by  taking 
the  two  equations  at  the  beginning  of  this  article,  and  from  them 
finding  the  value  of  the  quantity  marked  "Required."  We  shall 
illustrate  the  method  of  doing  this  by  the  solution  of  two  of  the 
most  difficult  cases,  Nos.  2  and  14. 

Formula  2.     Taking  the  equations 
;=«-)-(«— l)d,  (1) 

and  S=(a+^)^,  (2) 

we  have  given  a,  d,  and  S,  and  it  is  required  to  find  I. 

The  first  step  is  to  eliminate  n.  This  may  be  done  by  finding 
the  value  of  n  from  each  of  the  equations,  and  putting  these  values 
equal  to  each  other. 

Eq.  (1)  gives  n= _I_  t=:_^+1, 

a,  a 

Eq.  (2)  gives  n=-^; 
l-\-a 

..       e       I— a  ,1       2S 

therefore,  +A= 

d  l+a 

Clearing,  P—a-+dl-\-ad  =  2dS, 

r-\-dl-{-^=2dS-\-fa^—ad-\-^'\ 

=  2dS-\-{a-ld)-, 
i+|  =  ±v/{2dS+(a-Jd)2j, 

l=—ld± ,/  j  2dS + (a— id)2 } . 

Formula  14.  Here,  we  have  the  same  formuliB,  and  the  same 
quantities  a,  d,  and  S  given,  to  find  n. 

Finding  the  value  of  /  in  cq.  (2),  and  substituting  it  in  (1) 
we  have  a4-(n— l)d=?iLz!^; 

n 

1      •            II-        ,.2  I  2r/— d„     28 
clearing  and   reducing,   il'-\- n= , 

d  d 
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.,  ,  2a— d^  ,  {2a— <i)^_(2a— dj-'4-8dS. 
d  4d2  4d^ 

whence,  .-^ /(^«^)''+«c<S-2«+d 
2c/ 

(10)     Here,  0?= — J,  and  a,  d,  and  n  are  given  to  find  S. 


(11)     Here,  d^  —  _  ,  and  we  have  a,  d,  and  n  given,  to  find  O. 
n 

n-1 

■~2~' 


(12)  Here,  a  =  \Q^^,  d^^lS^^  X2=32^l,  and  ?i  =  30,  to  find 
I  and  S. 

Formula  1  gives  ^  =  16^  +  (30— 1)32J  ^948}|. 

S=(Ha)  ^  =  (948i-i  +  16jJJ  3,0  =14475. 

(13)  Since  there  are  200  stones,  there  are  200  terms;  therefoj-e, 
7l-=200;  and  since  the  person  ti-avels  20-|- 20=40  yards, 
or  120  feet  for  the  first  stone;  therefore,  a^l20. 

Since  the  stones  are  2  feet  apart,  he  must  travel  over 
twice  this  distance  to  reach  each  successive  stone;  there- 
fore, d^=4.     Applying  formula  5,  we  have 
S=2oo  j2(120)  +  (200— 1)4|  =100(1036) 

—  103600  feet  =19  m.  4  fur.,  640  feet. 

(15)  Here,  a=3,  e--.18,  and  //l=4, 

dl= =^ ^^3;  hence,  the  means  are 

m-fl       4+1 

3-f  3=6,  9,  12,  15. 

(16)  Here,  a=l,  C— — 1,  and  /rt=9, 
e — a      — 1 — 1 


d=-.^^ 

m+1       9+1 

(17)     Here,  a=19,  d= — 2,   and   S=91 ;  and  it  is  required   ic 
find  n,  which  may  be  done  by  formula  14, 
where  „  =  ±l/_(^E?)!±^S-2a+d 
2d 
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Hence,  „_  ±/ (38+2)^-16  X«l-^38-2 

=  ^ltd^==p3+l0=+13,  or  +7. 
— 4 

Hence,  the  sum  of  either  13  terms,  or  7  terms,  will  be  equil 
to  91.  To  explain  the  reason  of  this,  let  the  first  13  terms  of  the 
series  be  written  thus, 

No.  of  term,  1,  2,  3,  4,  5,6,  7,  8,  9,  10,    11,12,    13. 
Terms  19,  17,  15,  13,  11,  9,  7,  5,  3,    1,  —1—3,  —5. 

Here,  we  see  that  the  sum  of  the  first  7  terms  is  91,  and  the  sum 
of  13  terms  is  the  same. 

(18)     Here,  a.:^.034,  (i^.0344— .034=.0004,  and  S=2.748. 
Substituting  these  values  in  formula  14,  we  have 

_  ±  ,/(.068— .0004)2+.0087936— .068+.0004 
"  AJU8 

-t-.llo6— .0676 


=-1-60. 


.008 

(19)  Let  X=  the  first  term,   and  y~  the  common  difference; 
then,  X+y—  second  term,  and  X-\-x-\-y—2x+y—'i; 
fifth  term  r=a+(n— l)d^=a;  r(5— l)y=x+4^=9. 

From  these  equations,  we  readily  find  a';=l  and  y—2;  hence,  the 
series  is  1,  3,  5,  7,  9,  &c. 

(20)  Let  x=  the  first  term,  and  y=  the  common  difference; 
then,  the  series  is 

X,  x-\-y,  x+2y,  x+3y,  x+iy; 

whence,  X+(X  >,y)=2x+y=18, 

and  (x+2^)  +  (a;+3^)  +  (x+47/)=3x-|-93/=12. 

From  these  equations,  we  find  X=rl0,  and  y—  —2.  It  is  now 
required  to  find  n,  having  given  the  first  term  =10,  the  common 
difference  — 2,  and  the  sum  of  the  series  28. 

„     ,         ,1.           -f-v/T20+2T^T8— 20— 2      =f6— 22 
Hy  formula  14,  n=  —  r.) J— J. =  11 — 

=  ifU+Sz-4,  or  7. 
The  series  is  10,  8,  6,  4,  2,  0,  -2,  &c. 
Here,  we  readily  perceive  why  the  sum  of  4  terras  is  the  same 
as  that  of  7. 

(21)  Here',  a— I,  and  d=2,  to  find  the  sum  of  r  terms,  and  also 
of  2r  terms. 
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From  formula  5,  we  find  the  sum  of 
r  terms  =|r  { 2-|- (r— 1 )  2 }  =r2, 
of  2r  terms  =\  X  2^ ! 2+(2r— 1 ) 2}  ==4r2. 
.    ir'^-r^:  :X:1;  whence,  r'X—ir-,  and  a;=4. 

(22)  Let  a;=  the  number  of  days  the  1st  travels  before  he  is 
overtaken  by  the  2d.  It  is  then  required  to  find  the  sum 
of  X  terms  of  the  arithmetical  series  whose  first  term  a, 
is  1,  and  common  difference  d^l. 

H=in{2a+(n-l)cZ}  =1  {2+(a^l)  j  =|a;-'+ia:. 

The  2d  travels  (x — 5)  days,  at  the  rate  of  12  miles  a  day;  hence, 
the  whole  distance  he  travels  is  represented  by  12(a; — 5). 
.-.  lx^-\-lx=12{x—5),  or  a;2— 23a;=— 120. 
Whence,  x=8  or  15,  and  X — 5=3  or  10. 
.-.  The  2d  travels  12X3=36  miles,  or  12x10^120  miles. 
The  2d  traveler  overtakes  the  1st  at  the  end  of  3  days,  when 
tach  has  traveled  36  miles;  the  2d  then  passes  the  1st,  but  as  the 
1st  increases  his  speed  each  day,  at  the  end  of  the  10th  day  he 
overtakes  the  2d,  and  they  are  thus  twice  together. 

This  example  furnishes  a  beautiful  illustration  of  the  manner  ia 
which  the  ditferent  roots  of  an  equation  correspond  to  the  several 
jircumstances  of  the  problem. 
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Article  300. 

Note. — All  the  formulas  in  this  Article  arc  derived  from  the  two 

equations 

;  =  «?•"-',  (1) 

,  a     ar" — a     rl — a  /o\ 

and  S= = ,  (2) 

r — 1         r — 1 

by  supposing  any  three  of  the  quantities  to  be  known,  and  then 
finding  the  values  of  the  other  two. 

In  general,  the  formuliB  are  very  easily  found,  but  where  n  ia 
large,  the  resulting  numerical  equation  is  hard  to  solve,  and  can 
only  be  understood  by  the  learner,  after  he  becomes  acquainted 
with  the  numerical  solution  of  equations.  HioneR  Algkhu  \,  Aru 
428  to  444. 
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After  the  pupil  becomes  acquainted  with  exponential  equations, 
Art.  382,  383,  he  will  find  no  diiBculty  in  obtaining  the  last  four 
formulae,  17  to  20. 

To  illustrate  the  method  of  finding  these  formulae  from  the  tnj 
preceding  equations,  we  shall  find  I,  formula  4. 

From  (1)  a=_L. 

"     (2)  a—rl—S{r—l). 
Placing  these  values  of  a  equal  to  each  other,  we  find 
I  _  S(r''+r"-')  _  (r— 1  )Sr"-i 
r" — 1  r" — 1 

(1)  r=2,  r"T»=2'=128;  ar"-»=5xl28=640. 

(2)  r=^,  r»-^=(^)6=5ij;  ar^»=54x^\=f|. 
r=2^H-3|=|,  r-'-i^ 

(4)  r. 

(5)  r=i--i=?,  r''-i=(3)»-i=** ;  ar''-i=iX—  =— . 

(9)     Here,  r=3,  and  ^=n<A  term  =lX3"-i=3"-', 

s^  rl—a  _  3X3"-'  —1  ^i ,  ^n_i  x 
>_1  3_i  ^^ 

(10)  Here,  r=— 2,  and  ;,  or  n'"  term  =1  X  (— 2)"^'=  q=2*-' 
according  as  n  is  odd  or  even. 

^^r^-a_— 2X(^2'-')-l_i.T     9.. 
r_l  —2—1  '^  ''■ 

(11)  r=—^,  i,  or  n"  term  =x  /— ^V-i=  _^: ^ 


<-!)" 


—y 


rl — a 
8—  — -,-  = 


-y-xx- 


^-^  ^H)' 


r-T-l       ■  v    , 


—  -  — '  r 

X 
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\  x/  _        ^   *^  _  *'  5i 

X 


(-1)1 


(12)     Comparing  the  given  quantities  with  those  in  formula  13, 
we  have  a=4,  ^=12500,  and  ri—Q,  to  find  r. 

y  a 
r-1  5—1 


(13)  Here,  a=\,  and  r=i;  S^_Z_  =  _I_=4. 
^  ^  ^  1— r      1-J     ' 

(14)  Here,  a=9,  and  r^f ;  S=_l_  =  ?=27. 

1 — I      i 

(15)  Here,  a=f,  and  r=-i;  S=^=f 

6  a  a2 

(16)  Here,  a=a,  and  r=  - ;    S= g-  =  ^3^ . 

a 
vl7)     Let  x=  the  1st  term,  and  y=:  the  ratio;   then, 

x+ar?/=2f,  and  S=3=  _?_,  from  the  formula  S=_^. 
1-2/  1— r 

From  these  equations,  we  find  ?/=-}-|  or  — ^,  and  a;=2 
or  4;  lience,  there  are  two  series,  the  1st  being 
2+l+li-,  &c.,  and  the  2d,  4— J-f  4— ,  &c. 

<19)     From  formula  (1),  l=ar'^\  or  96=3r'*;     .-.  r*:=32,  and 


(20)     Here,  ?n=2,  and  r='"+i 'i  =l/^  =  f  V=|. 
•■•  MXf=|i  "■n^l  |X|=J>  "■re  the  means. 


(21)     Here,  m=7,  and  r=|/i8^"=i; J/656I=J/81=3. 

.-.  the  means  are  2x3-=6,  6x3=18,  &o. 
Ky.  12. 


138  KEY    TO    SECOND    BOOK. 

Article  301. 

CIRCULATING    DECIMALS. 
/I  V       rr  ^63  03        ^     1  1 

(1)     Here,  a=: =  —  ,  r =  —  , 

'  lUO      10-''      100      102 

g^    .63  .63      63       7 


.-^\^      .(.0      99      11 
Or,  thus,  S=     .63636363.  . 
1008=63.63636363.  . 
998=63. 
S=|f=A. 

(2)     Here,   8=.54123123123.  .  . 

1000008^54123.123123.  .  . 

1008=      54.123123.  .  . 


99900S=54069. 


fl 54069 1  8( 


HARMONICAL    PR0GKES8I0N. 

Article  303. 

(3)  Inverting  the  terms  3  and  12,  they  become  \  and  ^. 

Let  us  now  insert  two  arithmetic  means  between  \  and  ^,  and 
the  reciprocals  of  these  will  be  the  harmonic  means  between  3 
and  12. 

See  example  14,  page  258.     ct=:y*j,  6^J,  and  7>i=-2; 

^=i=f?=^^=^„ 

in-\-\      2-|-l 

^-|-^2=A=^Ji  hence,  6  is  one  of  the  harmonic  means. 

^-(-yij=^j=J;  hence,  4  is  the  other  harmonic  mean. 

(4)  2  and  \  inverted  become  \  and  5.     Let  us  now  insert  Iwn 
arithmetic  means  between  \  and  5. 

m-f-1        8         *' 

^4-1}=^^)  ^cnce,  \  is  one  of  the  harmonio  means. 

2-j-lJ=3i;  hence,  —  =^  is  the  other. 
3i 
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(5)     J  and  y^j  inverted  become  2  and  12;  let  us  now  insert  4 
arithmetic  means  between  2  and  12. 

/>_  f.       io 2 

=r =U0z=2:  hence,  we  have  for  the  arithmetic 

m  +  1        4+1 

means,  4,  6,  8,  10,  and  for  the  harmonic  means, 


(6)     Since  a,  b,  e,  are  in  arithmetical  progression,  we  have 
a — 6=6 — C;   and  since  6,  C,  d,   are  in  harmonica!   pro- 
gression, we  have  _,  _,  and  _  in  arithmetical  progression. 
be  d 

.'.  _ — _=_ — _;  or,  by  reducing  the  fractions  on  each 
c     b     d     0 

side  to  a  common  denominator, 

6 — e c — d 

6c         cd 

•»»  !••  1  •      u    ^  b—c     c — d 
Multiplying  by  c,  ^^  =  -^  ; 

6  a 

hence,  (Art.  263,)  6:6 — C::d:C — d; 
but  6 — c=a—b,    .-.  b:a — b-.-.d-.c — d. 
By  Inversion  (Art.  271),  a — b:h::c — d:d. 
By  Composition   (Art.  273),    a  :  6  :  :  c :  rf,  which  was  re- 
quired to  be  proved. 


PROBLEMS    IN    AKITIIMETICAL    AND    GEOMBTKIOAL 
PROGRESSION. 

Article  304. 

(3)  Let  X — 2/)  a^)  lid  x-\-y,  be  the  numbers; 
then,  X — y-{-x-\-X-\-y~'iXz=ZO,  and  a;=10; 
also,  {x—yY^-x^-^{x—yY=^'-\  2^2=308. 

By  substituting  the  value  of  X,  we  find  y=3,\  hence, 
X — y=^^,  X  —  \0,  and  a;-|-^=12,  arc  tlie  numbers. 

(4)  Let  X — 3.J/,  x—y,  x-\-y,  and  x-\-3y,  be  the  numbers; 
then,  X — Sy-{-x—y  \x-\-y-{-x  \  3y=Ax=2G,  and  X—6\] 
also,  {x—3y){x+3y){x—y){x  \-y)  =880, 

or  (x2— 9y-){x2_r/2)=H80, 

or  x'— lOx-y  f  V  =880. 

Substituting  the  valuo  of  .r,  and   reducing,  we  find  y^=|'' 

hence,  the  numbcis  ino  2,  5,  S,  11. 
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(5)  Let  Xz=  the  first  term,  and  2/:=  the  ratio;   the  a,  35,  ay,  ay*, 
represent  the  terms,  and 

x+xy+xij'=31,  (1) 

X-{-xy :  OJ-fa^/" :  :  3  :  13, 

or  ^±^'  =  1+^'  =  ^.  (2) 

a;ra:^       1+2/       3 
From  (2)  we  find  2/=5,  and  by  substituting  this  in  (1),  we  find 
X=l ;  therefore,  the  numbers  are  1,  5,  and  25. 

(6)  Let  X — y,  X,  and  x-\-y,  represent  the  numbers;  then, 
(a:-y)2+a;2+(a;+2/)2=3x24-2y2=83,  (1) 
x^—{x—p){x+y)z^-—{x^—y^)=y-=i.       (2) 

From  (2)  y=2,  and  by  substituting  this  value  in  (1),  we  find 
Z=:5;  hence,  the  numbers  are  3,  5,  7. 

(7)  Let  x — Sy,  X — y,  X-\-y,  and  x-^-Sy,  represent  the  numbers; 
then,  (a;— 3.?/)(x+37/)=x2— ^2/2^27,  (1) 

{x-  y){x^  y)^x^—  2/2=35.  (2) 

From  these  equations,  we  easily  find  y=l,  and  X=^;  hence,  the 
numbers  are  3,  5,  7,  9. 

(8)  Let  X — y,  X,  and  x-\-y,  represent  the  numbers;  then, 
(X — y)  \-x-{-{x-\-y}—3x~'lS,  and  X—6; 

also,  2x — 2y,  3x,  and  6x+(iy  are  in  geometrical  progres- 
sion. 

.-.  2(x—y){z+y)6=9x'^, 
or  12(a;2— 2/2)=r9a;2; 
whence,  2y=x,  and  y=3\ 
therefore,  the  numbers  are  6 — 3=3,  6,  and  6-1-3=9. 

(9)  Let  X — 1,  X,  and  x-\-l,  represent  tlic  numbers; 
then,  (a^l)<+ar<+(a;+l)<=3a:'+12a;2-f  2=962; 
whence,  X:=^,  and  the  numbers  are  3,  4,  5. 

(10)  Let  X — 3y,  X — y,  X+y,  and  X-\-3y,  represent  the  num- 
bers;  then,  (x—3y){x—y){x+y){x-^3y)={x—Sy](x+3y) 
(x—y)  (a;+y)=(x2_92/2)  (a;2— 2/2)  =ic*— 10x2^2^^4^840. 

But  since  the  common  difference  between  the  numbers  is  1,  there- 
fore, 2y—l,  and  y=l;  substituting  this  vnlun  of  y,  and  reducing, 
wo  find  X^5\;  hence,  the  numbers  are  4,  5,  6,  7. 

'.7,  let  X — |,  X — h  a;-f-i,  and  x-{-^  represent  the  numbers. 

(11)  Let  x—3y,  x—y,  x-\-y,  and  x-f  32/,  represent  the  thr«« 
numbers;  then, 
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{x-3y)(x-y)(z-\-y){z-{-3y)=x*~10x^2+9y*=.280,    (1) 
and  (a:-3?/)2+(a^2/)2-|-(a;+2/)2-f-(z+3y)2.--166, 
or  4x2  4-207/2  =.106,  ^2) 

.-.  a;2=41 1—5^2. 

Let  'ill—a;  then,  x^=a-—10ay^-\-2byK 

Substituting  the  values  of  x'  and  a;2  in  equation  (1),  and 

reducing,  we  have  Hiy* — 830^2_. — 6  7^». 

AVhcnce,  2/=l|,  and  by  substitution  a;  becomes  5|;  whence, 

the  numbers  are  5^— 3(1^)=1,  5^— 1|=4,  5^+1^=3?,  &c. 

(12)  Let  z-^y,  x—Sy,  x—2y,  x—y,  x,  x-^y,  x+2y,  x-\-3y,  and 
x-\-Ay,  represent  the  numbers;  then,  their  sum  ^9x^^45; 
whence,  a^5; 

also,  the  sum  of  their  squares  =^'^-\-&{)y'^  =2&b,  from 
which,  by  ^substituting  the  value  of  X,  we  find  y==l ; 
hence,  the  numbers  are  1,  2,  3,  &c.,  to  9. 

(13)  Let  X — 32/,  X — 22/,  x — y,  x,  X-\-y,  x}-2y,  and  x+3^,  repre- 
sent the  numbers;  then,  their  sum  =7x=35;  whence, 
a:=:5;  also,  the  sum  of  their  cubes  =7a?*-f84a;^2_.]29o, 
from  which,  by  substituting  the  value  of  X,  we  find  y=\\ 
hence,  the  numbers  are  2,  3,  &.c.,  to  8. 

(14)  Let  X  and  y  represent  the  numbers;  then, 

^^:     v/l^::5:4, 


25, 

5, 
o 

1. 


or  X^y:  2y'xy:  :5:4; 
(Art.  276),  x-+2xy-\-y^  :4xy:  •.25:  IG, 

(Art.  274,  Note),  a;2— 2x?/4-2/2 :  a;2_|.2x2/+?/2 :  :  9 
(Art.  276),  X  -y       :        x-^y       :  :  3 

(Art.  275),  2x  :  2y  :  :  8 

or  a;  :  2/  —  4 

This  theorem  may  also  be  proved  by  multiplying  together  the 
means  and  extremes  of  the  first  proportion,  and  finding  the  value 
of  X  in  terms  of  y,  by  which  we  find  X^=\y  or  \y. 

The  converse  of  the  preceding  proposition  is  true;  that  is,  if  one 
of  two  numbers  is  four  times  the  other,  then  their  arithmetic  mean 
is  to  their  geometric  meun  as  5  to  4  Thus,  let  a  and  4a  be  two 
numbers,  then  2\a  is  their  arithmetic  mean,  and  2a  their  geometric 
mean,  and  2\a  :2a:  :  5 :  4. 

(15)     Let  X-,  xy,  and  y^,  represent  the  uumbei-s;  then, 
x^+xy-^y'-=7,  (1) 

^  +  l  +  i=J.  (2) 

X*     xy     .1/2 
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Multiplying  both  members  of  equation  (2)  by  X^*  we 
havea;2_^a:2/+?/2=|x-?/2;  (3) 

therefore,  Ix-^^-— 7;  whence,  x'^y'^^^,  and  xy^^2. 
Substituting  the  value  of  a:^  in  (1),  we  find   x-+i/^=  5', 
then,  from  this,  and  xy^2,  we  readily  find  x=ti  and  y=:l; 
hence,  the  numbers  are  4,  2,  and  1. 

(16)  Let  -  ,  X,  y,  and  ^  ,  represent  the  numbers; 

y  X 

then,  ?%2/=10,     (1)     a;+f =30.     (2) 
2/  a; 

Clearing  these  equations  of  fractions,  by  multiplying  (1) 

by  y,  and  (2)  by  X,  we  have 

x^-\-y^=10y,  and 

a;2-f2/2=30x; 

whence,  10^=30x,  and  y=3x. 

Substituting  this  value  of  3/  in  either  of  the  equations  (1)  and  (2), 

we  find  a;=3;  hence,  y=9,  and  the  numbers  are  1,  3,  9,  27. 

(17)  Let  X,  xy,  xy^,  xy^,  be  the  numbers;  then, 
z-\-xy^=35,  and  xy-\-xy^=30. 
Dividing  one  equation  by  the  other; 

x+xy^  ^35  ^^  i+y^^7 

xy+xy2     30'        y-f^/-'     6 

But  l-t-2/3  is  divisible  by  1+y,  and  y-\-y^=y{l-\-y). 

y+y-         ^/(i+y)  y        e' 

whence,  6y'^—lSy=—6,  and  2/=|  or  f. 
Anda;=_!^=8or  27. 

Hence,  the  numbers  are  8,  12,  18,  27. 

(18)  Let  X,  xy,  xy"^,  xy^,  be  the  numbers  when  increased; 

.-.  X — 2,  xy — 4.  xy- — 8,  xy-^ — 15,  are  in  arithmetical  pro- 
gression ;  hence,  Ist  +  3d  =  2d  X  2;  and  2d  +  4th  = 
8dX2; 

...  (x-2)+(x?/2-8)=2(x.y-4); 
or  !>^2xy-^xy2=2;  .-.  X(l-2y+yi)=2;  (1) 

also,  (xy-4)  +  {xy^—15)=2{xy^—8) ; 
or  a:2/-22;(/2+a-»/3=3;  .-.  a;.//^l-2.y-^y^)=3.       (2) 
Dividing  equation  (2)  by  (1),  we  have 
^l-.2.v+y2)^ 

z{]-2y+yi) 
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whence,  a;(l— 3+f)=2. 

.-.  a;  =8,  xy=\2,  xy^^lS,  and  xy^^2J; 

and  subtracting  2,  4,  8,  and  15  from  these  numbers,  tb6 

remainders,  G,  8,  10,  12,  are  the  numbers  required. 

(19)     Let  X,  xy,  xy-y  be  the  numbers; 
then,  xyxyy(xy'=x^'y^—M, 

also,         x''+a;V'+a;-y'=584, 
x3^iC'y=584— a;V''=520. 

4 
From  (lie  equation  xy:=i,  we  have  X=_. 

3/ 
Substituting  this  value  of  rc  in  the  last  equation,  we  havf 

^  +642/3=520. 

Dividing  by  8,  -  +8^^3=65. 

y-' 

Clearing,  8^'' — Goy^-= — 8; 

whence,  (Art.  242,)  y^=8  or  J,  and  y=2  or  ^. 

Therefore,  X=2  or  8,  and  the  numbers  are  2,  4,  8. 


PERMUTATIONS    AND    COMBINATIONS 
Articles  305  and  309. 

(1)  (Art.  306),  P2=/?(n— 1)=5(5— 1)=20; 

P,=»i(ji—l)(?i— 2)^5X4X3=60; 
P^=n(n— 1 )  ( fi—2)  (?i— 3)=5X4X3X2=120 

(2)  (Art.  308),  C«=!!l!!=:l]  =  ^=10; 
^  ^  ^      ^   '    1X2    1X2 

^  _n(n-l)(n-2)  _  5X4X3  ^-IQ. 

1X2X3     1X2X3    ' 

p  _n(?»^l)(n-2)  (n^-3)  _ 5X4X3X2 _ii 

*  1X2X3X4      1X2X8X4   ' 
Q  _n(n— l)(n— 2)(n— 3)(n-4) 

•  1X2X3X4X5 
_  6X4X8X2X1  _T 

1X2X3X4X5 
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(3)  (Art.  306a),  P,.=Pj=lX2X3=6. 
Thus,  NOT,  NTO,  ONT,  OTN,  TNO,  TON. 

P5=1X2X3X4=24. 

(4)  This  is  a  case  of  permutations,  when  all  the  letters  »w 
taken  together  (Art.  306a). 

Therefore,  Pg=lX2X3x4X5X6=720. 

(5)  This  is  similar  to  the  preceding. 
Therefore,  P7=lx2x3X4X5X6x7=5040. 

(6)  The  whole  number  of  arrangements  is  evidently  equal  to 
the  sum  of  the  difl'erent  permutations  of  six  letters  taken 
1  together,  2  together,  and  so  on. 

l^=n^ 6 

I  j=n(7^-l)=6x5^ 30 

P3=n(V-l)(?t— 2)=6X5X4= 120 

P^=n(n— l)(n— 2)(n— 3)=6X5X4X3= 360 

P5=n(n— l)(n— 2)(n— 3)(n— 4)=6X5X4X3X2=    •    •    •    .720 
Pg=n(n— l)(ri— 2)(n— 3)(rt— 4)(n— 5)=6X5X4X3X2X1=    720 

Am.  1956 

(7)  Here,  the  number  of  different  products  will  evidently  be 
equal  to  the  number  of  combinations  of  4  things  taken  2 
together. 

Therefore,  C,=^"=11^^2<^=6. 
'         1X2         1X2 
Let  the  learner  verify  this  result  by  finding  the  different  prod- 
ucts; they  are  12,  15,  18,  20,  24,  30. 

(8)  The  number  of  permutations  of  n  things  taken  4  together 
is  P^=n(n-l)(n— 2)(?i— 3); 

taken  3  together,  is  P.,=n(n -l)(n— 2) ; 
therefore,  n(n— l)(n  -2)(n— 3)=6;i(?i— l)(n— 2). 
Dividing  each  member  by  W(n — l)(7l — 2),  we  have 
n — 3=6,  or  n=9. 

(9)  Ci=n= 4 

C  _n(n— l)_4x3^  q 

'"  1X2    1X2 
n  _n(n^l)(n^2)  ^4x3X2^         4 

•    1X2X3     1X2X3 
^  _n(n—l)(n—2)(n— 3)  __ 4X3X2X1  ^    1 

*:-  1X2X3       1X2X3X4  '  '_ 

An$.   lb 
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The  learner  may  easily  verify  this  result  by  taking  the  coins, 
or  by  finding  the  difiFerent  suras  that  can  be  formed  of  the  num- 
bers 1,  3,  5,  10;   the  sums  are 

1,  3,  5,  10;   4,  6,  11,  8,  13,  15;  9,  14,  16,  18;  19. 

(10)  Here,  it  will  be  necessary  to  find  the  difiFerent  combinations 
of  six  things  taken  singly,  two  together,  three  together, 
four  together,  five  together,  and  six  together. 

Ci=:7l= 6 

r.  _«X(»-1)_6X5_  15 

1X2  1X2 

1X2X3     1X2X3 
^  _n(?^-l)(n—2)(n— 3)  _  6X5X4X3  _  16 

*  1X2X3X4      1X2X3X4 

C  ^n{iv-l){n^2)(n-^)(7i—4)  __  6X5X4X3X2  ^        q 

1X2X3X4X5       1X2X3X4X5 
^  _n(n-l)(?i— 2)(n— 3)(n— 4)(n— 5)  _6x5x4x3X2Xl  _  i 
'        1X2X3X4X5X0        1X2X3X4X5X6   _ 

Ans.  63 
In  this  solution,  we  notice  an  illustration  of  the  principle  of 
\rt.  .S09.  Thus  the  number  of  combinations  of  6  things  taken  1 
together,  is  the  same  as  when  taken  (6 — 1),  or  5  together;  the 
number,  when  taken  2  together,  is  the  same  as  when  taken  (6 — 2), 
or  4  together. 

( 11)  He  may  vole  for  1  candidate  only,  or  for  any  2,  or  for  any 
3;  hence,  the  whole  number  of  ways  in  which  he  can  vote 
will  be  equal  to  the  number  of  combinations  of  four  things 
taken  singly,  of  four  things  taken  lioo  together,  and  of 
four  things  taken  three  together;  thus, 

C,  =  n= 4 

C  .^"(^^—1)^4X3  g 

'        1X2         1X2 
n  _»(n-l)(n— 2)_4X3X2^  4 

'    ■       1X2X3  1X2X3      _ 

Total  number  of  ways  = 14 

(12)  A  different  guard  may  be  posted  as  often  as  there  are 
diflferent  combinations  of  four  men  out  of  16. 

Q  _n(n-l)(n-2)(7i— 3)_16xl5xl4Xl3^lsg(, 
*  1X2X3X4  1X2X3X4 

Ky.  13. 
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To  find  the  number  of  times  any  particular  man  will  be  on 
guard,  it  is  merelj  necessary  to  find  the  different  combinations  of 
(4 — 1)^=3  men  that  can  be  formed  out  of  (16 — l)=lo  men,  since 
the  reserved  man  may  be  combined  with  each  combination  of  3 
men,  giving  a  combination  of  4  men. 

^  ^n(n—l)(/t-2)  ^15X14X13  _^,^.,; 
1X2X3  1X2X3 

(13)  To  find  the  number  of  peals  that  may  be  rung  with  5  be'ils 
out  of  8,  find  tlie  number  of  different  combinations  of  5 
things  out  of  8;  then  each  combination  will  give  as  many 
changes  as  tliere  are  permutations  of  5  bells,  and  the 
whole  number  of  changes  will  be  equal  to  the  number  of 
combinations  multiplied  by  the  number  of  permutations 
in  each  combination. 

C  ^«(n-l)(?i^2)(«^-3)(n-4)^8x7x6x5x4^.,y^. 

1X2X3X4X5  1X2X3X4X5 

P,=1X2X3X4X5=120; 
56x120 -=6720. 
The  number  of  changes  with  the  whole  peal  will  eyidently  be 
equal  to  the  number  of  permutations  of  8  things  taken  all  together. 
r,=lx2x3X4X5X6X7X8=40320. 

(14)  The  number  of  diflFerent  combinations  of  2  consooants  out 

ofl7,is!i(!'=il  =  lI><i^^l36. 
1X2  1X2 

Each  of  these  combinations  may  be  united  with  each  of  the  0 
vowels,  giving  136  X 5=^680  different  combinations  of  2  conso- 
nants and  1  vowel;  now,  each  of  these  combinations  of  3  letters 
will  give  1x2x3=6  permutations;  therefore,  the  whole  number 
of  words  will  be  680x6=4080. 

RE.MARK. — The  term  "dififcrent"  is  sometimes  used  in  the  pre- 
ceding solutions  in  connection  with  combinations;  this  is  not 
intended,  however,  to  change  the  mcuning  of  the  word  combina- 
tions, as  given  in  the  Algebra  (Art.  308),  but  merely  to  render  it 
more  emphatic 
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BINOMIAL    THEOREM, 

WHBN    THE    EXPONENT    IS    A    POSITIVE    INTBOEB. 

Article  313. 

(2)  By  comparing  the  quantities  with  those  in  the  formula 
(Art.  310,  Cor.  3),  we  fiuJ  n=^10,  n — r+l=Q,  a^^x,  and 

Since  n — r+lz=6,  we  have  10 — r+l=G,  and  r=5]  hence, 
n — r-|-2=10  — 5-j-2=7,  and  r — 1=4;  therefore,  the  coefla- 
cient  of  the  r<*  term,  that  is,  the  term  in  which  the  expo- 
nent  of  the  leading  letter  is  6,  is 

n(/^-l)(/i^2)(n— 3)_10X9X8X7^0,0     ^^ 
1X2X3X4  1X2X3X4      "    ' 

The  coefiBcient,  however,  is  most  readily  found  by  writing 
out  the  whole  development,  thus, 
(x-\-yyo=:x^o+10x^y-^'iox^y^--{-120x'y^-\-210x^y*+,  &c. 

(3)  If  instead  of  a,  X,  n,  and  r,  we  substitute  c^,  — d^,  12,  and 
5  in  the  formula,  Cor.  3,  Art.  310,  we  have 

12xllXl0X9(^2)S(_^2).^495e.6ds. 
1X2X3X4 

(4)  Comparing  the  quantities  with  those  in  the  formula.  Cop. 
3,  Art.  310,  we  have  a=a^,  x=3ab,  n=9,  and  r=7. 

Therefore,  the  7lh  term  is  ?><^><I><^><^><^(a3)3(3a6)« 

1X2X3X4X5X6'     '^ 
=84a9X729a«66=61236ai56fi. 

(6)  Since  the  exponent  of  the  binomial  is  12,  there  will  be 
13  terms  (Art.  310,  Cor.  4);  hence,  the  middle  term  will 
be  the  7th,  and  a=a"\  X=x",  n—\2,  and  r=7,  (Art.  310, 
Cor.  3);  therefore,  the  middle  term 

^  12X11X10X9X8X7  (a'")6rx-)6=924a»««6» 
1X2X3X4X6X6 

(6)    (Art.  310,  Cor.  3),  a^l,  x=z,  n=ll,  r=8; 

...  8th  tern,  ^11><1^X^><^2<I><^  (l)Vx)^=330x^. 
1X2X3X4X5X6X7 
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(7)     Comparing  this  with  the  general  expansion  of  Ct-\x,  Art, 
310,  we  have  a=:3ac,  z^r — 2f)d,  and  n^5;  and  we  have 
(3ac— 26d)''=:(3ac)3-f-5(3ac)'(— 26d) 
+10(3ac)3(— 26(Z)2+lO(3ac)2(— 26c/)H5(3ac)(— 26d)* 
+  (— 26i7)5=24aaV— «10a'c'6(i+1080a3c362d2 
— 720a2c263d3  ^  2A0acb*d^—S2b-'d^. 

{8j     (a+26— c)3={  (a-t-26)— cp=(a+26)3_3(a-f  26)2c 
-^3(a-f26)e2— c3=a3+6a26+12a62+863 
— 3a2c— 12a6c— 126-e+3ac-+66c2— c3. 

(9)  Since  the  coefficients  in  the  expansion  of  (a-f-x)"  do  not 
contain  either  a  or  X,  they  will  be  the  same  when  a=l, 
or  a;=l,  or  loih  a  and  Z  at  the  same  time  =:1.  (See  Art. 
310,  Cor.  6). 

For  the  sake  of  brevity,  let  the  coefficients  of  the  expan- 
sion of  (1-f-a;)"  be  represented  by  Aj,  Aj,  A,,  &c.;  then, 
(l-|-x)»=l+A,a;+A,x2+A3X-''-l-A,.c<-}-A,x^-f,  &o. 
Writing  — X,  instead  of  z, 

{l-x)-='i-\,z+.\,x^-A,x?+A,x*-\,x'-^,  &o. 
Now,  if  X  be  made  =1,  then,  since  (1 — Ij^^O,  we  liave 
1-A,+A3— A3-fA,-A,-f,  &c.,  -U. 
.-.  1+A2+A,+A,+,  &c.,  =A,  +  A,-f  A,-f-,  &c. 

That  is,  the  sum  of  the  coefficients  of  the  odd  terms  is  equal  to 
the  sum  of  the  coefficients  of  the  even  terms. 


INDETERMINATE  COEFFICIENTS;  BINOMIAL 
THEOREM  WHEN  THE  EXPONENT  IS  FRAC- 
TIONAL   OR    NEGATIVE;     SERIES. 

INDKTKBMINATE    COEFFICIENTS. 

Article  318. 

(1)     Let  ^+^=A-f  nx+Cx2-f-Dx3+Ex<+,  &c. 

Clearing  of  fractions,  we  have 

1-f  2z^A-f  (n— 3A)x+(C— 3B)z2+(n— 3C)xS  f ,  Ac, 
from  which,  by  equaling  (he  coefficients  of  the  same  pow- 
ers of  X, 
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A=l; 
B— 3A=2;  whence,  B=t5; 
C — 31i=0;  wlieucc,  0^^=15; 
D— 3C=0;  whence,  D=4.5,  &c. 

.  .  i±?f  =l-f5x+l  5a:- f  4.5x3+,  &c. 
1 — '6x 

(2)  Let  ^L+r^T=A+Bx+Ca;-+Da;''-rEx'-f,  &c. 

1 — X — X- 

Clearing,  l+2x=A-j-(B— A)x  f  (C— A— B)x2 
-|-(D— B— C)x34-,  &c. 
Therefore,  (Art.  314),  A:=l ; 

B — A  =2;  whence,  B^=3; 

C— A— B=0;  whence,  C=4; 

D— B— C=0;  whence,  D=7; 

.-.  J±^=-.l4  3x+4x2-i-7x'5+llx'+,  &c. 

1 — X — X- 

Ilerc,  we  easily  porceive  ihat  the  law  is,  that  the  coefficient  of 
»ny  term  is  equal  to  the  eum  of  the  cocflicienta  of  the  two  preoed" 
Ing  terms. 

(3)  Let      ^^^    =A+Bx+Cx2+Dx3+ExM-,  &c. 

(1-X)3 

Clearing,  by  multiplying  both  sides  by  (1 — X)^, 
l+a;=A+(B— 3A)x+(3A— 3B-|-r)x-' 
+(3B— A— 3C-fD)x3+(3C— B— .■iD-fi:jX'+,  &c. 
Therefore,  (Art.  314),  A  — 1; 

B— ^^A^l;  whence,  B^4=22; 
3A— 3i;-f-C=0;  wlicncc,  0^9=3-; 
3B— A— 3(J  +  Dr=0i  whence,  D=16=.4-; 
3(;— B — 3D-j-E=0;  whence,  E=2o=o2,  &o. 
.-.  the  series  is  \'-\-2-Xi-'S'^X^-\-'k-X^-{-5^X*-\-,  &c. 

(4)  Let  ,'l^^=A-f-Bx+Cx2+Dx'54-Ex»+Fx5-l-,  &c. 
Squaring  boih  members, 
l_a;=A2-^-2ABx-^-(2AC+B2)x2-|-(2AD-|-2BC)a^^ 

+  (2AE+2BD-fC-)x'-(-,  &c.;.-, 
(Art.  314),  A2=      1;  whence,  A=l; 

2AB=— 1;  whence,  B=— J; 

2AC+B-=     0;  whence,  C=— 1  =  — J_; 

S  2.4 

2AD4-2BC=     0;  whence,  D=— J_  =  — _L_ 

16  2.4.6 
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5  3.5 


2AE+2BD-{-U2==:0;  whence,  E=: 


128  2.4.6.8 


,,  .      .    1     X      x'         3.r-'  3.5.r«  .„ 

•.  the  series  is  I — - —  _ — . -  — — ,  «sc. 

2      2.4     2.4.6      2.4.G.8 


(5)  If  we  assume  (l-f-ar-j-a;^)  equal  to  the  preceding  series, 
A+Ba;+,  &c.,  and  square  both  members,  the  coefficients 
of  the  different  powers  of  X  will  be  the  same  as  in  the 
preceding  solution.  By  equating  the  corrcspcuding  coeffi- 
cients, we  haye 

A2=l;   whence,  A=l; 
2AB  =1;  whence,  B=J; 
2AC+B2=1;  whence,  C=|; 
2AD-I-2BC  =^;  whence,  D= — ^5;  &c. 

X      Sx^      Sjfi 

Therefore,  the  scries  is  14-  _  + — +,  &o. 

'  2        8         16 

(6)  Since  a;— a==j:i^l— a),  let  1±^  =  A+  A,. 

x — x^       x        1  — X 

Reducing  the  fractions  lo  a  common  denominator,  we  haye 
l+a;  __  A(l— x)+L5a;. 

X — X2  X(l — X) 

or  1+X=A-|-(B — .\)X; 

whence,  A=l,  and  B — A;^l,  or  3=2. 

1-i-x      1         2 
Therefore,  _L -  --\- . 

X — Z-      X      1 — x 

(7)  Since  x^— 7x-(-12-=(x— 4)(x— 3), 

iet_iy:L_=JL  +  _^. 

x2— 7a;-|-I2     x — 1     x— 3 

Therefore,   ^±L_  =  ^fc?)±H^=i) 
x2—7x-\-12  (X— 4)(x— 3) 

_(A-f-B)x— (3A4-4B). 

(x-4)(x^ 

x+l=(A-|-B)x— (3A+4B). 

Therefore,  A-[-B=l,  and  — 3A— 4B=1 ; 

whence,  A:^5,  and  0^= — 4. 

■       in.         r  3:41  O  4 

Therefore, ! = —    . 

X-— 7x-!  12      X — 4      X — 3 
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(8)     (a;2-l)(av-2)=(a;-2)(a;-l)(x+l). 
.    A      ,      B  C 

X — 2     X — 1     x+l 
A(a;-'— 1)+B(x— 2)(a;+l)-fC(a;— 2)(x-l). 


T  .  a;^  A     ,      B     ,      C 

Let = 4- + 

(a;2_l)(x— 2j     x—2     x—i     x-\-\ 


(x—l),x—\){x^\) 
.-.  a;2=(A+B+Cjx2— (B-(-3Cjx4-(2C— A— 2B). 
Solving  these  equations,  we  find  A=+,  B^ — \,  C=J; 
X^  4  1,1 


(x2— l)(x— 2)      3(x— 2;      2(x— 1)      6{x+l) 


BINOMIAL    THEOREM, 

WHEN    THE    EXPONENT    IS    FKAUTIONAL    OB 
NEGATIVE. 

Article  320. 

(2)     Here,(n+l)_L=(l)^P^=!XAXi?=H;    •••  r>l; 
hence,  the  2J  term  is  the  greatest. 


(3)     Here,  (n+1)     "    =(8+1)     t    =9XiXA=H=4x«r- 

The  first  whole  number,  greater  than  ^^^,  is  5;   therefore,  the 
5th  term  is  the  greatest. 


(4)     Here,(n+1)  J_^=7X-i-  =  Ix^X^=5.    Hence, 
r=5;  therefore,  the  greatest  terms  are  the  5lh  and  6th. 


Article  321. 

(1)     Here,  a=l,  6=— x,  ??= — 1. 

Therefore,  (1— x)-'=l-lXlX— a:— Hzzlzl)  x» 


1.2 


_l(-l-l)(_l-0) 

1.2.3  ^       >^ 

=l+x-fx2-|-a?3-|-ar'-|-,  &c. 
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(2)  Here,  a— I,  6= — X,  n= — 2. 

Therefore,  (1^X)-2=1— 2XlX— a^-fc^^^  (■-«)' 

_2_(-2-l)^-2-2)  '•' 

1.2.3  ^       '  ^' 

=zl-\-2x-\-3X'+4x^-^,  &c. 

(3)  To  develop  this  expression,  expand  the  part  in  the  paren- 
thesis,  and  multiply  by  a-. 

Comparing  (^a-\-X)~^  with  (a-f-6)",  we  have 

a=za,  6=^,  and  n= — 2. 

Therefore,  (a-\-x)-~=a--—2xa~^x—':^~^zD  a-^of 

_2(_3)(-i)„_,^3+,&,, 
1.2.3  ^ 

1       2a;  ,  3x2     4a..i 
=  — — —  +  —  —  -^-  -|-,  &c. 
a2      a^      a*       a- 

a>+x)-2^1-=?4-^'-i^+,  ic. 
a       a-       a-* 

Or,  since    =  (  1-4-  -  )     ,  expand  the  last  form. 

{a-\-x)-      \       a/ 

(4)  Here,  a=\,  6  =  — x^,  ??— ^. 

Therefore,   (1  — r---)  i' -^1  — ^  Vl  X^+  ^^  ^^  ^  (— ^f^)^ 

I  i(— ')(—?)  (— x-'')^— ,  &c., 
1.2.3      ^        ^      '        • 

=1-^-^-^'-,  &c. 
3        9        81 

(5)  Here,  a=a-,  6=x,  n  =  ^. 

^     1.2.3      ^     ^         ^        1.2.3.4        ^  ^ 

2a     8a3      IGa^     128a' 
In  making  these  reductions,  the  pupil  must  notice  that 
X  X 


J(a2)  ix=-         .-y^, 

-|-^(a2)   ^x-^— — — -T=— g^-j. 
^•-  8(a2)>         °" 
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Or,  since  y'a'+x={a-+x)'^ =a  (l+^\^,  expand  the 
part  in  parenthesis,  and  multiply  by  a. 

(6)  Here,  a=a^,  b= — x,  n=}. 

1.2.;^      V  ^        ;  T-         12.3.4        ^     ^       ^        ^ 

+,  &c.,   r  a —    _ —  — — — —  &c. 

8a2      9rt5      81rt«      243a" 

Or,  put  {a^-x)-^—a  M — —j^,  and  expand  as  in  Ex.  6ih. 

(7)  Here,  a=l,  f)z^2x,  n=\. 

.-.   (1+23;)  '  =1  +l{'2x)  -f  K— l)  (9rr)2-|-  K— 1)(— !)  (9r)3 

1.2.3.4        ^     ^^' 
=l+x—^x-+hx^—lx*-\-,  &c. 

(8)  Here,  a=a-,  6^-  x^,  n=^. 

.-.  (a2-a;2)==(a2)^>(a2)-^x-a:2+^^(a2)-t(_a:^)2 

1.2.3      ^     '     ^         ^  ^         1.2.3.4  ^ 

(_a;-")<+,  &c., 

_^j a;2 X*  xf'  5x*  „ 

""       2a     8a5     16^     i28a^     '  '  ^' 


Or,  put  j/a- — a;2— a.|l-|-.^=a  (  1-}-^' p,  expand  ih* 
>       a2         \       a2/ 

part  in  parenthesis    and  multiply  hy  CI. 

(9)     #'^+i-i^{«(M-?)}=fa,v(^l  +  ^^. 

Comparing  |^Yl-|-  _  )  with  (a-f-6)",  we  luive  a=l, 

a 
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a3 


■^  V  "^a/  *a        1.2   a-'^      1.2.3      a^ 


.  K-l)(-l)(-l)^^+  &c., 

^        1.2.3.4        a*^ 

=l+^-^  +  J^-i^-f ,  &c. 
3a     9a2     Sla3     243a' 


.  ••  t^o+a^-f «  (  1  +  ^  —  ^  -f-  :^^.  —  }9^  +,  &c.^ 
*      ^        *      V       3a      9a2      81a3      243a^  / 

(10)     (a3+:.3)i=|a..(^n.|y|i^a(l  +  |)i 

Comparing  tl-{-^y  with  (a+ft)",  we  have  a=l, 


a3 


\  ^a3/         ^^a^^    1.2   a6  '        1.2.3      a'J 

=l+^-J?l.+  .l:^-,&c. 
3a3     3.6a6     S.G.Qa^ 

^     ^     '  \  ^3a3     3.6a6     S.e.Qa'--  / 

(11)  #8+1=1^  {8(l+i)}  =2^(1+1).  By  comparing  this 
with  example  9,  we  find  that  a=8,  jVa  =r2,  and  X=L 
We  may  tlicrefore  obtain  the  developmcnl  merely  by  sub- 


stituting ^  for   -,  in  the  development  of   fa-^x,  or  by 
the  method  pursued  in  the  solution  of  that  example. 

(12)  This  is  the  same  as  example  10,  except  that  afi  is  minus 
instead  of  plus:  the  development  will  therefore  be  the 
same,  except  tliat  all  the  terms  of  the  expansion  after  the 
first  term  will  be  miuus. 

,13)    (a3-x.)»={a»(l-g)}i=a'(l-£j)»i 


Comparing  (  1  —  _  J   »  with  (a-|  ft)",  we  have  «— I, 


b=—^,  n=—1. 
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1.2.3      V     aV 


3  a^     3.6afi      3.6.9a'-' 


..  a(l-|)-t=a  +  2.^  +  2^^  +  2,5^3_^^^^ 


3  a2     3.6a*     3.6.9a8 


Article  323. 


(1)  /94-l=/9(l+^)=3/(l+^).     (See  Formula,  Art.  322.) 

i/rH=i+^x^-^3X^3+l,xl3-|xi.+,  &c. 

=1 +.055555— .001543-I-.000085 
—.000005+,  &c.,  =1.054092. 
and  1.054092X3^3.10227+. 

(2)  f^7=3=f27(l-i)=3f(l=4). 

The    development   of    (1 — ^)^    is    the    same   as    that   of 

(1+^)^,  except  that  all  the  terms  after  the  first  are  nega- 
tive.    To  get  the  result  accurately  requires  that  we  shouM 
calculate  five  terms  of  the  series   after  the  first.     These 
carrieil  to  nine  places  of  decimals  ai-e 
—.037037037— .001371742— .OU0OS4G75 
—.000006272— .000000511—  &c. 

Subtracting  these  from  1,  and  multiplying  the  remainder 
by  3,  we  have  f  M=2.8844992+. 

(3)  i/128-20=J/128(l— /3)=2^T^I^. 

In  calculating  the  value  of  each  term,  the  shortest  method 
is  to  find  it  from  the  preceding  term.  Thus,  by  consider- 
ing the  formula,  Art.  322,  we  notice  that  each  term  in  the 
development  after  the  first,  is  equal  to  the  preceding  term. 

multiplied  by  two   factors,  one  of  which  is  _,  and  the 

a" 

.,                    •     1     1    «— 1    2n — 1    3n — 1    An — 1 
others  successively   _, .,  , __!_,   and 

n     2n        3n         4n    '     5/1 
BO  on;    therefore,  calling  the  terms  A,  B,  C,   and  bo  on, 
we  have 
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_2i._5^E— ,  &c.  =1— .0223214— .0014947— .0001446 
— .0000161— .0000019=.9760213,  and  .9760213x2 
=1.95204+. 


DIFFERENTIAL    METHOD    OF    SERIES. 

Article  325. 

^2)     Here,  ?i=2,  a=l,  6=^4,  c=9. 

...  D3=1-2X4+ ^^=1-5+9=2. 

(3)  Here,  7i=3,  a^l,  6=3,  c=6,  rf=10. 

...  D3=-l4-3x3-?i^^  +  ^iMll2=-l+9-18  +  l( 

'  1.2  1.2.3 

=  0. 

(4)  Here,  n=5,  a=l,  6=3,  0=9,  d=27,  e=81,  /=243. 
.-.  D5=— 1+15— 90+270— 405i- 243=32. 

(5)  Here,  «=5,  a=l,  6=|,  c=^,  (/  =  i,  e^^^,  /=jV 

1.21.2.3  1.2.3.4 

5.4.3.2.1 


1.2.3.4.5 

I    1  — 1 


1  — 14-21 oi    ,1  1 5    I     1  — I » 

•3J—     ^n-^2     "iT'-i     ro'i^si — 4     rt 


Article  320. 


(3)  Here,  a=l,  D,=3,  0^=2,  anil  03:^0.     Therefore, 

l.V*  term  =1  +  (15— l)3+iiji^X2=l+42+182=2U5 

»<»  term  =l+(n— 1)3+  ("— l)(>t— 2)  v^2=n2. 

(4)  Here,  a=l,  D,=4,  D,=6,  D,=4,  D^=l,  D,=0. 

.-.  12'*  terra  =1+11x4+ JL^^X6+- '  ^"'^X'* 
1.2  1.2.3 

+  "-^^^-^^  Xl  ^1  +44+330+600  -[-330=1365. 

(5)  Here,  o=l,  D,=2,  D,=l,  D,=0. 
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.-.  nM  term  =i+(/i-i)2+ (!!=:l)(!i:i?.)=!^±!? 

^TO(rH-l) 
2 

(6)  Multiplying  the  factors   togetber,  the  terms  are  70,  252 
59-t,  1144,  1950,  and  so  on. 

Here,  a=70,  D,=182,  0^=160,  D3=48,  D^=0. 

.-.  9'A  term  =70  f  8x182+ ?>1Z  VlSO  -  ^'^^  V48 

^1.2  1.2.3 

=70-f  1456+4480+2688=8694. 

(7)  Hero,  the  terms  are  2,  12,  30,  56,  and  so  on; 
hence,  a=:2,  Di=10,  D2=8,  D3=0. 

.-.  n'A  term  =2+(n— 1)10+  (n— 1 )  (ti— 2)  ,^^ 

=2+10n-10+4n2— 12n+8=4n2— 2?i. 


Article  327. 

(3)  Here,  a=l,  1)^=2,  Dj=l,  03=0. 

.-.  Sum  of  n  terms  =71 .  "(^^)  yg  ,  n(»-l)(^2)^ 

1.2     ^  ^ 1:2:3 ^ 

_  6n+6n2— 6n+n3— 3n2+2n  _  n"»+ 3n2+2n 

IT2T3  ~r273 

_n(n+l)(n+2) 
1T273 

(4)  Here,  a=3,  D,=8,  0^=12,  D3=6,  D^-^0.     Therefore, 

Sum  of  20  terms  =20x3+ ?^1?  X8+r^ll!i:if  Vl2 
1.2  1.2.3 

+  ^X'^^X^^Xl'^  x6=60+1520+13680+29070 
=44330. 

(5)  Here,  the  terms  are  6,  24,  60,  120,  210,  and  so  on; 
hence,  a=6,  Dj=18,  0^=18,  Dj^e,  and  D^=0. 

.-.  Sum  of  20  terms  =20x6+?^211£xl8 

1.2 

^20X19X18^,,^  20X19X^18X17,.,_,.^^,,^ 
+20520+29070=53130. 
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(6)  Here,  a=l,  Di=7,  D3=12,  Da=6,  D^=0. 

c         «  „  .  ^  ,  n(n — 1),  ,-  ,  ntn — l)(7i — 2) 

.•.  Sum  of  n  terms  =ra+_l_ :  X'  +  — - - ■ — 

1.2  1.2.3 

JO     7i(n— l)(?t— 2)(W— 3)     y^  4n     14n2-_14n 

1.2.3.4  4  4 

,  8n3— 24n-'+16«      ?i'—6n3+l !«-—(>'* 
+  4  +  4 

='^!±!^!±!i'  =  !L'(n2+2/i+l)=[Jn(n+l)]2. 
4  4 

(7)  We  must  find  this  series  by  making  n=:l,  2,  3,  and  so  on; 
thus,  if  n^=l,  the  first  term  is  1;  if  n^2,  the  second  term 
is  16;  if  n=3,  the  third  term  is  63;  in  like  manner,  we 
find  the  fourth  term  is  160,  the  fifth  term  325,  and  so  on. 
Hence,  wc  find  a=l,  Dj— 15,  1)2=32,  ©3=18,  0^=0. 

.-.  Sum  of  25  terms  ^^5_^25.24     ^-^ 25. 24.23     g^ 

1.2  1.2.3 

4-  25.24.23.22  ><  i8^25+450U-}-73600-|- 227700=305825. 


PILING    BALLS    AND    SIIKLLS. 

Article  332. 

(3)  Comparing  the  number  15  with  Formula  B  in  Art.  332,  we 
have  n:=15. 

...  ..,^w  _n(n+l)(2n+l)  ^15X16X31  _,^^ 
6  6 

(4)  See  Formula  C,  Art.  332,  ^=52,  and  /i=34j; 
7i(n+l)(3Z-n+l)=VX35X(156-34+l)=VX35 
X123=17X35X41  =24395. 

(5j     Number  of  balls  in  a  complete  triangular  pile  of  which 
each  side  of  the  base  is  25,  is  (.Art.  332), 
^n(n-f  1  )(n+2)  ^YX26x27  =2-5x13x9=2925. 
Since  the  number  of  halls  in  a  side  of  the  top  course  is 
13,  the  number  in  a  side  of  the  pile  that  is  wanting  is  12; 
hence,  flic  number  in  tliis  pile  is  ij^X  13x14  =364. 
Therefore,  2925 — 364=2501,  the  number  required. 

(6)     Number  in  the  pile  considered  as  complete,  (Art.  332), 
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=  !*(n+l)(n+2)=VX39X40=19Xl3X40=9880. 

6 
Since  there  are  15  courses,  .and  the  number  of  balls  is  one 
less  in  each  course  than  in  the  next  preceding   course; 
therefore,  38 — 15=23  is  the  number  of  balls  in  a  side  of 
the  incomplete  pile,  and  the  number  in  this  pile  is 
i^X24x2'5=23x4X^'5=2300. 
Therefore,  9880—2300=7580,  the  number  required. 

(7)  Number  in  the  pile  considered  as  complete  (Art.  332), 

=  !?'(n+l)(2n-fl)=YX45x89=22xl5x89=29370. 

6 
Number  of  balls  in  the  side  of  a  pile  that  is  wanting  is 
21,  and  the  number  in  the  incomplete  pile  is 
VX22X43=7X11X43=3311. 

Therefore,  29370—3311=26059,  the  number  in  the  incom- 
plete square  pile. 

(8)  y'1521=:39^=  number  of  balls  in  a  side  of  the  base  course, 
yfJEd  =13=       "  "  "        "        "       top        " 
^X40X79=13X20X79=20540,  the  number  of  balls  in 
the  pile  considered  as  complete. 

13 — 1=12,  the  number  of  balls  in  a  side  of  the  base  of 
the  pile  tliat  is  wanting;  and  '52^13^25=:650. 
Therefore,  20540—650=19890,  the  number  of  balls  in  the 
incomplete  pile. 

(9)  Here,  we  have  the  equation  (Art.  332), 
^n(n+l)(3;— n+1 )  =6440, 

in  which  n=20,  to  find  L 
Therefore,  25<»X21  (3^—19) -=6440, 
70(3^-19)  =6440, 

3;_19  ^92,  and  /=37. 
37X20=740,  the  number  of  balls  in  the  base. 

(10)     Here,  we  have  the  proportion 

^n(n+l)(n+2):  J7i(?i-fl)(2n-fl)::6:ll. 

Placing  the  product  of  the  means  equal  to  the  product  of 

the  extremes,  and  canceling   J7l(n^l)  on  each  side,  we 

have  12/i-}-6=lln-|-22; 

whence,  n=16,  tlie  number  of  balls  in  a  side  of  the  base 

of  each. 

in(n-f-l)(  n-|-2)=YXl7Xl8=816  =  balls  in  tr.  pile, 

}n(n+l)(27iH-l)=yxl7X33=1496=     "      "  sq.  pile. 
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(11)  Since  the  number  of  balls  in  each  side  increases  b\  1  as 
we  descend,  and  since  there  are  7  courses  below  the  ajiper 
one;  therefore,  36  +  7=43,  and  174-7=24,  are  the  num- 
ber of  balls  in  the  longer  and  shorter  sides  of  the  lower 
course. 

^n(n-fl)(3;— n4-l)=2g*x2o(129— 24+l)=10600, 
the  number  of  balls  in  the  pile  considered  as  complete. 
It  is  evident  that  35  and  16  ai'C  the  number  of  balls  in 
the  longer  and  shorter  sides  of  the  pile  that  is  wanting, 
hence,  the  number  of  balls  in  this  pile,  is 
i5«Xl7(105— 16-f-l)=4080. 

.-.  10600—4080=6520,  the  number  of  balls  in  the  incom- 
plete pile. 


INTERPOLATION    OF    SERIES. 

Article  335. 

(1)  Since  the  4"'  diifcrenccs  vanish,  we  have  (Art.  325), 
c — 4c?-f6c — 46+a=^0,  where  a^.3,  c^l5, 
d=30,  and  e=55,  to  find  6. 

•.  55—4x30-1-6x15 — 46-f3=0;  whence,  6=7. 
Having  the  terms  of  the  series,  viz.:  3,  7,  15,  30,  55,  we 
readily  find  the  first  terms  of  the  several  orders  of  differ- 
ences (Art.  o25)  to  be  Di=4,  Dj=4,  D3=3,  and  D^=0; 
therefore,  by  making  71^6,  7,  and  8  successively,  and 
substituting  the  values  of  D,,  D^,  and  H^  in  the  formula 
a-Kn-l)D,-F(»-^H»-2)D^_^(H-l)(»-2)(n-3)p 

^  1.2  1.2.3 

we  obtain  the  6'*,  7"',  and  8'*  terms.     Thus, 

the  e"-  term  is  3-f  5x4+5x4x2+ ^^ll^  X3 

==3_|_20  f-40-}-30=93. 

The  7'A  term  is  3-|-6x4-h6x5X2-|-^^^|^X3=3-|-24 

1X2X3 
-4-60-1-60=147. 

The  8'A  term  is  3-f  7x4-f7x6x2+''^^5^X3=3-}-28 

1X2X3 
-f  84 -1-105=220. 

(2)  Let  a;c=r  the  5'*  term;   then,  writing  down  tiic  terms,  and 
finding  the  respective  orders  of  differences,  we  have 


INTEKPOLATION    OF    SElilES.  161 

11     ,     18    ,    30    ,     50      ,      z        ,        132    ,     209, 

7     ,     12    ,     20    ,  X— 50  ,     132  -X    ,     77      , 

5,8,  x— 70  ,  182-2X  ,  x— 55  , 

3     ,  x— 78  ,  252 -3a;,  3x— 237, 

x— 81  ,  330  -4x,  6a^-489, 

411— ^5a;  ,  lOx    819, 

]  ox— 12:30. 

Therefore,  15x— 1230=0,  and  x=82. 

Or  thus,  Bince  the  G"^  differences  vanish,  or  become  0,  it 
is  merely  necessary  to  find  the  first  term  of  the  6'*  order, 
by  means  of  the  Formula,  Art.  325,  by  calling  n^S, 
a=ll,  6=18,  &c.;  thus, 

._»/.+  "(»-l).-»(^l)("-2)^ 

1.2  1.2.3 

_j  n(n— l)(n— 2)(n— 3)^jj_n(ri— l)(w— 2)(rt— 3)(n— 4)y 
"*"  1.2.3.4  1.2.3.4.5 

n{n-l){n-2){n—3){ii~i)[n—5)       q. 
1.2.3.4.5.6  ' 

..  ll-6xl8+^X30-^><^X50+?><i><^x 
'^     ^    2    ^  2x3  ^    2X3X4 

_6X5X4X3X2  yi.q9+ 6X5X4X3X2X1  y^OQ-n. 

2X3X4X5  1X2X3X4X5X6 

ll_1084-450—1000+15x— 792+209=0; 
whence,  15x=1230,  and  x=82. 

(3)     Calling  the  respective  given  logarithms,  a,  b,  d    and  e, 
since  C  is  wanting,  we  have,  by  the  formula.  Art.  325, 
e— 4d+6c-^6+a=0. 

From  this  equation,  by  substituting  the  values  of  a,  b,  cl, 
and  e,  we  readily  find  C=2.012S372. 

(4) 


N08. 

Cube  Roots. 

I8t  Diff. 

2d  Diff. 

SIcaii  of 
2.1  Diff. 

60 
62 
64 
66 

3.91487 
3.95789 
4. 
4.04124 

4302 
4211 
4124 

—91 

—87 

—89 

Here,  p'=\,  dr^4211,  d'=— 89,  (Art.  335),  and 
j>'(d+^'ldd^^=i(4211+i=lx-«9)=i(4211+22) 

=2116;  and  3.95789  f  .02116=3.97905. 
Ky.  14. 


162 


KEY    TO    SECOND    BOOK. 


(5)  Let  a2,  (a+l)2,  (a+2)2,  &c.,  be  a  series  of  sq-arcs,  and 
let  them  be  developed,  and  tlieir  ditfereuces  be  taken  aa 
below : 

a-,  a'^+2a+l,  a--{-4a+l,  a-+(ia-\-^,  &c., 
2a-f  1,         2a -fS,         2a +F,,  &c., 
2,  2,  &c. 

The  second  differences  are  constant,  and  a  table  of  squares  may 
be  found  as  follows: 

Let  us  commence  with  50-:=2500  and  51-=^2G01,  whose  differ- 
ence is  101;  then,  since  the  second  differences  are  constant  and 
equal  to  2,  the  difference  between  the  squares  of  51  and  52  will 
be  101 -f  2=103,  and  this  added  to  2601  will  give  the  square  of  52; 
and  80  on,  as  in  the  following  table: 

2500=502  2809=532 

101  107 

2601=512  2916=542 
103  109 

2704=522  3025=552 
105  111 

2a)9=532  3136=562. 
In  a  manner  nearly  similar,  a  table  of  cube  numbers   may  be 
computed. 


INFINITE    SERIES. 

Article  338. 

(2)     Since  q=l,  p^l,  and  n—l,  2,  3,  &c. 

.     (1+i+i+R,  &c.,  adinf.    )      1^  g, 
l-(J+i  +  i+.  &c,)  adiaf.J 

(3) 


1  +  HHt y^ 

\  n      n-f  1/ 


=i-^L  =  _!!_ 

n+1      n-fl 


(4)     Since  g=l,  p=3,  and  n=l,  2,  3,  &c. 

and   _'*  of  this  sum  =r^J=:  sum  required. 
P 
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(5)  Since  g=],  p=2,  and  n=l,  2,  3,  &c. 

and  _"'  of  this  sum  =i  of  \^^\- 
P 

(6)  To  find  the  series  let  n—\,  2,  3,  4,  &c.,  successiyely ;  then, 
the  terms  are 

1.5     2.6      3.7      4.8 
Also,  q=i;  and  p=4. 

and  _"*  of  this  sum  =\  of  i^^jf- 
P 

(7)  Dividing  each  term  of  this  series  by  2,  it  becomes 

1,1      ,1      I     1      I     Jt.. 
2      2.3^3.4^4.5 
The  sum  of  this  scries  has  been  found  (see  example  2,)  to  be  1, 
therefore  the  sum  of  the  given  scries  is  1x2^=2. 

(8)  Multiplying  each  term  of  this   series  by  3x4,  or  12,  it 

becomes    _  4-  +  +,  &c.,  the  sura  of  which   has 

2       2.3       3.4 

been  found  to  be  1 ;    therefore,  the  sum  of  the  series  ia 

1-12=^J.. 


RECUllRING    SERIES. 
Article  343. 

(2)     Here,  A=l,  B=r.6a;,  C=12x-,  U=4Sx3,  E^120j:',  &c. 

Making  x=^\,  and  substitnting  in  the  formula,  (Art.  341), 

,        ,,     12x48—6x120     ,   „     12x120—18x48     « 

we  have  p= — — 1 — .  =1,  0= i 1  — ^=b. 

12x12— 6 ,v  48  12x12—6x48 

A+  \i—.\px       1  +  ViZ—X  _      1  4-6x 


(Art.  343),  S= 


1—px—  qx'      1  — X — 6x2      1  — X — 6x2 


(3)     Here,  A^l,  B=2x,  C=3x2,  D^4x3,  E=5x*. 

Making  x^l,  and  applying  formula  (.\rt.  341),  we  have 
3x4-2x5  _o         3X5-4X4. __, 
3X3—2X4  3X3—2X4 
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(Alt.  343),  s^A+B-A;^^1+2x-2:. 


1 — px—qx^     1 — '2x-{-X'     (1 — X)* 

(4^     Here,  A=_,  B:= — ,  C— . ,  D^  — ,  &c. 

If  we  make  Z— 1,  and  apply  the  formula,  (Art.  341),  we 

shall  find  pr^  —  _,  and  Q— 0,  but  the  scale  of  relation  is 
c 

easily  seen  to  be  — _,  since  if  any  coefficient  is  multi- 

c 
plied  by  this  quantity  it  will  give  the  coefficient  of  the 

next  following  term. 

a     abx     abx 

A+B— Apx_c~~  c-  "^   c-   _     a 

^    ^'       '''    ~      1— px      ~         J  ,  6x         ~  c-\-bx 

c 

(5)  Here,  A=:0,  B=:X,  G=x~y  &c.,  and  the  scale  of  relation 
is  1,  that  is  2^—^i  ^^^^  q=Q. 

Therefore,  S=  ^±1=^  =  ^±^  =  ^ . 
1—px  1 — X  1 — X 

(6)  Here,  A=0,  B=x,  C^= — x-,  &,c.,  and  the  scale  of  relation 

is  —1,  that  is,  p= — 1,  and  q~0. 

„,        .         a      A+B— Apx      0+x— 0         X 

Therefore,  S^= I t —  =  ^ = 

l—JJX  1-f  X  1-f-x 

(7)  Here,  A=l,  B=3x,  C=5x-,  l)=lx\  E:=9x',  &c. 
Making  X=l,   and  applying   the  formula  (.\rt.  311),  we 

havep^^X7^X9^2,  g=^J<t:'^  =  -l. 
5X5-3X7  5x5— 3  <7 

(Art.  343),  s^A+B-Agx  ^1^3x-2x^  2±^ 
^  "         i^px—qx^      1— 2X+X-'      (1— «)2 

(8)  Here,  A=l,  B-=4x,  C=9.r-,  Dr=16x^  E=2.'ix<.  &c. 
Making  X=l,  and  applying  the  formula,  (Art.  341), 

the  values  of  p  and  q  thus  found  will  not  reproduce  iho 
pcries;  hence,  we  must  apply  the  equations  in  .\rt.  342, 
and  fiud  the  values  of  p,  q,  and  r,  when  X=l.  Thos« 
equations  give 

16=  Op -I-  4qi-r: 

25=16p  f  97  f4r; 

36=2r>p+Wq  f  9r. 
From  these  equations,  we  find  p^i,  q=-  3,  and  r=l. 


REVERSION    OF    SERIES.  IGo 

We  shall  now  extend  the  principle  of  Art.  343  to  finding  the 
Biira  of  an  infinite  recurring  series  when  the  scale  of  relation  con- 
sists of  three  terms. 

The  1"  term  A=A; 
the   2'i      "      B^B; 
the   S'l     "      C=C; 
the  4'*    "     Di^Q9.c+ 157x2 _j_Arx3; 
the  5'A    "     E=Dj3X+Cryx--t-Bra;3; 
the   6'ft    "     F=E2)X+J)qx'-\-Cr3fl; 
&c.,  =  &c. 
Now,  if  S  represent  the  required  sum,  by  adding  together 
the  corresponding  members  of  these  equations,  and  ob- 
serving  that   C4-D-(-E-|-,   &c.,   =S— A— B;    B-fC+D-f-, 
&c.,  =S — A.  we  have 

S=:A4-B+C+(S— A— B)i9x-|-(S— .\  )7x--t-  Srx^; 
TThence.  s,A  +  B+C-( A  +  B)i.x-Aryx-' 

1 — pX 7X2  _  7^ 

Substituting  in  this  formula  the  values  of  A,  B,  C,  and 
of  p,  q,  and  r,  we  have 
g_l4-4.e-(-9x-'— ,'5x— 12x2-f3.c2_    1-fx 
l—3x~y-3x-—3^  (1— x)3' 

REVERSION    OF    SERIES. 

Article  346. 

(1)  Comparing  the   series   with   the  formula   (Art.  344),  wet 
have  a=-f-l,  6=— 1,  c=+l,  d——l,  kc; 

hence,  by  substitution,  we  have 

(2)  Here,  a=l,  6=1,  c=l,  d—1,  &c. 

•••  x=ly- 13/24- ^y3_lz:6+6^^^  4^^ 

(3)  Comparing   the  coi'fficients   with   those  of  the   series  in 
Art.  346,  we  have  a=2,  6=3,  e=4,  f/=5,  &c. 

2        16  128 


1G6 
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(4)  Applying  the  formula,  (Art.  345),  we  have 
a'=l,  a=— 2,  and  6=3. 

Ji  o  oJ 

=  -My-l)+l(3/-l)'— ^5(^-1  )H,  &c. 

(5)  See  formula,  Art.  344.     Here,  a=l,  6=|,  c=^,  d=^j,  &o. 


i_2^4       A  +  l 


?y»,  &C.. 


(6)     Let     X  =Ay+B^2_j_C2/34-,  &c. 
then,  a;=^=A2^2_^2AB2/3+,  &c.; 
sc^=  A.^^-\-,  &c. 

Substituting  these  values  for  X,  X^,  x',  .  .  in  the  second 
member  of  the  given  equation,  and  transposing  the  first 
member,  we  have 


0=gA\y+gB 

—1  I       /lA2 


+2/tAB 


y^+ 


Hence,  AfiT— 1=0,  A^/l-f-Bflr— a=0, 

A3A+2AB/i4-firC— 6=0; 

whence,  A=l,  B=i(a— A2/i)= Va— ^  V--ri.(aflr2_/t;; 

g      g  g\      g-/    g^ 

0=1(6— A3A:— 2A15/1) 

g 
g  I      g^    g  g^  * 

_bg*-kg—2h{ag^-h)_ 

w 
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CONTINUED     FRACTIONS;     LOGARITHMS; 
EXPONENTIAL     EQUATIONS;     INTER- 
EST    AND     ANNUITIES. 

CONTINUED    FRACTIONS. 

Article  356. 

(1)  Dividing  the  greater  term  by  the  less,  tbe  last  divisor  bj 
the  last  remainder,  and  so  on,  the  quotients  are  3,  4,  5, 
and  6;  hence,  the  integral  fractions  are  ^,  ^,  \,  and  ^,  and 
the  converging  fractions  are 

1       1X4    ^4      4x5+1^21     21x6+4  _  130 
3'  3x4-1-1      13'  13x5+3 ~ 68'  68x6+13 ~42l" 
The  2d  and  3d  examples  are  worked  in  a  similar  manner. 

(4)  Making  3900  the  numerator,  and  10963  the  denominator 
of  a  fraction,  and  proceeding  as  in  the  preceding  exam- 
ples, the  successive  quotients,  that  is  the  denominators  of 
the  respective  integral  fractions,  are  2,  1,  4,  3,  2,  2,  1,  30; 
hence,  the  1st  approximate  fraction  is  J,  the  2d, 

_1>1L-=|;  the  3d,  1X4+1^.     ^^^  ^^  ^^ 

2X1+1  3x4+2     ^^' 

(5,  Making  4900  the  numerator,  and  11283  the  denominator 
of  a  fraction,  and  proceeding  as  above,  we  find  the  suc- 
cessive quotients  to  be  2,  3,  3,  3,  2,  7,  1,  1,  1,  2;  hence,  the 

1x3 
approximating  fractions  are  i;  £> ^i; 

-    2x3+1     ^ 
3X3+1^^0^    10x3+3^        33x2+10  ^^_ 

7x3+2     ^^23x3+7      '"76x2+23     "^ 

(6)  Making  1  the  numerator,  and  3.1415926  the  denominator 
of  a  fraction,  or  10000000  luid  31415920,  and  dividing  the 
greater  by  the  less,  the  less  by  the  remainder,  and  so  on, 
the  quotients  are  3,  7,  15.  1,  243,  &c.  Operating  in  like 
manner  with  1,  and  3.1415927,  the  quotients  are  3,  7,  16, 
1,  354,  &c.;  then  finding  the  appro.ximaling  fractions  cor- 
responding to  these  quotients,  we  have  ^; 

_1X7_=^  •    7X15+1  _iQ..    106x1+7  __ii . 
3x7+1     ^^'22x15+3     '"'333x1+22     "^' 

The  ratio  of  113  to  355,  that  is,  f ^^=3.1415929+ ;   and  since 
the  true  ratio  lies  between  3.141526,  and  3.1415927,  and  since  the 
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difiFerence  between  3.1415929  and  3.1415926  is  .0000003;  therefor*^ 

Hf  expresses  the  part  that  the  diameter  is  of  the  circuinfereaoo 
to  wiihin  less  than  .OU00003. 

(7j     5    hrs.,  48  min.,  49  sec,  ^20929  seconds, 
24  hrs.,  =  86400       '• 

Operating  with  these  numbers  as  before,  we  find  the  suc- 
cessive quotients  to  be  4,  7,  1,  3,  1,  IG,  1,  1,  15;  and  from 
these,  the  converging  fractions  are  readily  found. 

(8)  Dividing  the  greater  term  by  the  less,  the  less  by  the 
remainder,  and  so  on,  the  quotients  are  1,  1,  2,  1,  1,  1,  3, 
2,  1,  1,  2,  3;  and  the  successive  converging  fractions  found 
from  these  are  |,  |,  f,  ^,  f^,  \\,  1%  &c.;  whence,  f|  is  the 
required  fraction. 

(9)  In  solving  this  example,  it  is  most  convenieut  to  consider 
1  as  the  numerator,  and  27.321661  the  denominator,  and 
then  invert  the  resulting  converging  fractions.  Dividing 
27.321661  by  1,  or  27321661  by  1000000,  as  in  the  preced- 
ing examples,  the  quotients  are  27,  3,  9,  5,  2,  &c.;  these 
give  for  approximating  fractious  ^y,  /j,  ^2^*5,  tjVoVi  &c.; 
hence,  the  required  ratios  are  y,  */,  '//,  Y^/,  &c. 

(10)  Referring  to  Art.  353,  we  have  a=l ; 
hence,  y'2=l-(- 

2+i 

2+,  &c. 
The  integral  fractions  are  {,  J,   ^     \,   ko. 

The  converging  fractious  are  J,  |,  ^j,  ^|,  &o. 

Adding  1  to  each  of  these,  we  have  J,  |,  |J,  j^  &o. 

(11)  Referring  to  Art.  353,  we  have  a=2,  and  2a=4; 
hence,  y'4-f-l=2-|-- 

^4-1-,  &o. 
The  int.  fractions  are  J,   \,     J,      J,        \,     &o. 

The  conv.  fractions  arc        \,  ^*y,   jj,   ^^,  A"^,  &o. 
Adding  2  to  each  of  these,  wo  have  },  ff,  ^V,  IS},  f  |{|,  &o. 
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Now  the  fourth  fraction  being  in  an  even  place  is  less  than  the 
true  value,  and  the  fifth  being  in  an  olil  place  is  greater  than  the 
true  value;  therefore,  y/5  is  greater  than  |||,  and  less  than  }|J?. 

(12)  Since  S'=8,  and  82:=64,  X  lies  between  1  and  2; 
hence,  let  x=l-j-  _. 

y 

.-.  8i+y=32,  or  8x8y=32,  or  8y=3^2:=4; 

or  8^=4!',  by  raising  both  members  to  the  y  power. 

Now,  since  4^=4,  and  4-^16,  the  value  of  y  lies  between 

1  and  2;  hence,  let  y^l-{- -. 
z 

Therefore,  4i+i=8,  or  4x4' =8,  or  41=2; 
raising  both  members  to  the  z  power,  we  have 
2'-=4;   whence,  z=^2. 

Therefore,  x=\-\-  ^ =1  -(-  ^  =^ . 

1     1  3      3 

^^2 

(13)  3'=25;  32=9,  and  33=27. 

Therefore,  x=2-j-  \  . 
x' 


32+.-=15,  or  32X3''=15,  or  3i''=y=f, 
Since  3i'=f,  we  have  (J)*'=3. 
%.nd  <3;  therefore,  put  x^^2-\- 


Since3x'=f,  we  have  (f)«'=3.     By  trial,  we  find  x'>  2 

1 


Therefore,  (f)2+i^'=3,  or  (|)2x(f)x^=3 ; 
whence,  {l)^'=^U<  "^  (|l)'"=f. 
Here,  x''=6  4-  .L. ;    .  • .  x=2+ 1 

2+i 

6-|-,  &c.; 

hence,   the   approximating   fraction   to  be    added   to  2,  is 

h  or  ySj; 

^=2.46-|-,  which  is  true  to  within  (i*y)^=xiT- 

This  method  of  finding  the  value  of  X  is  more  curious  than  use- 
ful, as  the  same  thing  may  be  accomplislicd  directly,  and  with  but 
little  labor,  by  means  of  logarithms. 

'vu        ^     log-  15      1.1701.1913      o^«c 

Thus,  X=r  _£! =r  . =2.465  nearly. 

log.  3         .4771213 
Ky.  ir» 
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LOGARITHMS. 

Article  366. 

(1)  Tbo  result  in  this  example  follows  directly  from  Art.  360, 
the  pupil,  however,  may  prove  the  principle  generally  in 
the  3ase  of  three  factors;  thus, 

a*  =N (1), 

rt'^'=N' (2), 

ar"=jq// ^3J. 

Multiplying  equations  (1),  (2),  and  (3)  together,  we  have 

But,  by  the  definition  of  logarithms,  if  we  consider  a  the  base 
of  the  system,  then  x,  x^,  and  x'^  are  the  logarithms  of  N,  N',  and 
N'''',  and  {x-\-x' -\-x")  is  the  logarithm  of  NN'N^';  hence,  the  sum 
of  the  logarithms  of  three  numbers  is  equal  to  the  logarithm  of 
their  product. 

(2)  By  Art.  361,  log.  {'^\=  log.  {abc)—  log.  (de);  but 
log.  {abc)=  log.  a-\-  log.  6+  log.  c;  and  log.  [de)--  log. 

d+  log.  e;  hence,  lor;.   (  -  )  =  log.  a-j-  log.  6+  log.  C 

\de  / 

— (log.  d'\-  log.  e)—  log.  a-\-  log.  6+  log.  c—  log.  d— 

log.  e. 

(3)  By  Art.  360,  log.  (a'".  6".  c''.)=  log.  0"*+  log.  6"+  log.  C; 
but  (Art.  362),  log.  a'"=7n  log.  a,  log.  6'*=n  log.  6,  and 
log.  C^=p  log.  c. 

.-.  log.  (a'".6".c'')=m  log.  a-f-n  log.  b-\-p  log.  c. 

(4)  Log.  (-'^"^  =  log-  (a"'.^")-  log.  c'=mXlog.  a 
+nxiog.  b—2y  log.  c. 

(5)  a^—x2={a+x)[a—x),  and  log.  (a^—a:-) 

=  log.  |(a-fx)(a-a;)}=  log.  (a+x)+  log.  (a-x). 

(6)  Since  log.  {a^-x^)^  log.  (a-|-x)+  log.  (a— x), 
J  log.  (a2— X?)  ^i  lo/.  (a  +  x)+J  log.  (a-x), 

but,  (Art.  363),  {  log.  (ni-x-)^  log.  (a^— x')* 

or.  log.  ^/a^ — x* ; 

.-.  log.  v/fi^Hii^j  log.  (a-i  x)  +  i  log.  {a—x). 


(7) 


(8) 
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a3Xv'a5=ra3x«^=«^^;  and  log.  (a  ^)=^V  ^og.  a, 
or  3|  log.  a. 


"(0+^      i/(a+x)*      \(a+x)(a+a;)3      \(a+a;)3' 


log. 


(a+xj3 


=  log.  (a— X)—  log.  (a4-x)3 
=  log.  (a— X)— 3  log.  (a+x); 


hence,  log.  J _,  or  log.  Y. 

\(a+x)3  ( 


/a2-x2 


(a+x)2 

=i  { log.  (a  -X)— 3  log.  (a+x) } ; 
or  =^  log.  (a— X)— I  log.  (a+x);  but  the  first  form  la 
the  best. 


Article  370. 


(1) 


(2) 


Since  14=2x7, 
Since  15=3x5, 
Since  16=2^ 
Since  18=32x2, 
Since  20=22xo, 
Since  21=3x7, 
Since  24=23x3, 
Since  25=52, 
Since  27=3^, 
Since  28=22x7, 
Since  30=3x10, 


.  log.  14=  log.  2+  log.  7; 
.  log.  15=  log.  3+ log.  5; 
.  log.  16=(log.2)x4; 
.  log.  18=(log.3)x2+log.2; 
.-log.  20=(log.2)X2+log.5; 
.  log.  21=  log.  3+ log.  7; 
.  log.  24=  (log.  2) X34- log.  8; 
,  log.  25=  (log.  5)X2; 

log.27=(log.3)x3; 
,  log.  28=  (log.  2) X2+ log.  7; 

log.  30=  log.  3+  log.  10. 


The  numbers  will  evidently  be  those  that  can  be  formed 
by  multiplying  together  any  two  or  more  of  the  factors  2, 
3,  5,  7,  either  of  which  may  be  taken  more  than  once  if 
necessary;  thus, 

25,  5X7,  32X22,  23x5,  2x3x7,  S^XS,  2^X3,  72,  5^X^ 
33x2,  23x7,  22x3x5,  32x7,  2^,  2x5X7,  23x32,  62x3, 
2^X5,  3^  22X3X7   32X2X5,  25x3,  72x2. 


Article  377. 

Remark.  -The  pupil  will  find  the  logarithm  of  2,  as  given  In 
all  tlie  tables  in  common  use,  to  be  .30103000;  from  this  he  may 
perhaps  infer  that  there  is  some  defect  in  the  calculations  in  this 
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articie  in  the  Algebra.  On  the  contrary,  however,  the  result  there 
given,  as  far  as  it  is  carried,  is  absolutely  correct,  the  logarithm 
of  2  to  20  places  of  decimals  being  .30102999506398110521.  (See 
Hiilton's  Tables.) 

(1)     To  find  the  logarithm  of  3, 

Log.  1'       =log.  2 =.30102999; 

2A  .86858896  i-^-t-tq    /nv 

=- ■ — _ =.1/3/1  <79;  (B) 

2r  +  l  5  '  ^    ' 

5 ^.17371779 =.00231623;  (C) 

3(2P^1)2  3^52  ^   ' 

?2 =.00005559;  (D) 

6(2P-|-1)2  '' 

^ ==.00000159;  (E) 

7(2P  4-1)2  '' 

''^  =.00000005;  (F) 

9(2P+1)^  

.-.  Common  lojr.  of  3 =.47712124. 


(2)  To  find  the  logarithm  of  5. 

Here,  P     :^4,  and  log.  P=2  log.  2  .     .  =.60205999; 

^^  _ -86808896 —09650988;  (B) 

2P+1  9  ^   ' 

B         _  .09650988 =.00039716;  (C^ 

3(2P-fl)2  3^(j.' 

^ =.00000294;  (D) 

5(2P+1)2 

^ =.00000003;  (E) 

7(2P+1)2  

Log.  5 =.69897000. 

The  last  figure  of  the  term  E  is  taken  to  the  nearest  unit. 

It  is  not  necessary,  however,  except  as  an  exercise,  to  calculate 
the  comiiion  logarithm  of  5,  since  6=*^,  and  log.  6=  log.  10 —  log. 
2-=!--  log.  2. 

(3)  To  find  the  logarithm  of  7. 

Here,  P^G,  and  log.  6-=  log.  2+  log.  3  :=.77815123; 

2X  „  .86858896 =.06681453;  (B) 

2P+1  13  ^ 

B        ^.06681453 =.00013178;  (C) 

3(2Pfl)2        3xl3» 
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—^ — =.00000047;  (D) 

Log.  7 =.84509801. 

(4)     To  find  the  logiiritliin  of  11. 

Here,  P=10,  and  log.  P =1 .00000000 : 

2A_    ^.86858896 ^   ,,^33^33' 

2P-t-l  21  '  ^    ' 

;—^ — , =  .00003120;  (C) 

3(2P+1)2  '  ^   ' 

— — ^  .00000004;  (D) 

6(2P+1)2  '  ^    ' 

Log.  H ^1.04139268. 


Article  379. 

(1)  1st.  No  system  of  logaiitnms  can  have  a  negative  base, 
since  the  odd  powers  of  a  negative  number  are  negative, 
and  therefore  the  positive  numbers  corresponding  to  the 
odd  powers  of  the  base  would  not  be  represented. 

2d.  The  base  of  a  system  of  logarithms  can  not  be  1,  for 
the  simple  reason  that  every  power  of  1  is  1. 

(2)  Calling  A  and  A'  the  moduli  of  two  different  systems, 
whose  logarithms  are  denoted  by  log.  and  log.';  if  B  and 
C  are  two  numbers,  from  Art,  376,  we  have 

log.  B  :  log.'  B : :  A  :  A', 

log.  C  :  log.'  C  : :  A  :  A', 

whence,  log.  B  :  log.    C  ;  :  log.'  B  :  log.'  C, 

log.  G      I02;.'  C    .,    ,  . 
or      °       =  _£! :   that  is, 

log.  B      log.'  B 
The  Itijarithms  of  (he  same  numbers,  in  (ico  diTTent  sy stems, 
have  the  same  ratic  to  each  other. 
Example.  The  ratio  of  the  commou  logarithm  of  2  to  that  of  10,  i.s 
LOOOOO^  3  30192s ;  iind  the  ratio  of  the  Naperian  logarithm  of  2 

to  that  of  10.  is  _-_=T 3.321928. 
.693147 

(3)  Let  N  and  N-f  1  be  two  consecutive  numbers,  the  differ- 
ence of  their  logarithms,  taken  in  any  system,  will  be  log. 
(N+1)--  log.  N. 
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But  (Art.  351),  log.  (N  +  1)—  log.  N=  log.  (^^^ ) 
=  log.  (  1  •  _  ),  a  quantity  which  approaches  to  the  log- 
arithm of  1   (which  is  zero,  Art.  367,)   in  proportion  as 

_  decreases,  that  is,  as  N  increases.     Hence, 

N 

The  difference  of  the  logarithms  of  two  consecutive  numbers  is 

less  as  the  numbers  themselves  are  greater. 
Example.     The    difference   of   the   logarithms   of  9   and  10  is 
I — .9542425=0457575;    and  the  difference  of  the   logarithms  of 
999  and  1000,  is  3— .9905655=.0004345. 

EXPONENTIAL    EQUATIONS. 

Article  383. 

(2)  20'=100,  .-.  X  log.  -20=:  log.  100, 

whence,  a:=l_^-i^  =  2^^'^^  =1.-53724. 
log.  20       1.301030 

(3)  Since  22=4,  and  3''^27,  we  easily  see  that  x  lies  between 
2  and  3,  and  that  it  is  near  the  former.  We  also  readily 
find  that  it  is  less  than  2.2;  then,  let  us  assume  2  and  2.2 
for  the  two  numbers. 


yirst  Supposition. 
x=2;  log.  2=.301080 
X  log.  X  .    .  =.001000 
true  no.  log.  5=.G98970 


Error  .  .  —.097910 


Second  Supposition. 

a;=2.2;  log.  2.2^.342423 

X  log.  X  .    .    .  =.753330 

true  no.  log.  5    =.698970 

Error  .  .  .  -{-.054360 


Difference  of  results  =.152270;    diff.  i^joumed  nos.  —.3; 
As  .152270  :  .2  :  :  .05436  :  .0713,  correction. 
2.2— .0713    21 2S7. 

By  trial,  we  find  that  X  is  greater  tliiui  2.12,  and  less  than  2.13; 
therefore,  let  2.12  and  2.13  be  two  new  assumed  numbers. 

First  Supposition.        |        SecomI  Supposition, 
x=2.12;  log.  2.12=.320330  j  x  .2.13;  log.  2.13=.32S380 


X  log.  X  .    .    .    .  =.691832 
true  no: 69S970 


Error    .    .    .  —007138 


X  log.  X  .    .    .    .  =.699449 

true  no G9S970 

Error  .    .    .  +.000479 
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DiflF.  of  results  =.007617;  diff.  of  assumed  nos.  =.0] 
As  .007617  :  .01 :  :  .000479  :  .000628  correction. 
Hence,  x=2.13— .000628=2.129372  nearly. 

(4)  Log.  2=0.301030,  and  0.301030x64=19.265920,  which  is 
the  logarithm  of  the  number  expressing  the  64'*  power 
of  2;  and  since  the  index  is  19,  the  number  of  places  of 
figures  will  be  19-|-1=20.     ,  .\rt.  358.) 

5)    a'^''=c, 

{bx+d)  log.  a=  log.  c; 

or,  bx  log.  a=  log.  c — d  log.  a; 

whence,  x^  ^^ ' — °1 — 

6.  log.  a 

(6)    a"^.6'^=fi, 

log.  (a"'^6"^)=  log.  c; 
but  log.  (a"".6")=ma;  log.  a-^nx  log.  6; 
therefore,  mx  log.  a-\-nx  log.  6=  log.  C; 
or,  x{m  log.  a-f-n  log.  6)=  log.  c; 
log.  c 


whence,  Xz 


ni  log.  a-f-n  log.  6 


(7)  From  the  equation  m*— v=n,  we  have 

(X — y)  log.  171=  log.  n,  or  a;  log.  m— ?/  log.  m—  log.  n; 

dividing  by  log.  m;  X — y=  log.  n-=-  log.  m=  log.  ^; 

m 

from  this,  and  the  equation  x-\-y=a,  by  adding  and  divid- 
ing by  2,  we  find  Xz=\{a-\-  log.  n-=-  log.  WJ), 

or  a;=^  ^a-f  log.  Z?.Y 

By  subtracting  and  dividing  by  2,  we  find 
y=\{a—  log.  n-:-  log.  in)=\  ^a— log.^Y 

(8)  First,  log.  2000=  log.  (1000x2)=  log  l()00-(-  log.  2=- 
3-f  log.  2,  and  2'.3==2000; 

log.  (2^.3=)=  log.  2000=3 -f  log.  2; 

log.  (2'.3')=  log.  2-+  log.  3'=a;.  log.  2^-=.  log.  i, 

therefore,  x.  log.  2-f-r.  log.  3=3-f  log.  2; 

and  Zz=bx,  or  2=  _  : 
3 


178  KEV    TO    SECOND    BOOK. 

hence,  X.  log.  2f  IT.  log.  3=3-(-  log.  2; 

or  3  log.  2..x--f-5  log.  3.a;=3(3-(-  log.  2); 

,            ^         3(3+  log.  2) 
whence,  X= Is ! 5 L ; 

3  log.  2+5  log.  3 
andz='^=     5^3 -log.  2)     ^ 
3       3  log.  2+5  log.  3 

(9)     Let  a'^^\  then   a^=2^,  and  the  equation  becomes 
z2_22=8,  or  22— 22;+ 1=9; 
whence,  2=±3+l=4,  or  — 2. 
Therefore,  a'—^  or  — 2; 

hence,  X  log.  a^  log.  4,  or  log.  { — 2),  but  the  last  is  inad- 
missible (Art.  369);  also,  4=2^,  and  log.  4^2  log.  2; 

therefore,  x.  log.  a— 2  log.  2,  and  X—     ^^"'  ~ 


log.  a 

(10)     Let  2^=2;  then,  2'"=2-',  and  22+2^12. 

From  the  equation  z^-\-z.-l2,  we  find  2=+3,  the  negatire 
value  being  omitted  (Art.  309) ; 
therefore,  2'=3,  and  X  log.  2=  log.  3 ; 

whence,  x=  ^«?:i  -  lllllj^^  =1.6S496. 
log.  2      .3U1030 

Cll)     Let  a'=^2;;  then,  3+_=6,  or  22 — hz= — 1; 
2 

whence,  2  or  a^=_  ±|v/62— 4=^(6±>/5^^^); 
therefore,  X  log.  a  ^=  log.  l{b:t\/^—i)\ 

whence,  a;='«g- M^dz/S^)^ 
log.  a 

(12)     Here,  X^ -ij"     (1),     and  a;3=y-'     (2). 

Extracting  the  1/  root  of  both  members  of  eq.  (1),  and  the 
cube  root  of  both  members  of  eq.  (2),  we  have 

x=yi,  and  x=y^\ 

therefore,  ^/y  -y   ',  whence,  -=j,  and  x=ii/: 

y 

hence,   ^i/=ij-^ ;  divide  each  member  by  y^; 

^.y'  :^1,  or  ip  =J. 

Cubing  each  8ide,y=(f)3^y=3|; 

z=ly^l  of  V-f-2l. 
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(13)  Here,  (a2_62)2(*-i)^(ct_6)2x. 

Extracting  the  square  root  of  both  members,  we  have 

whence,  {X — 1)  log.  {a-—fj-)=-zX  log.  (a — 6); 

but  log.  (a- — 6-'j_  iog_  [(a^6)(a — b)]=z  log.  (a+6) 

+  log.  {a—b}. 

.-.  (x—l)  {log.  (a-f-6)+  log.  (a-6){r=a;  log.  (a—b); 

or  X  log.  {a-{-b')  f  a;  log.  (a — b] —  log.  {ci-{-b) —  log.  (a — 6j 

T=:-X  log.  (a— &). 

Omitting  x  log.  (a — 6)  on  each  side,  and  transposing, 

X  log.  («+6)=  log.  (a+6)+  log.  (a—b); 

whence,  a;  —  1  + -Ml_}_IZ_l . 
log.  (a+6) 

(14)  {a^—2a^b-i-^b^)—^  =  {  {a2~b^-)2]'-^={a^—b^f'-2 

(tt'^ — 6'^)2  (a+fi)-^ 

therefore,  i ^H L_  =  i ^ 

(a2— 62)2       (a+6)2 

Extracting  the  square  root  of  both  members,  we  have 

(a2_62)a:_(a— 6)^. 

a- — b-  a^b 

but  {a~—b-)='={{a-{-b}{a—b)}'^^{a-\-by(a—b)'; 

therefore,  («+6)»(a-6)'_  (a-6)x 

(a+6j(a— 6)         a-|-6 
Dividing  both  members  by  (O — 6)*,  and  multiplying  bj 

a-\-b,  wc  hiivo  ('^+^)''— 1^  or  (a+6)^=a— 6; 
rt — 6 

whence,  a;  log.  (a-|-6)=  log.  (a — 6), 

and  ^=^log-  («-6) 
log.  (a+6) 

(15)  Here,  xV-r-^/*     (1),     and  x^^y^     (2). 

y  f> 

From  {l)Xx=y,  and  from  (2)x«=r^; 

.-.  Xx^Xq,  and  'I      i- ;  or  _l=-L; 
X      q  X       q 


178  KEY    TO    SECOND    BOOK. 

(21)     Let  x-—4x-\-5=z,  then  3^=1200,  and  z  log.  3=  l^g.  1200; 
whence,  ,^  log-  1^^00^3.079181  ^^^,3^ 

log.  3  .477121 

Therefore,  .r-—4a;+ 5^6.4536; 
a;2_4x  1-4=5.4536; 
a^2=±2.33, 
a:=2±2.33=r4.33,  or  —0.33. 


INTEREST    AND    ANNUITIES. 

Article  386. 

(2)  l+r=1.06  and  log.  1.06 =  .025306 

.025306xl00--=nog.  (l+r) =2.-530600 

log.  P=  log.  1 =0,000000 

log.  A=  log.  (339.30) =2.530600 

(3)  This  example  is  similar  to  the  preceding;  if  we  multiply 
.025306  by  1000,  the  product  is  25.300000,  which  is  the 
log.  of  the  amount,  and  as  the  index  is  25,  the  corre- 
sponding natural  number  will  contain  25-1-1=26  figures. 
(Art.  358.) 

(4)  See  Art.  386,  Cor.  3.     For  5fo,  H     l.Oo;   for  C)^,  R=1.06; 

for  7fo,  R=1.07;  for  8^,  R=1.08. 

_,      -^     .       log.  2        .301030     ii.i.w.p 

For  5%,  t= — ° = =14.2'I00  yrs; 

^  log.  1.05      .021189 

,      „^    .       log.  2        .301030     „  uo-p 

for  6%,  t=  — ° = =11.89oG  yrs; 

^  log.  1.06      .025306 

,      -^    .       log.  2        .301030     .noAA- 

for  7%,  t— — 2 = =10.244*  yrs; 

^  log.  1.07      .029384 

r      oar    *       log.  2        .301030     onnRi 

for  8%,  t=  — - = =9.0064  yrs. 

log.  1.08      .033424 

(5,     See  Art.  386,  Cor.  3.     Here,  ?»=10,  and  R=^1.05. 

m.        -.         .       log.  10        1.000000      ,,  ,o 

Therefore,  t^= s = =4 /.1 9  yrs. 

log.  1.05       .021189 

(6)     Let  x=  the  sum;  then  (Art.  386),  M-=P.K',  and  P=X.U.', 

wnt'nce,     -.=  .  .-        _,  and  .-.  X^=      . 
P       x.K'      X  M 
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Article  387. 

(2)     Here,  A=13000000,  P=11000000,  and  <=10. 
Log.  A  =  7  113943 
Log.  P  -^  7.041393 

Divide  by  10,      10)0.072o50 

Log.  (l+r)1.016       0.007255 
To  find  the  number  corresponding  to  the  log.  0.007255,  we 
look  in  a  larger  table  than  the  one  given  (p.  32^),  and  find 
it  1.016;  .-.  r=1.01(>— 1=.016  nearly. 
To  find  in  what  time  the  population  will  be  doubled,  we 

have,  (Art.  386,  Cor.  3.)  i=  J^Ml^  = -^^l!?^  =  43.66 
^  log.  1.016       .006894 

years,   the  log.  of  the  denominator  being    taken  from  a 

book  of  tables. 

Article  388. 

Log.  P'=  log.  1000—20  log.  (1.05)=:3— 20x0.021189 
=3 — ,423780=2.576220,   and   the  number  corresponding 
is  376.89=  present  worth.     Subtracting  this  from  1000, 
we  have  for  the  Compound  Discount  $623.11. 

Article  390. 

(1)  We  have  m=a  (^+^)'~^  . 

r 

Taking  the  logarithm  of  1.06(l-f-r),  multiplying  it  by 
20  [t)  and  finding  the  corresponding  number,  we  have 
3.20713546.  Subtracting  1  from  this  and  dividing  by  .06, 
we  obtain  36.785591.  This  multiplied  by  120(a)  gives 
§4414.27,     Ans. 

(2)  Let  X,  2/,  z,  denote  the  three  shares;  then,  we  shall  have 

a-'+2/+2=P-     Also,   XXR"=^XR''=«XR'",    a8    the   (qua- 

tions  of  condition. 

.-.  y=R<'-*x,  and  z^Yi"-''x. 

Whence,  a;+R"-''a;-|-R''-'a;=P. 

P 

*— 1 • 

l-t-R-'-'+R"-' 
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(3)     We  Lave  m=«R  ^^^ZI^  ==100 V  1.06  (1-^^)^^ . 
R— 1  1.06-1 

Taking  the  log.  of  l.OG,  multiplying  it  by  10,  finding  the 
corresponding  number,  subtracting  1  from  it,  and  divid- 
ing by  .06,  we  obtain  13.1808.  Multiplying  this  by  100 
Xl.06=106,  gives  $1397.16,     Ans. 


Article  391. 

(1)     Wehavep=_iLYl-l')=2'^A-_L_') 
R— 1  \       R'  /       .05  V        (1.05)30/ 


=  ?^{.76862254)=$3843.1135,     Ans. 

(2)     From  Cor.,  p=^  =  ^^  =§10000,     Ans. 
r      .06 


Article  392. 

(1)     irere,i,=  iLA-i)=^l^:!^A-^_^ 
rR"\       R'/      .04(1.04)10  \       (i.04)-'V 

=    ^^^-^^    (1— .45638697) 
.05920976 

11  o  r;n 

(.54361303)=$1032.877.     Ans. 


.05920976 


(2)     Wehavep=iL=      ^^^^^ 


rR"      .06(1. 06)  >5 

^_i2f^l_  =86954.40,     Ans. 
.1437942 

(3)     The  amount  of  a$  at  compound  interest  for  n  years,  f 
being  the  rate  per  cent.,  is  a(l-|-r)". 
The  amount  of  an  annuity  of  6$,  for  the  same  period,  al 

the  same  rate,  is  /»(H-^)"— ^  ( ^,.,g  386  and  390). 
r 

.-.  6iAd-Z):=}=a(l+r)"; 
r 

or,  6(l-)-r)''— 6=ra(l-f-r)''; 
or,  6(1 -fr)" — ra(l4-r)"=6; 
or,  (6— ra)(l-}-r)" -6;     (1) 
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or,  log.  (6— ra)-|-n  log.  {l-\-r)—  log.  6; 

n  log.  (l+r)=  log.  6—  log.  (b—ra), 
^^ log.  6- log,  (b-ra) ^ 
log.  (1+r) 

(4)     Taking  eq.  (1)  in  the  last  problem,  we  have 
6(l4-r)"— ra(l-|-r)'*=:6 ; 
6(l+r)"— 6=ra(l+r)"; 

^_  ra(l+r)"  _ 8000 x -^G ( 1  .OSj^ _  480 X ( 1  -06 )" 
~(l-^rj"— 1  (1.06)8—1  (1.06)«— 1 

This  example  is  not  in  a  suitable  form  for  logarithmic 
computation,  on  account  of  the  subtractive  term  in  the 
denominator.  It  may,  however,  be  solved  by  logarithms 
indirectly,  thus: 

Add  together  the  log.  of  480,  and  8  limes  the  log.  of  1.06, 
and  find  the  corresponding  number  for  a  dividend.  For 
a  divisor,  take  8  times  the  log.  of  1.06,  find  the  corre- 
sponding number,  and  diminish  it  by  unity.  The  quo- 
tient will  be  the  annual  payment  or  6.     Thus, 

Log.  480     .     .     .  =  2.681241 
8  times  log.  LOG  =  0.202448 

Cor.  No.  765.05  .  =  2.883689 

Dividing  765.05  by  the  number  corresponding  to  8  times 
the  log.  of  1.06  diminished  by  unity,  which  is  .593853,  we 
have  $1288.286,     Ans. 

From  the  formulas  deduced  (Arts.  385  to  392),  rules  may 
easily  be  deduced  applicable  to  .Vrilhmetic,  but  the  pro- 
cesses will  generally  be  more  tedious  when  logarithms  are 
not  employed. 

From  eq.  (1)  in  Prob.  3  above,  we  find  (l-|-r)"=  , 

6 — ar 

which  would  require  the  solution  of  an  exponential  equa- 
tion to  find  n  without  the  use  of  logarithms.  The  last 
problem,  however,  which  presents  a  practical  case  in 
Banking,  may  be  easily  solved  arithmetically  according 
to  the  following  rule: 

For  a  dividend,  multiply  the  interest  on  the  given  sum  for  one  year  l\, 
the  amount  of  one  dollar  for  one  year  raised  to  a  power  equal  to  the 
number  of  annual  payments. 
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For  a  divisor,  take  the  amount  of  one  dollar  raised  to  a  power  equal  la 
the  number  of  payments,  and  diminish  it  by  unity. 
The  quotient  will  be  the  annual  payment. 

By  another  process,  the  following  formula  may  be  deduced 
for  the  last  problem: 
aR8 


b=. 


l_|_R-|-Ra_f.R3_|_R4^R5_^lt6^R7 

GENERAL    THEORY    OF    EQUATIONS. 
Article  396. 

Note. — Although  the  Synthetic  Method  of  Division  is  not  explained 
till  Art.  409,  page  366,  yet  we  shall  employ  it,  instead  of  the  com- 
mon method,  on  account  of  its  conciseness.  The  Teacher  who  pre- 
fers to  use  the  Synthetic  method,  can  require  his  pupils  to  study 
Art.  409,  before  commencing  the  theory  of  equations. 

(1)  1-114-23-1-35  |— 1,  since  ar-f-l  is  the  divisor 

—  1+12—35 
1_1 2-1-35+0' 
Ans.  .r2_12a;4  35— 0. 

(2)  1—9+26—24  1+3,  since  x—3  is  the  divisor. 

+3—18+24 
1_6+  8+0 
...  a;2_6j;_^8^0;   whence  (Art.  231),  x=4  or  2. 

(3)  1+2—41—42+360  |+3,  since  x—3  is  a  divisor. 

4-3+15—  78—360 
1+5 — 26 — 120+0     I — 4,  since  x+4  is  a  divisor. 

—4—  4+120 
l+l_30+0~ 
.-.  x2+x— 30=0,  and  (Art.  231),  x=5,  or  --«. 

Article  398. 

(2)  x=  2,  .-.  X— 2-^0, 
x=  3,  .'.  X— 3=0,» 
x=— 6,  .-.  x+5=0. 
.-.  (a;— 2)(a;-  3)(a;+5)=x3— 18a;+30=0. 
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«=     0,  . 

..  a:— 0=0, 

x=—l,  . 

•.  x+l=0, 

x=     2,  . 

•.  »— 2=0, 

x=—o,  . 

•.  a; +5=0. 

(3) 


. . .  (x— 0)  (a;+l )  {x—2)  (a;+5)  =ar* -j-4x^—7x-—10x—O 

(4)  x=l  +  ^2,  .-.  X— 1  -/2=0, 
a;=l— 1/2,  .-.  a;— 1+^^2=0, 
a;=2+/3,  .-.  a;— 2-/3=0, 
a;=2— 1/3,  .-.  a;— 2+/ 3=0. 

.  • .  (x-l— |/2)(a^l+v/2)(a^2— v/3)(x— 2-f  i/?) 
={x^—2x—l )  (a;^— 4a;+l)=a;'— 6x34-8a;2-(-2a^— 1=0. 

(5)  It  has  been  shown,  Art.  398,  that  the  coefficient  of  the 
fourth  term  is  equal  to  the  sum  of  the  products  of  all  the 
roots  taken  three  and  three  with  their  signs  changed. 
The  roots  with  their  signs  changed  are  +2,  +1,  — 1,  — 3, 
— 4,  and  the  sum  of  their  products  taken  three  and  three 
is  (2xlX-l)  +  (2XlX-3)+(2xlX-4) 
+(2x-lX— 3)+(2X— lX-4)+(2x-3X-4) 
+(lX-lX-3)+(lX-lX-4)  +  (lX-3X-4) 

+(— IX— 3X— 4)  =  — a-6— 8+6+8+24+3-1-4+12— 12 
=29;  and  since  X^  appears  in  the  first  term,  2^x-  is  the 
fourth  term. 


Article  400. 

(1)  Since  x^-\-3x- — lOx — 24=0,  is  the  same  as  x^ — 3x2— lOx 
+24=:0,  with  the  signs  of  the  alternate  terms  changed, 
and  since  the  roots  of  the  latter  are  2,  — 3,  and  4,  there- 
fore (Art.  400),  the  roots  of  the  former  are  — 2,  +3,  — 4. 


Article  401. 

(1)  Dividing  the  given  equation  by  x+6=a: — ( — 6),  the  quo- 
tient is  X' — 6x+10=0,  of  which  the  roots  are  3+/^, 
and  3 — y' — 1. 

(2)  Since  one  root  is  2 — y/W,  therefore  (Art.  401,  Cor.  1), 
2+|/3,  is  another  root. 
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(x—2-i;-y'3)'X—2—y,^3)z=x'—4x-\-l,    and    dividing    the 
given  equation  by  this,  the  quotient  is  X~S;  hence, 

a:— 3=D,  anrl  a;=+3. 

(3)  Since  —  J  (S-f-j/ — 3f)  is  one  root  of  the  given  equation; 
therefore  (Art.  401),  — 1(3— /^^^)  is  another  root. 
[z+^(3+ j/^^]  [X  +  |(3-/=3r)]=x^-l-a;(3) 

+  i[9— (— 31)]^a;2-l-8a;  +  10,    and    dividing    the    given 
equation  by  this,  the  quotient  is  X- — 3x — 4;  hence, 

X- — 3a; — 4=0,  and  x=4  or  — 1. 

(4)  Since  -{-\/2  is  one  root  of  the  given  equation;  therefore, 
(Art.  410,  Cor.  2),  — 1/2  is  another  root,  and  three  of  the 
binomial  factors  of  the  given  equation  are 

{x~-y'2)  (x-j-  /I)  {x—3)  =x^—3x^—2x+6. 

Dividing  the  given  equation  by  this,  the  quotient  is  X^ — 7x 
-flO;  hence,  X- — 7x-|-10=0;   from  which  a:^2,  and  5. 


Article  403. 

(2)  If  we  substitute  5  for  X  in  the  equation  X^ — 5x- — a;-(-l=0, 
we  have  — 4=:0,  and  if  we  substitute  6  for  X,  we  have 
-f31=iO;  and  since  tlie  results  have  contrary  signs,  one 
root  lies  between  5  and  6,  tliat  is,  5  is  the  first  figure  of 
one  of  the  roots. 


TRANSFORMATION    OF    EQUATIONS. 
Article  405. 

(2)  Here,  ar' -(-7x2—4x4-3=0;   lot  x=^/:  then, 

^4-  '•'^^  —  ^•'^-1-3=0;    multiply  by  81,   to  clear  of    frac- 
81        9      .    3  ^  ^^     ^ 

tions,  ;/'-|-63?/2— lOS//  f  243=0. 

(3)  Here,  x'-|-2x3— 7x— 1=0;    let  x=-i;   then, 

6 
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-*_  4-  jL_  —  JL — 1=0;  clearing  of  fractions, 
625      125       5 

2/1 +10^/3— 875v— 625=0. 

(4)  Hoie,  X'— 3a;24-4x  i-10=0j  letx=2y;  then, 
8^/3— 12j/2+8^+10=0;  dividing  by  2, 
42/3— 67/2+43/+ 5=0. 

(5)  Here,  x3—2a:2+ia;— 10=0;  let  a;=^y;  then, 
^  — -^+J2/— 10=0;  clearing  of  fractions, 
j/3_6^2_j.3y_270=0. 


Article  407. 

(1)  Here,  a?'— 7a;+7=0;  let  3/=a;— 1 ;  then,  a;=2/+l. 
...  (2/+l)3_7(2/+l)+7=0,  or  7/3_^32/2_42,^i^_ 

(2)  Here,  a;<—3T3_i5a;2+49a;— 12=0;  let?/=a;    3;  then, 
x=2/+3;  .-.  (2/+3)'-3(?/+3)3-15(y+3)2+49(i/+3) 
— 12=0;  or,  by  developing  and  reducing, 
2/'+9»/3+12?/2_i42/=0. 

(3)  Here,  a^^— 6x2+8x— 2=0,  and  x=?/+2. 

...  (2/+2)3_6(y+2)2+8(?/+2)-2=0,  or  reducing, 
y3_4y_2=0. 


Article  410. 

(4)     Let2/=a; — 3;  then,  it  is  required  to  divide  the  given  equa. 
tion,  and  the  successive  quotients,  by  X — 3. 

1     ±0     — 27     — 36     (+3,  since  the  divisor  is  X — 3, 
+3+9    —54 

+3     —18    —90  .-.  —90=  1"  R 

+3    +18 

+6+0  .-.  0=  2-'  R. 
+3 

+9  .-.  +9=  S-*  R.     Am.,  y'^\.^'*—^=SS. 
Yij.  16. 


186 


(5)     1 
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—18    —  32     +     17     +       9   (-f-5,  since  the  divisor 
4-5     _  65    —  485    —2340  is  x—d, 

_13     _  97     _  4U8    —2331  .-.  —2331=  1"  R. 

4-  5    _  40    —  685 

_  8    —137    —1153  .-.  —1153=  2''  R. 
+  5—15 

—  3    —152  .-.  —152=  3''  R. 

±1 

4-  2  .-.  +2=  4'A  R. 

A?is.,  2/'+2^3_i52^2_ii53^_233i=:0. 


(6)     We  shall  first  diminish  the  roots  by  1,  then  by  .2,  indicat- 
ing the  remainders  after  each  transformation  by  stars. 


—6 

+7.4 

+  7.92 

-17.872 

—  .79232  (+1.2 

+1 

—5 

+274 

+  2.4 
+10.32 

+10.32 
—  7.552 

—7.552 

—5 

— 8.34432« 

+1 

—4 
—1.6 

—  1.6 

+  8.72 
+  l.KiS* 

+  .34432 

—4 

+  8.72 

—8* 

±1 

—S 

—  4.6 

+     .5536 

—3 

—4.6 

+  4.12* 

+  1.7216 

+1 
o 

2 

— 6.6» 

—  1.352 
^-  2.768 

+     .2784 
+  2.0000* 

+1 

—  .16 

—  1.376 

— 1* 

— 6J6 

+  1.892 

+.2 

—  .12 

—  1.392 
+  0.000* 

—.8 

—6.88 

+.2 
—.6 

—  .08 
—6.96 

+.2 
—.4 

-  .04 

— 7» 

+  ■2 

2 

+.2 

0* 


Arts.,  ?/S_7^.i_|_2y__8=U. 


(7)     Here,  A=— 8,  n=3,  .-.  r=2;  hence,  x=y+2, 
or  2/=a;— 2. 
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1     — 6         -\-7         — 2     (+2,  since  the  divisor  is  X — 2. 
+2        —8        —2 

—4        —1         — 4  .-.  —4^  l'<  li. 

+2        —4 

—2        — 5  .-.  — 5^  2'' R. 

0  .-.O^^'S"  K.     A?is.,  y-'—5y—i=0. 

(8)     Here,  A=— 6,  n=3,  .-.  r=2; 
hence,  x^=^+2,  or  i/—X — 2. 
1     — 6         +12       +19    (+2,  since  the  divisor  is  X — 2. 


+27=  l"  R. 


+2 

—4 

+  2 

—8         +  S 

+4        +27.-. 
—4 

-2 

0  .  • .  0=  2''  R. 

±2 

0  .• 

.  0=3<'R.     An3., 

(9)     Here,  A=— 6,  B=+9,  n=3, 

in()^— l)r2+(n— l)Ar-|B=3(2)r2+(2)X— 6r+9=0, 

or  r^ — 47'+3=0;  whence,  r=3,  or  1; 

hence,  a;=?/+3,  or  2/+1,  and  »/  r  x — 3,  or  x — 1. 

1     —6        +9        —20  (+3,  since  the  divisor  is  X— 3 


Or  1 


±? 

—9 

+  y 

—3 

0 

—20 

0 

+3 

+3 

U 
0 

Ana., 

2/H3z/2-20=0. 

—6 

±1 

+9 

r; 

— 20  ^+1,  since  the  divisor  is  X — 1, 

—5 

+  4 

—16 

±1 
—4 

+1 

—4 
0 

—3 

Ans.,  ip—3tf—lG=0. 

(10)     Here,  A=— 4,  B=5,  n^3. 

jn(n— l)r2+(7i— l)Ar+13=3r2— 8r+5=0,  and  r=J  or  1 
hence,  a:=3/+J,  or  y+l,  and  y=x—l,  or  X — 1. 
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1     — 4         -{5  — 2     (+f,  since  the  divisor  is  x — J. 

+f        -V         -H?,  or  1     -4     +5     -2     (+1 

-i        +V        -A  ±1    ±?    ±? 

-H        -V  _3     +2        0 

-JO  tl    ±? 

±1  -2        0 

+1  +1 

Ans.,  9f'^y^-^=0.  —1 

Ans.,  y^—y^=^. 


EQUAL    ROOTS. 

Article  414. 

(2)  Here,  a:3— 2.r2-15a;-|-3G=0, 

2>x~ — 4x — 15=  I'''  derived  polynomial,  and  the  Q.  C  D.  of 
this  and  the  given  equation  (Art.  108),  is  Z — 3;  hence. 
X — 3^=0,  and  x^-\-Z\  therefore,  -|-3  and  -(-3  are  two  roots 
of  the  given  equation. 
Dividing  the  given  equation  by  {x — 3)(x — 3),  the  quotient  ^s 
r+4;  hence,  a;+4=0,  and  X— — 4. 

(3)  Here,  x'— 9a;-+4a;+12^0. 

4a;3 — 18a;-|-4=:  1*'  derived  polynomial,  and  the  G.  C.  D.  of 
this  and  the  given  equation  is  X — 2;  hence,  a;— -i-2,  and 
+2.  Dividing  the  given  equation  by  [x — 2) (a: — 2),  the 
quotient  is  x--\-4x — 3;  hence,  x--\-4x — 3=0,  from  which 
we  find  X=z — 1,  and  — 3. 

(4)  Here,  x*—6x^+l2x-—H)x+3=0. 

Aafl — 18a;- -(-24a: — 10=  1"  derived  polynomial,  and  the  G 
C.  D.  of  this  and  the  given  equation  is  Z-' — 2a; -{-1;  but 
X- — 2x-f  l  =  (x — 1)2;  therefore,  the  given  equation  has 
three  roots,  each  equal  to  1. 
Dividing  the  given  equation  by  {X — l)(a; — l)(x — 1),  the  quotient 
is  X — 3 ;  hence,  x— 3=0,  and  x    3. 

The  operation  of  dividing  by  X — 1  sliould  be  performed  by  eyx 
Ibetic  division  on  account  of  its  brevity:  thiw. 
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1     _6        4-12        —10        +3     (+1 
4-1        _  5        +7        —3 

Zi        +7        —  3  0 

±1  ■  zii    ±1 

—4+3  0 

—3  0  Quotient  =X — 3. 

(5)  Here,  x^—73fi-j-dx^^-27x—bi=0. 

43fi — 21a;2-j-18x-|-27=  the  first  derived  polynomial,  and 
the  G.  C.  D.  of  this  and  the  given  equation  is  x- — 6a:-)-0; 
but  a;2 — 6a;-j-9;=::(a; — 3j-;  therefore,  the  equation  lias  three 
roots,  each  equal  to  3, 

Dividing  the  given  equation  by  {X — 3)(x— 3)(z — 3),  the  quotient 
is  x-\-2;  hence,  a;-i-2=0,  and  a;= — 2. 

(6)  Here,  a;'-|-2.T-— 3x-'— 4a;4-4=0. 

4a;3-|-6x" — 6x— 4=  l"  derived  polynomial,  and  the  G.  C.  D. 
of  this  and  the  given  equation  is  x--\-X — 2^{x-\-2){x — 1); 
therefore,  the  equation  contains  two  factors  of  the  form 
X-\-2,  and  of  the  form  z — 1;  hence,  the  four  roots  are  — 2, 
-2,  +1,  +1- 
If  the  learner  does  not  readily  see  that  x--\-x — 2=(x-|-2)(i— 1), 
let  him  place  it  equal  to  zero,  and  find  the  roots. 

(7)  Here,  x<— 12x3-1-50x2— 84a;+49=:0. 

4x^ — 36.i;2-|-100x — 84=  l'<  derived  polynomial,  and  the 
G.  C.  D.  of  this  and  the  given  equation  is  X- — 6x-l-7. 

Placing  this  equal  to  zero,  we  find  its  roots  are  3-|-^X 
and  3 — y/I^  that  is,  x-— Gx-}-7=(x— 3 — y/'2){x-^^-y/'2)\ 
hence,  the  four  binomial  factors  of  the  given  equation  are 
(X— 3— y'2)(x— 3— i/2)(x— 3+,  2](x— 3+V/2),  and  the 
four  roots  are  3+|/"2,  '6-\-^/%  3— y-^  3— y  2. 

(8)  Here,  x''— 2x'-|-3x''— 7x-+Sx— 3=^0. 

5x' — Sx^-fOx- — 14x-|-8=  1*'  derived  polynomial,  and  the 
0.  C.  D.  of  this  and  the  given  equation  is  X- — 2z-|-l 
=(X — 1)2;  therefore,  the  equatioa  has  three  roots,  each 
equal  to  -f  !• 
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Dividing  the  given  equation  by  {x — 1){X — l){x — 1),  lbs 
quotient  is  x^+x-\-S;  thus, 


1  —2 

+3 

— 7 

+8 

-^  (+1 

+1 

—1 

+-^ 

—5 

+3- 

—1 

+2 

—5 

+3 

0=  1''  R. 

+1 

+0 

+2 

—3 

0 

+2 

—3 

0= 

12"^ 

+1 

+1 

+3 

+1 

+3 

0= 

:  3''  R. 

.-.  x2-(-a;-|-3=0,  from  which  x=— ^±^/— 11. 

As  learners  sometimes  experience  difficulty  in  finding  the  G.  C.  D. 
in  this  example,  we  will  here  give  the  operation. 

Multiplying  the  given  eq.  by  5,  the  operation  is  as  follows: 

5x^—l0x^+l5x^—3ox'^+40x—15     \5x*—8x^+9x^—lAx-\-8 
5x^—  8x*^-  9x^—Ux-+  Sx  {x—2 

—  2x'+  6x^—  21.r-'-f  32x— 15 

— 10a;'+30a;3— 105.r2+16().-c— 75  Multiply  the  first 

—lOar' 4-16x3—  I8a;2_|_  28aj— 16  divisor  by  14. 

4.14x3—  87x2+132x11159 

70x'— 112x3+126x2— 196X+112     |14x3— 87x2+132x-59 
70ar<— 435x3+660x2— 295x  (5x+323" 

+323x^^534x2+  90x+l  1 2 
X  by  14,     4522x^— 7476.r2  :  13S6X+1.568 

4522x3— 28101x2+42636x— 19057 
20625x2—41 250xT20625, 
or  20625(x2— 2x+l). 

x2— 2x  (-1  will  bo  found  to  divide  14x3 — 87x2+132r — 60 
and  it  is  therefore  the  G.  C.  D.  required. 

(9)     Here,  x«+3x''— 6x'  -  6x3  i-9x2+3x— 4=0. 

6.t''4  15.r' — 24x3 — 18.t2j  18x+3=  1"'  derived  polynomial. 
30x'  +  60.r3— 72x'-~36x+18=  2'  derived  polynomial. 

We  find  the  0.  C.  D.  of  (lie  given  oq\i;ition  and  the  first  derired 
polynomial  is  a^— X» — X+l;  if  "c  put  this  equal  to  tero,  it  la 
easily  seen  Ihnt  xl;  then,  dividing  hy  X- 1,  the  quotient  is 
X^—1,  of  which  the  factors  are  X-J  1  and  X — 1;  hence,  x*— x'— « 
+1  =  (X— il(x— l)(x+l)— (.T— l)2(x+l):  therefore,  the  given 
equation  contains  x — I  us  a  factor  three  times,  and  x-|-l  nr<  a  factor 
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twice;  hence,  three  roots  of  the  equation  are  -{-1,  -|-1,  +1,  anrl  two 
roots  —1,  — 1. 

Dividing  the  given  equation  by  (X — l)^{X-\-l)-,  the  quotient  is 
X-\-4:  hence,  a;-f4=0,  and  x= — 4. 

Otherwise  thus: 

After  finding  the  G.  C.  D.  of  the  given  equation,  and  its  first 
derived  polj'nomial,  we  may  proceed  to  find  the  G.  C.  D.  of  the  1»' 
and  2''  derived  polynomials,  which  is  X—1;  hence,  since  the  2'' 
derived  polynomial  contains  X — 1  as  a  factor  once,  the  1"  derived 
polynomial  must  contain  it  as  a  factor  twice,  and  the  given  equa- 
tion three  times. 

Also,  by  dividing  x^ — x^ — x-\-l  by  {X — 1)^,  the  quotient  is  ar-f-l, 
which  is  therefore  contained  twice  as  a  factor  in  the  given  equa- 
tion. The  operation  of  finding  the  G.  C.  D.  of  the  1*'  and  2'*  derived 
polynomials  is  quite  tedious,  but  it  enables  us  to  determine  that 
X — 1  is  a  factor  of  x^ — x- — x^l,  without  solving  an  equation  of 
the  third  degree,  the  method  of  doing  which  has  not  yet  been 
explained. 
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Article  427. 

(3)  Here,  X  =  x^—2x-—X+2,  and  (Art.  411), 
Xi=3x-— 4.1-— 1. 
Multiplying  X  b}'  3,  to  romler  the  first  term  divisible  by  the  first 
term  of  Xj  and  proceeding  according  to  Art.  108,  we  have  for  a 
remainder  — 14a;-|-lG.  Canceling  the  factor  -|-2,  and  changing  the 
signs  (Art.  420),  we  have  X2=+7a;— 8.  Multiplying  X^  by  7  to 
render  the  first  term  divisible  by  the  first  term  of  Xj,  and  proceed- 
ing as  before,  the  remainder  is  — 81;  hence,  Xjr^-j-Sl,  and  the 
aeries  of  functions  is 

X  ==  x^-2x^--x+2 
X,  =3x2— 4.1;  _] 
X,=7x— 8 


X3=+81 
X 

x. 

X, 

X. 

For  X^= — oc  the  signs  are  — 

-r 

+,  8  var.  . 

•.  k  =3, 

X=-|-oc  the  signs  are  -|- 

+ 

+ 

-f,  0  var.   . 

•.  k'=0. 

Therefore,  k — k'=:2— 1=1,  the  number  of  real  roots. 
.By  substituting  the  whole  numbers  from  — 2  to  -j-3,  we  find  the 
roots  are  — 1,  4  1.  and  -(  2. 
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(4)  Here,  X  =  8a;3~36a;^-4-46x— 15,  and  (Art.  411), 

X,=2Ax2—72x  +46,  (or  12a:^— 36a;+23). 

Multiplying  X  by  3,  and  dividing  by  X^,  the  first  remainder 
is  — 36x--|-92a; — 46;  multiplying  this  by  2,  and  continuing  the 
division,  the  remainder  is  — 32a; -(- 48^16 ( — 2x-{-3);  hence,  Xj 
■=^2x — J.  Dividing  X^  by  Xj  the  remainder  is  — 8;  hence,  Xj= 
-j-8,  and  the  series  of  functions  is 

X  =  8x"-—S6x--\-'ii3X—lb 
Xi=24a;-— 72j;  +46 
Xj,=  2x  -3 
X3=+8. 

For  a;=  —  oc  the  signs  are 1 1-,  3  var.  .•.  k  =3, 

x=^-\-oc  the  signs  are  -| — | — | — [-,  0  var.  .-.  k'=0. 
Therefore,  k — k'=3 — 0=3,  the  number  of  real  roots. 
By  substituting  the  whole  numbers,  from  0  to  3,  we  find  that 
one  variation  is  lost  in  passing  from  0  to  1,  one  from  1  to  2,  and 
one  from  2  to  3. 

(5)  Here,  X  =  x^—Sx'^ — 4x  ^H,  and  (Art.  411), 

Xi=3a;2— 6a;  —4. 

Multiplying  X  by  3,  and  dividing  by  Xj,  the  remaina,  is  — 14a; 
+29;  hence,  X.^=14.r— 29.  Multiplying  X^  by  14,  and  v  ''iding 
by  X^,  the  first  remainder  is  +3x— 56,  multiplying  this  by  1\  ■>nd 
continuing  the  division,  the  remainder  is  — 697;  hence,  X3=+b».*7', 
and  the  series  of  functions  is 

X  =    a;3— 3x-— 4x+ll 
Xi=  3a;2— 6x  —4 
X2=14x  —29 
X3=+697. 

For  x= — oc  the  signs  are 1 1-,  3  var.  ••.  k  =3, 

a;^  +  oc  the  signs  are  -| — | — | — [-,  0  var.  .•.  k'^O. 
Therefore,  k — k^r=3 — 0^3,  the  number  of  real  roots. 
By  substituting  the  whole  numbers  from  — 2  to  -|-4,  wc  find  that 
one  variation  is  lost  in  passing  from  — 2  to  — 1,  one  from  +1  to 
+  2,  and  one  from  +3  to  +4. 

(6)  Here,  X=:X^—2x—5,  and  X,=3a;2-_2. 

Multijilying  X  by  3,  and  dividing  by  Xj,  the  remainder  is  — 4x 
—16;  hence,  Xj=4x+lo.     Multiplying  X,  by  4,  and  dividing  by 
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Xj,  the  first  remainder  is  — 4ox — 8;  multiplying  this  by  4,  and 
continuing  the  division,  the  remainder  is  -[-643;  hence,  Xj,= — 64."^ 
and  the  series  of  functions  is 

X  =  x^—2z—5 

X  1=3x2— 2 

X,=4a;+15 

X3= — 643. 

For  X=  —  Qc  the  signs  are 1 ,2  var.   .-.  k  =2, 

X=+oc  the  signs  are  -\ — j — | ,  1  var.  .-.  k''=:l. 

Therefore,  k — k''=2 — 1=1,  the  number  of  real  roots. 

We  also  find  that  one  variation  is  lost  in  passing  from  2  to  3; 
therefore,  the  root  lies  between  2  and  3. 

(7)  Here,  X=a;3— 15a^22,  and  X,  =3x2— 15,  or  x2— 5. 

Dividing  X  by  Xi=x2 — 5,  the  remainder  is  — lOx  —  22=2 
( — 5x — 11);  hence,  X2=  +  5x  +  ll.  Multiplying  X,  by  5,  and 
dividing  by  Xj,  the  first  remainder  is  — llx — 25;  multiplying 
this  by  5,  and  continuing  the  division,  the  remainder  is  — 4; 
hence,  X3=-(-4,  and  the  series  of  functions  is 

X  =  x''— lox— 22 
Xi=  x2__5 
X2=6x  +11 

For  x=:  —  oc  the  signs  are 1 [-,  3  var.  .•.  k  =3, 

X^  +  oc  the  signs  are  -| — | — [-  +i  0  ^■"^'■-  •*•  k''=K). 
Therefore,  k — k''=3— 0^3,  the  number  of  real  roots. 

By  substituting  the  whole  numbers  from  — 3  to  -f  5,  we  find  that 
two  variations  are  lost  from  — 3  to  — 2,  and  one  from  -f-4  to  f  6; 
we  also  find  that  — 2  is  a  root.  For  x=i; — 2^  there  are  three  varia- 
tions, and  for  x= — 2\  there  are  two  variations;  hence,  one  root 
lies  between  — 2J  and  — 2i. 

(8)  Here,  X=x' — lx3-_3x  ^-23.  and  X ,  =4x^—12x2— 3. 

Multiplying  X  by  4,  and  dividing  by  X,,  the  remainder  is — 12x* 
— 9X-I-89;  hence,  Xj=4-12x2+9x— 89.  Multiplying  Xj  by  3.  and 
dividing  by  X^,  the  first  remainder  is  — 4ox2-(-89x — 9;  multiply- 
ing this  by  4,  and  continuing  the  division,  the  remainder  is  -|-491.T 
—1371;  hence,  X3  =  — 491x  f  1371.  Multiplying  Xj  by  4i)l,  and 
dividing  by  Xg,  the  first  remainder  is  20871x— 43699,  multiply- 
Ky.  17. 
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ing  this  by  491,  and  continuing  the  division,   the   remainder  is 
4-7157932;  hence,  X^^^^ — 7157932,  and  the  series  of  functions  is 
X  =    x'~  4a;3_3x+23 
Xi=  4x-'— 12x-— 3 
X2=12x-+  9x— 89 
X3=— 491a;+1371 
X^=— 7157932. 

For  X^  —  oc  the  signs  are  -j \-  -\ ,3  var.  .•.  k  =3, 

X^  +  Qc  the  signs  are  -] — | — | ,  1  var.  .•.  k''=l. 

Therefore,  k — k'=3 — 1=2,  the  number  of  real  roots. 
By  substituting  the  whole  numbers  from  1  to  4,  we  find  that  one 
variation  is  lost  in  passing  from  2  to  3,  and  one  from  3  to  4. 

(9)  Here,  X^a:'— 2x3— 7x2+1  Ox+ 10,  and  Xi=4«3__6z» 
— 14X+10,  or  2x3— 3x2— 7x+5. 
Multiplying  X  by  2,  and  dividing  by  Xj,  the  first  remainder 
18 — ^x3 — 7x2-|-15x-|-20;  multiplying  this  by  2,  and  continuing  the 
division,  the  remainder  is  — 17x2-|-23x-(-45;  hence,  X^^^llz- — 23x 
— 45.  Multiplying  Xj  by  17,  and  dividing  by  X^,  the  first  remain- 
der is  — 5x' — 29x-(-85,  multiplying  tiiis  by  17,  and  continuing  the 
division,  the  remainder  is  — 608x-(- 1220=4  ( — 152x-|-305) ;  hence, 
X3=152x— 305.  Multiplying  Xg  by  162,  and  dividing  by  X„  the 
first  remainder  is  1689x — 0840,  multiplying  this  by  162,  and  contin- 
uing the  division,  the  remainder  is  — 524535;  hence,  X4=--|- 524535, 
and  the  series  of  functions  is 

X  =    x'— 2x''— 7x2-f-10x+10 
Xi=  2x-— 3x2— 7x  4-5 
X2=17x2— 2.3X— 45 
X,=152x— 305 
X^ =4-524535. 

For  X=  —  oc  the  signs  are  -j 1 f-,  4  var.  .-.  k  =4, 

X;=-|-oc  the  signs  are  +  -|-  4"  H — hi  ^  var.  .-.  k'=0. 
Therefore,  k — k''=4 — 0=r4,  the  number  of  real  roots. 
We  also  find  that  one  variation  is  lost  in  passing  from — 3  to — 2, 
one  in  passing  from  — 1  to  0,  and  two  in  passing  from  -j-2  to  4-3. 

(10)     Here,  X=x'*— 10x346x4-1,  and  X,=5x'— 30x2+6. 

^lultiplying  X  l)y  5,  and  dividing  by  Xj,  the  remainder  is 
— 20x3h24x+6;  hence,  X,=20x'— 24x— 5.  Multiplying  X,  by 
4.  and  dividing  by  Xj,  the  remninder  is  — 96x2+5x424;  hence, 
X,=98x2— 5x— 24.     Multiplying  X,  by  24,  and  dividing  by  X,, 
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the  first  remainder  is  25a;2 — io6x — 120;  multiplying  this  by  96, 
and  continuing  the  division,  the  remainder  is  -43651a; — 10920; 
hence,  X4=43651a;+ 10920.  Multiplying  X,  by  43651;  and  divid- 
ing by  X^,  the  first  remainder  is  — 1266575X — 1047624;  multiply- 
ing this  by  43651,  and  continuing  the  division,  the  remainder  ia 
— 13726242U3024 ;  hence,  X5=+1372624203024.  It  is  not  neces- 
sary, however,  to  obtain  any  thing  more  than  the  sign  of  the  last 
function.     The  series  of  functions  is 

X  =    a;''— 10a;-+6x-i-l 

X,=  ox*— 30x^+6 

X2=20a;^— 24.r  —5 

X3=96x2— 5x— 24 

X^=43651x+ 10920 

For  x=: — oc  the  signs  are 1 1 1-,  5  var.  .•.  k  =:6, 

X^-j-oc  the  signs  are  +  -| — | — [-  +  +>  0  ^^^-  •'■  k'=0. 
Therefore,  k — k':=5 — 0=5,  the  number  of  real  roots. 
By  substituting  the  whole  numbers   from  — 4  to  -|-4,  we  find 
that  one  variation  is  lost  in  passing  from  — 4  to  — 3,  two  in  pass- 
ing from  — 1  to  0,  one  in  passing  from  0  to  1,  and  one  in  passing 
from  3  to  4. 


RESOLUTION    OF    NUMERICAL 
EQUATIONS. 

RATIONAL    ROOTS 

Article  429. 

(2)     Here,  0C?—7x^-\-SG=O.     -j-1  and  —1  are  not  roots. 
Limit  of  positive  roots  ^l4-7=:8. 

Changing  the  signs  of  the  alternate  terms  (Art.  418),  the 
equation  becomes  x^--\-7x-±0x — 36^0. 
Therefore,  limit  of  negative  roots  = — {l-f-^36),  or  ^-5. 
Last  term  -)-36. 


Divisors,  .     . 

.    +6,  +4,  +  3,  +  2,  -  2,  -  3,  -4. 

Quotients,     . 

.     -f6,  +9,  +12,  -1-18,  -18,  —12,  —9. 

AddO,.     .     . 

.     +6,  +9,  +12,  +18,  -18,  -12,  -9. 

Quotients, 

.     +1,      *,  +  4,  +  9,  +  9,  +  4,      •. 

Add  —7,  ,     . 

.    -6,           _  8,  +  2,  +  2,  -  8. 

Quotients, 

.    -1,           _  1,  +  1,  _  1,  +  1. 

Add  +1,  .     . 

.        0,                0,  +  2,        0,  +  2. 

Hence,  the  roots  are  +6,  +3,  and  — 2. 
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(3)     Here,  a;3— 6*2-1-1  Ix— 6=0.  nn.l  -l-l  is  found  to  be  a  root 

Limit  of  positive  roots  =l-|-(j^7. 

Limit  of  negative  roots  =0,  since,  when  the  signs  of  the  alter- 

naiL'  terras  are  changeiJ,  sill  the  terms  are  positive;  therefore,  this 

equation  has  no  positive  root,  and  therefore  llie  given  equation  has 

no  negative  root  (Art.  402). 

Last  term  — 6 


Divisors,  . 
Quotients, 
Add  -^11, 
Quotients, 
Add  —6,  . 
Quotients, 
Add  +1,  . 


+  6,  +3,  +2. 

-  1.  —2,   -3. 

-f  10,  -^9,  -f-8. 

*,  +3,  +4. 

-^,-2. 

-1,  -1. 

0,      0. 


Hence,  the  roots  are  -\-3,  -f-2,  and  1. 


(4)     Here,  3:^-\-X^ — 4x — 4=0,  and  — 1  is  found  to  be  a  root. 
Limit  of  positive  roots  l-|-j/4:=3. 
Limit  of  negative  roots  — (l-|-4)  =  — 5. 
Last  term  — 4. 


Divisors, 
Quotients, 
Add  —4, 
Quotients, 
Add  +1, 
Quotients, 
Add  +1, 


+2,  -2,  -4. 
-2,  +2,  +1.     . 
-6,  -2,  -3. 
-3,  +1,      *. 
-2,  +2. 

— ],  — 1.  Therefore,  the  roots 

0,       0.  are  4-2,  —2,  —1. 


(5)  Here,  ar' — Sx^ — 46x — 72=0,  and  -f  1  and  — 1  are  not  roots. 
Limit  of  positive  roots  72,  of  negative  roots  — (l-)-v/46), 
or  —S. 

Last  term  — 72. 
Divisors, 

+72,    f36,  +24,  +18,  :  12,   +  9,  +  8,  +  6,  +  4.  +  3,  +  2, 

-2,-3,-4,-6.  -  8. 

Quotients, 

—  1,  —  2,  —  3,  —  4,  -  6,  —  8,  —  9,  —12.  -IS,  -24,  —SO, 

+S0,    I  24,  +18,  +12,  +  0. 

Add  —46, 

_47,  _4tJ,  '—A9,  — oO,  —52,  —54,  —6.5,  —58,  —64,  —70,    -8:^ 

—10,  -»-22,   -28,  —Si,  —37. 
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Quotients, 

•          * 
)           1 

5:                         * 

6, 

»           • 
>            1 

-16, 

•,  -41. 

f  si 

-f-2, 

Add  —3, 

+  4, 
Quotients, 
-1, 

*                         * 
I                           I 

-9, 
-1, 

-19, 

—44. 

0, 

Add  +1, 
0, 

0, 

—a. 

Therefore,  the  roots  are  — 2,  — 4,  -|-9. 

(6)  Here,  z^ — 5z^ — lSj;-|-72^0,  and  +1  and  — 1  are  not  roots. 
Limit  of  positive  roots  1-|-18=19,  of  negative  roots  — 72. 
Last  terra  +^-- 

Divisors, 
+18,  +12,  +  9,  +  8,  +  6,  +  4,  +  3,  +  2,  -  2,  -  3, 
_  4,  —  6,  —  8,  —  9,  —12,  —18,  —24,  —36,  —72. 

Quotients, 
+  4,  +  6,  +  8,  +  9,  4-12,  +18,  +24,  +36,  —36,  -24, 
_18,  —12,  —  9,  —  8,  —  6,  —  4,  —  3,  —  2,  —  1. 

Add  —18, 
_H,  —12,  —10,  —9,-6,        0,  +  6,  +18,  —54,  —42, 
_S6,  —30,  —27,  —26,  —24,  —22,  —21,  —20,  —19. 
Quotients, 
*,  -  1,        %        ^  -  1,        0,  +  2,  +  9,  +27,  +14, 
+  9,  +  5,        %        %  +  2,        »,        ^        *,        •. 
Add  —5, 
♦,  -  6,        «,        «   -  6,  -  5,  -  3,  +  4,  +22,  +  9, 
+  4,        0,        *         %  -  3. 
Quotients, 
*,        *,        *,        *,  -  1,        *,-!,  +  2,  -11,  -  3, 
-1,        0,        *,        %        *. 
Add  +1, 
0,  +  1,  0,  0,  +  3,  -10,  -  2. 

Therefore,  +6,  +3,  and  — 4  arc  the  roots. 

(7)  Here,  ar'— 10x-''+3.5x2— 50a:+24=0,  and  +1  is  found  to  be 
one  of  the  roots  (Art.  429,  Cor.  1). 

Thv  limit  of  the  positive  roots  is  24,  and  since  when  wc  change 
the  signs  of  the  alternate  terms,  all  the  terms  are  positive,  this 
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equation  has  no  positive  roots  (Art.  402,  Cor.  1);   therefore,  the 
given  equaiion  has  no  negative  roots. 
Last  term  -f24. 


Divisors,  . 
Quotients,  . 
Add  —50,  . 
Quotients,  . 
Add  +35,  . 
Quotients,  . 
Add  —10,  . 
Quotients,  . 
Add  +1,  . 
Therefore 


+24,  -1-12,  +  8,  +  6,  +  4,  ^  3,  -f  2. 

+-  1,  +  2,  +  3,    ^-  4,  +  G,  +  8,  +12. 

_49,  —48,  —17,  — 4(i,  —44,  —42,  —38. 

*,  -  4,        •         »,  -11,  -14,  -19. 

-31,  +24,  +21,  +16. 

♦,  +  6,  +  7,  +  8. 

-4,-3,-2. 

-1,-1,-1. 

0,        0,        0 

+4,  +3,  +2,  and  +1,  are  the  roots. 


(8)  Here,  ar'+4x^ — x--  lOx — 12=^0,  and  —1  ifi  found  to  he  a 
root. 

Limit  of  positive  roots  1+  j/lG=5;  of  negative  roots 

-(l+4)=^5. 

Last  term  — 12 

Divisors, +  4,  +  3,  +  2,  —  2,  —  6,  —  4. 

Quotients,  .  .  .  .  —  3,  —  4,  —  6,  +  6,  +  4,  +  3. 
Add— 16,  .  .  .  .  —19,  -20,  —22,  —10,  -12,  —13. 
Quotients,     ....        *,         »,  —11,  +  5,  +  4,         *. 

Add  —1, —12,  +  4,  +  3. 

Quotients, —  6,  —  2,  —  1. 

Add  +4, -  2,  +  2,  +  3. 

Quotients, —  1,  —  1)  —  1- 

Add  +1, 0,        0,        0. 

Tlierefore,  +2,  —2,  — 3,  and  —1,  are  the  roots. 

(9)  Here,  x<— 4x3— 19a;2+46x+120=0,  and  +1  and  —1  are 
found  not  to  be  roots. 

Limit  of  the  positive  roots  1+19=20;   of  the  negative 
roots  — (l+|/i6),  or  —8. 
Last  term  +120. 

Divisors,      ~20,  +15,  +12,  +10,  +  8,  +6,  +  5,  +  4,  +  S, 

^.     2,-2,-3,-4,-5,-6,-8. 
Quotients,    +     6,  +  8,  +10,  +12,  +15,  +20,  +24,  +80,  +40, 

+  60,  -60,  —40,  —30,  —24,  —20,  —15. 

Add  4-46,    '+  52,  +64,  +50,  +.58,  +61,  +66,  +70,  +76,  +&?, 

+  106,  -14,  +  6,  +16,  +22,  +26,  +31. 
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Quotients,  •,         •  ♦,         *  *    +11,  +14,   +19,     •, 

^  53,  _|_  7,  _  2,  —  4,        *,        *,        ». 
Add  —19, —8,-5,        0, 

+  34,  —12,  —21,  —23. 
Quotients, *,  —  1,        0, 

+  17,  +  6,  +  7,        ♦. 
Add  —4,       _  5,  _  4, 

-  13,  +  2,  +  3. 

Quotients, —  1,  —  1, 

*   1    1 

,  J.,  X. 

Add  +1,       0,        0, 

0,        0. 
Therefore,  +5,  +4,  — 2,  and  — 3  are  the  roots. 


(10)     Here,  ar«+0a:3_27a:2+14x+120=0,  and  +1  and  —1  are 
not  roots. 

Limit  of  positive  roots  1  +  ^/27  or  7;  of  negative  roots 
—(1+27)  or  28. 
Last  term  +120. 

Divisors,        +  6,  +  5,  +  4,  +  3,  +  2,  —  2,  —  3,  —  4,  —  6, 

—  6,-8,  —10,  —12,  —15,  -20,  —24 
Quotients,     +20,  +24,  +30,  +40,  +60,  —60,  —40.  —30,  —24, 

—20,  —15,  —12,  —10,  —  8,-6,-5. 
Add  +14,     +34,  +38,  +44,  +54,  +74,  —46,  —26,  —16,  —10, 

-  6,  -  1,  +  2,  +  4,  +  0,  +  8,  +  9. 
Quotients,  *,        %  +11,  +18,  +37,  +23,        ♦,  +  4,  +  2, 

+  1,        *,        *,  *,        *,        *,        *. 

Add  —27, —16,  —  y,  +10,  —  4,             —23,  —25, 

—26. 

Quotients, —  4,  —  3,  +  5,  +  2,                  *.  +  6, 

Add  0 _  4,  —  3,  +  5,  +  2,  +6. 

Quotients, —1,-1,         *,  —  1,  —  1. 

Add +1, 0,        0,  0,  0. 

Therefore,  the  roots  are  +4,  +3,  — 2,  an  1    —5. 


(11)     Here,  ar»+x3—2'Jx'— 9a; +180=0,  and  +1  ind  —1  are  not 
roots. 

Limit  of  positive  roots,  l  +  )/20,  or  7;  of  negative  roots, 
—(1+29)=— 30. 
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Last  term 


+  180. 


Divisors,        +  6,  +  5,  +  4,  +  3,  +  2^ 

_  6,  —  9,  —10,  —12,  —15, 

Quotients,     +30,  +36,  +45,  +60,  +90 

—30,  —20,  —18,  —15,  —12, 

Add  —9,       +21,  +27,  +36,  +51,  +81 

_39,  —29,  —27,  —24,  -21 

Quotients,  *       •  *  +  9,  -rl7,        * 

»         »         *    4-  2         * 

Add  —29, —20,  —12, 


Quotients, 


-5,-4, 


Add  +1, +  4,  — 

Quotients, —  1,  — 

Add-}-l, 0, 

Therefore,  the  roots  are 


o 

■"1 

-3, 

-4, 

-s, 

—18, 

-20, 

—30. 

-90, 

-60, 

-45, 

-38, 

-10, 

-9, 

—  6. 

—99, 

—69, 

-54, 

--t5. 

-19, 

-18, 

—15. 

« 

+23, 

• 
1 

+  9, 

• 

* 

« 

-6, 

-20, 

+  2, 

+  4, 

+  3, 

+  5. 

—  1, 

—  1. 

0, 

0. 

3, 
1, 

0, 

-l4,  +3  —3,  and  —5. 


(12)     Here,  a?"* — 2x^ — 4a;+8=0,  and  +1  and  — 1  are  not  roots. 
Limit  of  positive  roots,  1+^/4=3;  of  negative  roots, 
-(l+4)=-5. 
Last  term  +8. 

Divisors, +2,  — 2 

Quotients, +4,  — 4 

Add  —4, 0,-8 

Quotients, 0,  +4 

Add  -2, —2,  +2 

Quotients, — 1,  — 1 

Add  +1, 0,       0 

.•.  +2  and  — 2  are  roots,  and  hy  dividing 
lion  by  {X — 2)(a;+2),  the  quotient  is  z — 2 


—6. 


the  given  equa- 
hence,  x — 2=0 


and  a;=+2; 
which  is  +2. 


the  equation  has  two  equal  roots,  each  of 


(13)     Here,  a;^+3a;- — 8x+10=0,  and  +1  and  — 1  are  not  roots 
Limit  of  positive  roots,  l  +  j/8,  or  4;  of  negative  roots, 
-(1+8)^-9. 
Last  term  +10. 

Di  v  isoniT^ +2,  —  2,-5. 

Quotients, +5,  —  6,  —  2. 
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Add  —8, —3,  —13,  —10. 

Quotients *  »,   +  2. 

Add  +3, +  5. 

Quotient, —  1. 

Add  -fl, 0. 

•  •.  — 5  is  a  root,  and  dividing  the  given  equation  by  X — 
( — 5)—X-\-5  tlie  quotient  is  X- — 2z-\-2;  hence,  X- — llr-|-2 
=0,  and  x=ld=-[/ — 1. 

(14)     Here,  re'— Oaj^+lTx^-f  27a;— 60=0,  and  +1  and  —1  are 
not  roots. 

Limit  of  positive  roots,  l-f-9=10;  of  negative  roots, 
— (l  +  ,?'27),  or —4. 
Last  term  — 60. 

Divisors,       +10,  -f-  5,  +  4,  -|-  3,  -f  2,  —  2,  —  3,  —  4. 

Quotients,     —  6,  —12,  —15,  —20,  —80,  +30,  +20,  +15. 

Add  +27,     +21,  +15,  +12,  +  7,-3,  +57,  +47,  +42. 

Quotients,  »,  +  3,  +  3,         'K,         «,         »,         *,         *, 

Add  +17,  .     .     .  +20,  +20. 

Quotients,  .     .     .  +  4,  +  5. 

Add  —9,    .     .     .  _  5,  —  4. 

Quotients,  .     .     .  —  1,  —  1. 
Add  +1,     .     .     .        0,         0. 

Therefore,  +5  and  +4  are  roots,  and  by  dividing  (he  given 
equation  by  {x — 5)(x — 4),  the  quotient  is  x-—o;  hence. 
X^=3,  and  x=^±:y^3;  .•.  the  four  roots  are  +5,  +4,  +v/3, 
— l/3. 


(15)     Here,  2x^—Sx^-{-2x—S=0. 

Let  x^Z,  then  the  transformed  equation  (.\ri.  405,  Cor) 
is  y^ — 3y-'_j_4y — 12=0,  and  +1  and  — 1  are  not  roots. 

Limit  of  positive  roofs,  l+3=;4,  and  since  when  the  signs  of  tL>.' 
altciiiate  terms  are  changed  (Art.  400)  all  the  terms  are  positive  ; 
tJjcrc tore,  the  given  equation  has  no  negative  roots. 
Last  term  — 12. 

Divisors,  .     '.     '.     '.     '.     '.     .  +4,  +3,  +2. 

Quotients, — 3,  — 4.  — 6. 

Add  +4, +1,       0.   -2. 

Quotients »,       0,  — I. 
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Add  —3, —3,-4. 

Quotients, —1,  —2. 

Add  -f-1, 0,-1. 

Therefore,  -j-3  is  a  root  of  the  transformed  equation,  and 
dividing  by  y — 3,  the  quotient  is  1/-+4;  hence,  y2_j_4__o^ 
and  y=±v/^^=±2/^l. 
Therefore,  y^-\-Z,  +2/^,  —2/^. 

(16)     Here,  3a;3_2a;2— 6a;-f  4=0. 

Let  X=^;  then,  the  transformed  equation  (Art.  405,  Cor.) 

is  2/3 — ^yi — 18y-[-36=0,  and  -f-1  and  — 1  are  not  roots. 
Limit  of  positive  roots,  1 -{-18^=19;  of  negative  roots, 
— (1  +  ^18),  or —6. 
Last  term  -|-36. 

Divisors, 
-1-18,  +12,  4-  9,  +  6,  -f  4,  -f  3,  -K  2,  -  2,  -  3,  -  4,  -  6. 

Quotients, 
-H  2,  +  3,    i-  4,  +  6,  +  9,  -f  12,  -f  18,  -18,  -12,  -9,-6. 

Add  —18, 
„.16,  _15,     -14,  —12,  —  9,-6,         0,   --36,  —30,  —27,  —24. 

Quotients, 
*,         *         »    -  2,        ♦,  -  2,        0,  -il8,  -f-lO,        *,  +  4. 
Add  -2,          .    .  -  4,            -4,-2,  +16,  +  8,  +2. 

Quotients,        .     .         *,                   »   _  1,  _  8,         »,  ♦. 

Add  +1,  0,-7. 

.  -.    f  2  is  a  root  of  the  transformed  equation,  and  dividing 
by  y — 2,  the  quotient  is  j/- — 18;    hence,  j/2_i8_o^  and 

y=±^V^. 

Therefore,  y=2,  +3/2;  —Z^/lu 


(17)     Here,  8x3— 26z2  I  Ilx-|-1Q=0. 

Let  x=M.\  then,  the  transforr 
8 

yS_26^2+88^f  640^0,  and  +1  and  —1  are  not  roots. 


Let  x=M.\  then,  the  transformed  equation  is 
8 
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Limit  of  positive  roots,  1+26=27;  of  negative  roots, 
—(1  +  ^640)",  or —10. 
Last  term  -l-^"^- 

Divisors,        +20,     +16,     +10,     +8,       +5;       +2^       ^       " 

—5,       —8,       —10. 
Quotients,     +32,     +40,     +64,     +80,     +128,  +320,  -^20, 

—128,  —80,     —64. 
Add  +88,     +120,  +128,  +152,  +168,  +216,  +408,  -23:; 

-40,    +8,      +24. 
Quotients,     +6,       +8,  »,       +21,        *,       +204,  —116, 

+8,      -1, 
Add— 26,     —20,    —18,  —6,  +178,-142, 

—18,    —27,        *. 
Quotients,     —1,  *  *,  +89,     +71, 

*  *. 

Add  +1,  0,  +90,     +72. 

Therefore,  +20  is  a  root  of  the  transformed  equation,  and 
by  dividing  by  x — 20,  the  quotient  is  ,y- — Gy — 32;  hence. 
2/2_6y_32=0,  and  2/=3d=i/4i. 
Therefore,  y=+20,  and  Si/il; 

a;=|  =  +|,  orK3±/4r). 

(18)    Here,  Gar"- 25a;3+26a:2+4a;— 8=0. 

Let  a;=^:  then,  the  transformed  equation  is 
6 

y4_ 25^+156^2+1447/— 1728=0,  and  +1  and  —1  ar« 

not  roots. 

Limit  of  positive  roots,  1+25^26;  of  negative  roots, 

— (l  +  fT44),  or  —7. 

Last  terra  —1728. 

Divisors,        +24,  +18,     +16,     +12,  +9;       +8^      ~+6, 

+4,  +3,       +2,      -2,  -3,      -4,      -6. 

Quotients,     —72,  —96,     —108,  —144,  —192,  —216,  —288, 

—432,  —676,  —864,  +864,  +576,  +432,  +288. 

Add  +144,    +72,  +48,     +36,        0,  —48,    —72,     -144, 

—288.  -432,  —720,  +1008,  +720,  +576,  +432. 

Quotients,     +3,  +2,          *           0.  -,      —9,       -24. 

—72,  —144,  —360,  —.504,  —240,  —144,  —72. 

Add +156,    +159,  +158,               +156,  +147,  +132. 

J-S4,  +12,     —204.  —348,  —84,      02.      |  84. 
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Quotients,         *           *                    +13,  »        _|-22, 

+21,     +4,      —102,  +174,  +28     —3.       —14. 

Add  — 2o, —12,  —5, 

_4,      —21,    —127,  +149,  +3,      —28,    —39. 

Quotients, — 1,  *,- 

-1,       —7,           *           «,  —1,       +7,          * 

Add  +1, 0, 

0,       -6,  0,       +8. 

Thereforo,  2/= +  12,  -f-^i  ^^'^  — ^'<  ^^^  t»y  dividing  b.v 
(y — 12)(2/ — 4)(?/+3),  the  quotient  is  y — 12;  hence,  y — 12 
=0,  and2/=12. 

Therefore,  x==^=+2,  +2,  +f,  and  —\. 
6 

(19)     Here,  ar<-9x3+ ^0;-+ V^"— V=0- 

Let  x^":  then,  the  transformed  eqMatioti  is 
2 

y  I  _1 8y+4rv/2+108y— 324=0. 

Limit  of  positive  roots,  l-fl8-— 19;  of  negative  roots, 

—{1  +  1? 108),  or —6. 

Last  term  — 324. 

Divisors,        +  18,   +  12,  +     9,  +     6,  +     4,  +     3,  +     2,  ~ 

—  2,  —    3,  —    4,  —    6. 
Quotients,     —  18,  —  27,  —  36,  —  54,   —  81,  —108,  —162 

+  1G2,  +108,  +  81,  +  54. 

Add  +108,    +  90,  +  81,  +  72,  +  54,  +  27,          0,  —  54, 

+  270,  +216,  +189,  -flG2. 

Quotients,             *,           •^,  -|-     8,  +     9,          *           0,  —  27, 

—135,  —  72,  «,          «. 

Add  +45, +  53,  +  54,               +  45,  +  18 

—  90,  —  27. 
Quotients, *,  +     9,               +  15,  +     9, 

+  45,  +     9. 

Add  —18, —    9,  —3,-9, 

+  27,  —    9. 

Quotients •,  —     1, 

*,  +     3. 
Add  +1,      .     .     .    +     4,  0. 

Therefore,  +3  is  a  root  of  the  transformed  equntinn. 

The   first   derived    polynomial  of  the   transformed    equation   is 
iy^ — 542/2-1-90^+108;   now,  we  shall  find  that  y — 3  is  a  divisor 
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20.-. 


jf  this  as  well  as  the  transformed  equation;  tlierefore,  +3  and 
+3  are  two  roots  of  the  transformed  equation  (Art.  414),  and  if 
we  divide  it  by  {y — 3)(y — 3),  the  quotient  is  2/^—12?/— 36;  hence 
l/2_i2?/_36=0,  and  2/:^6i:6/2. 

Therefore,  2/=+3,  +3,  +6  +  6/2,  +(;_ 6/2: 

a— !==+!,  +1,  +3+3, /2,  +3-^/2. 

Note. — This  example  may  be  solved  by  Art.  414,  but  the  above 
is  the  shortest  method. 


HORNER'S    iMETHOD    OF 
APPROXIMATION. 


(1) 


(2) 


Article  434. 

x--\-bx    — 

12.24=0. 

1     +5       - 

r 
12.24  (1.8=a;.       It  is  readily  found  that 

+1       + 

6                            X  is  greater  than  1,  and 

+6      - 

6.24                       less  than  2;   hence,  1  is 

+1       + 

6.24                       the  integral  part  of  the 

1     +7* 

root. 

+7.8 

_V'_6.24_8+. 
T'        7 

a;2+12a; 

—35.4025=0. 

rs 

1     +12 

—35.4025  |2.45=a; 

+  2 

+28 

+14 

—  7.4025* 

4-  2 

+  6.56 

1     +16* 

—    .8425* 

.4 

+     .8425 

+16.4 

.0 

.4 

1     +16.8* 

r^7^4_4+. 
16 

.05 

«=:8i=.05. 

+16.85  16.8 

When   the   operation   gives  a  remainder   «eio,   we   know    fron 
Art.  3i)5,  Cor.,  that  the  exact  root  is  obtained. 
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Note. — In  the  solution  of  the  succeeding  problems,  we  shall 
merely  present  the  operation,  without  exhibiting  the  work  by 
which  the  successive  figures  of  the  root  are  obtained,  since  they 
can  generally  be  determined  mentally,  as  in  Long  Division. 

(3)  4a;2— 28x  —61.25=0. 

4       —28  —61.25     |8.75=a;. 

+32  +32 


+  4  —29.25- 

32  +27.16 


+36*  —  2.09 

2.8  +  2.09 

+38.8  0 

2.8 


+41.6* 

.2=.05X4 
+41.8 


(4)  8x2— 120x  +394.875^0. 

8        —120  +394.875     |10.125^ 


+  80  —400 

—  40 
+  80 


— 

5.125* 

+ 

4.08 

— 

1.045 

+ 

.8352 

— 

.2098 

4- 

.2098 

+  40* 

.8_ 

+40.8 

.8_ 

+41.6* 

J6 

+41.76 

.16 
+41.92* 

.04=.005X8 
+41.96 


(5)  5x2—  7.4a;  —16.08=0. 

6  .      —  7.4  —16.08     1 2.68. 


+10  +  5.2 

+  26  —10.88 
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+10  +  9.36 

+12.6*  —  1.52 

3  +  1.52 


19.0. 


(6)  a;2— 6x  +6=0. 

1        —6  +6     |4.73205= 

—2 

±1 
1        +2* 


.1 

+2.7~ 
.7 

+srp" 

.03  3:46 


—8 

—2 

+1.89 

—  .11 

+  .1029 

—  .0071 

.0071  _ 

=.00205. 

+3.43 
.03 


8.46*. 


IV) 


a;3+4a;2 

—  9a; 

—57.623625=0. 

+4 

—  9 

—57.623625     |3  I5=a^ 

+3 

+21 

+36 

+7 

+12 

—21.623625* 

+3 

+30 

18.944 

+10 

+42* 

—  2.679625 

3 

5.36 

+  2.679625 

+13* 

+47.36 

0 

.4 

5.52 

+13.4  +52.88* 

£  .7125 

+13.8  +53.5925 

£ 

+14.2» 

.05 

+14.25. 
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(8)    2i3_50x+32.994306=0 


±0 
+8 

—50 
32 

—18 
+64 

+46* 

-^  15.12 

+32.994306 
—72 

+8 
+8 
+10 

8 

—39.005694- 
+36.672 
—  2.333694* 
+  2.333694 

+24* 
+  1-2 

+61.12 
15.84 

0 

+25.2 
1.2 

+76.96* 
.8298 
+77.7898 

+26.4 
1.2 

+27.6» 
.06 

14.63- 


+27.66. 

(0)  x^+4x-—ox—20^0. 

1 


+4 

—5 

—20     12.23608 

+2 
+  6 
+2 

+8 
2 

+12 

+7 
+16 
+23* 
2.04 

+25.or 

2.08 

+14 
-6» 
+  5.008 
—  .992 
+  .823167 

+  10* 
.2 

—  .168833 

+10.2 
.2 

+27.12* 
.3189 

+  10.4 
.2 

+27.4389 
.3198 

+10.6* 
.03 

27.7587* 

+10.63 
.03 

.108833  _ 

:  .00608. 

+  10.06  27.76 

Note. — In  llic  solution  of  tlie  rcinnininj;  cxnniplos,  we  sliull  use 

the   abridgid    metliod   employed    in   example  3,   pnge  392,  of  the 

Algebra.     The   learner,    however,    who   chooses   to   carry   out  the 
decimals  fully  will  find  no  dilliculty  in  so  doing. 
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(10) 

X^—23>- 

-Tj  =0. 

1 

0 

o 

—5 

12.0945515=*. 

+^ 

4 

+4 

2 

+2 

—1^ 

» 

2 

8 

+0.949329 

4 

+10* 

—  , 

,050671* 

2 

+6* 

.5481 
+  10.5481 

+  ■ 

.04451752 

1 

—  , 

.00616348* 

.09 

.5562 

557875 

6.09 

+ 1 1.1043*- 

57473* 

.09 

.02508 

55800 

6.18 

11.12938 

1673* 

.09 

.02508 

1116 

1 

6.27- 

+1 1.15446* 
.0031 
TL1575 
.003 

+11.16» 

557* 
558 

la  finding  the  result  true  to  7  places,  it  is  not  necessary  to  add 
more  figures  to  6.27,  as  it  will  not  alter  the  result. 

This  example  is  found  in  the  work  of  M.  Fourier,  "Analyte  dea 
Equations,"  where  the  result  is  given  to  32  places  of  decimals:  the 
result  to  40  places,  as  given  by  Gregory  is, 

x=2.0945514815423265914823865405793029638576. 
The  other  two  values  of  X  are  imaginary. 

(11)      x3+10.r2_24ir— 240=0. 
1 


+10 

—  24 

—240     !4.8989795=x. 

+  4 

+  56 

+12S 

+14 

+  32 

-112* 

+  4 

+  72 

+  97.792 

+18 

+104- 

—  14.208* 

+  4 

18.24 

+  12.899169 

+22* 

122.24 

—     1.308831* 

.8 

18.88 

1.165869792 

22.8 

+141.12* 

—      .142961208 

.8 

2.2041 

.13135S087 

23.6 

143.3241 

11603121 

Kv.  18. 
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.8 

2.2122 

10218295 

4-24.4  s 

-i-14.5..5363» 

1384S26 

.09 

.197424 

1313781 

24.49 

145.733724 

71045 

.09 

.197488 

72988 

24.58 

+  145.931212* 

.09 

.02222 

+24.G7> 

145.05343 

.008 

.02222 

24.678 

+145.97565* 

.008 

24.686 

.008 

1         +24.694* 


(12)      ar'— 8: 

c3^20a:2— 1 

5x+.5^0. 

1      —8 

+  20 

—15 

+  .5     ;  1.284724=* 

+1 

+13 

+13 
—  2 

—2.0 
—1.5- 

+1 

—  6 

+  7 

-1-10496 

—6 

+  7 

+  5- 

—  .4504* 

—5 

—  5 

+  2* 

.248 
+  5.248 

.4255385 
248615* 

+1 

—  .76 

.104 

210536 

[*  1.24  5.352-  38079» 

.2  —  .72  —    .032768  36820 


—3.8  .52  5.319232  12.59* 

.2  —  .68  —    .0522  1052 


—3.6  —  .16*  +  5.2670*  207 

.2  —  .2496  —    .0036  210 

—3.4  —  .4096  5.2634 

.2  —  .2432  —    .0036 

—3.2*  —  .6528  +  5.2.598* 

.OS  —  .24  .0006 

—3.12  —  .89*  5.26 


.08 
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—  .01 

—3.04 
.08 

—  .90 

—  .01 

—2.96 
.08 

—  .91 

1       —2.88* 
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(13)     X'— 59.c-'+840=0. 

Note. — This  is  a  trinomial 
quadratic  (Art.  242),  but  it  is 


equation   and   may  bo  solved   as  a 
placed  here  to  be  solved  by  Horner's 


method. 

1 

0 
4 

—59 
16 

0 
—172 

+840  (4.8989795 
—688 

+  4 
4 

—43 
32 

—172 
—  44 

+152* 
—140.5184 

8 
4 

—11 
48 

—216* 
40.352 

+  11.4816 
—  10.50697359 

12 

4 
+16* 
0.8 

+37* 
13.44 
50^44 
14.08 

—175.648 
51.616 
—124.032*- 

7.287849 

+      .97462641 
—      .868978336 

1 

.105648074 
97080804 

16.8 

.8 

17.6 

.8 

64.52 
14.72 

—110.744151 
7.444827 
-109.299324* 
.677032 

8567270 
7544964 

+79.24» 
1.7361 

1022306 
970011 

18.4 
.8 

80.9761 
1.7442 

82.7203 
1.7523 

—108.622292 
.678280 

—107.944012* 
.07645 

—107.86756 
.07645 

52295 

53885 

I 

+19.2* 

.09 

19.29 

.09 

+84.4726* 
.1564 

19.38 
.09 

84.629 
.156 

—107.79111* 
.0059 

19.47 
.09 

-f  19.56* 

84.785 
.156 
4-84.941* 

—107.7852 
.0059 

I 

—107.7793 
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2x*+bx^+'ix2+Sx=8002. 

+ 


—8002  (7.;«o5o 
+6784  (4U3U 


4026.6G3-      x^7.335.5540314. 


Remake. — It  is  sometimes  convenient  by  drawing  lines,  as  in  the 
preceding  solution,  to  render  separate  and  distinct  the  operation 
for  finding  each  successive  figure. 


(15)    : 

ifi+2x*-\-Si 

c3^4a;2^5a:=: 

54321. 

1  +  2 
8 

+    3 
80 

83 

+      4 
664 
668 

+        5 
5344 
5349 

—54321   (8.414 
42792     (455 

10 

— 11529» 

8 

144 

227 

1816 

2484 

19872 

11088.97.344 

18 

25221* 

-440.02G.56 

8 
26 

208 
435 

3480 
5964' 

2.501.4336 
27722.4336 

304.110.5122 
—135.9160478 

8 

•272 
+707* 

289.584 

2f)20.tK)04 
30342.4400» 

122.0290372 

34 

62.53.584 

—  13.8870106 

HORNER'S    METHOD. 
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8 

1  +42* 
0.4 

16.96 

7:^3.96 
17.12 

296.432 

6550.016 
303.344 

6853.360* 
7.702 

6861.122 
7.766 

68.61122 

30411.05122 

68.68888 

30479.74010* 
27.5192 

30507.2593 
27.6316 

30534.7909* 
'^.754 

30537.545 
2.754 

20540. 2!)9* 
.31 

30540.64 

12.2150180 

—  1.6719926 
1.5270320 

42.4 
.4 

741.08 
17.28 

—  .1449600 
.1527032 

42.8 
.4 

758.36 
17.44 

43.2 
.4 

43.6 
.4 

-f  775.80* 
.4 

776.2 
.4 

776.6 
.4 

777.0 
.4 

0808.888 
7.770 

6870.658- 
3.1 

I   -f  44.0* 

0879.8 
3.1 

a:=8. 11  M5&. 

0882.9 
3.1 

777.4* 


()886.0* 


Article  435. 


TO    EXTRACT    THE    BOOTS    OF    NDMBBBf    BY 
IIOKNKR'S    METHOD. 


(2)     To  find  the  cube  root  of  34012224. 


0 

0 

34012224 

(324,     An$. 

3 

9 

27 

3 

"9 

"7012 

3 

18 

5768 

'6 

27* 

1244224 

3 

184 

9* 

2884 

188 

92 

3072* 

2 

3856 

94 

311056 

2 

96 

4 

9d4 
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(3)     To  find  the  cube  root  of  9, 


0 

0 

9     12.080084,    Ana. 

2 

4 

8 

2 

4 

T^ 

2 

8 

.998912 

4 

12* 

.001088 

2 

.4864 

.001038 

6* 

12.4864 

60 

.08 

.4928 

61 

6.08 

12.9792* 

.08 

6.16 

.08 

6.24* 

(4)    To  find  the  cube  root  of  30. 


0 

0 

30      13.107233,     An*. 

3 

9 

27 

3 

9 

3* 

3 

18 

2.791 

6 

27* 

.20!) 

3 

.91 
27.91 

.20li23 

9^* 

.00(i77 

.1 

.92 

579 

9.1 

28.83* 

98 

.1 

.06 

87 

tt.2 

28.89 

11 

.1 

.06 

9 

9.3*  28.95* 

(5)     To  find  the  fifth  root  of  6864148650/ 


0 

0 

0 

0 

6S641485507  (147, 

Ant 

1 

1 

1 

1 

1 

1 

T 

1 

T 

580414 

1 

2 

8 

4 

437824 

2 

8 

4 

6» 

14859085507 

1 

8 

6 

59456 

14859086507 

3" 

6 

10* 

l()!»45u 

1 

4 

4.Sf)4 

82(124 

10»  14864         li»2()80» 
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1 

216 

5792    201926501 

5* 

121^ 

20056    2122720501 

4 

232 

6784 

54 

144S 

27440* 

4 

248 

1406043 

68 

1U96 

28846643 

4 

204 

62 

1900- 

4 

4949 

6G 

200949 

4 

70* 

7 

APPROXIMATION    BY    DOUBLE    POSITION 

Article  436. 

(2)    x3+30x=420. 

6 X 7 

216 x^ 343 

180 30a; 210 

.  390 results 553 

553^ 7 l20 

396 6 396 

157^  :  T  ::  ~24 : 0.1 

6.1 X 6.2 

226.981 x^ 238.328 

183.0 30a; 186.0 

409.981 results    ....      424.328 

14.347  :  .1  ::  10.019:0.163 

By  *rial  X  is  found  to  be  greater  thau  6.17;  therefore,  let  x=^6.17 
IP  J  «  18. 

6.17 X    ....     .     .     .       6.18 

234.885 z3 236.029 

185.10 30x 185.40 

419.985 results 421.429 

1.444  .01  ::  .015:.000103 

Therefore,  x=0.17-f- .000103=6.170103  nearly. 
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3)  144x3—9: 

l?.x= 

=319. 

i) 

.      .  X     .     .     . 

...   S 

1152. 

UAx^  .     . 

....   3888 

—1946  . 

.   —973a;  .  . 

....  —2919 

—  794. 

.  results  .  . 
3 

.  .  .  .  +  969 

+  969. 

.  2  .  .  .  . 

....   319 

1763 

x= 

T 

^3— .3=2.7. 

650 :  .i 

2.7.  . 

r. 

•2« 

2834.352  . 

.  Uix^      .     . 

.  .  3161.088 

-2627.1 .  . 

—973a;  .  .  . 

.  —2724.4 

+  207.252  . 

results  .  .  . 

.  4-  436.688 

229.436 

.1      :: 

11 1.748:. 048 

Therefore,  a;=2.7+. 048=2.748,  and  by  trial  2.75  is  found 
to  verify  the  equation  exactly;  hence,  x^2.75. 

In  the  application  of  the  rule  of  Double  Position  to  the  solution 
of  equations,  the  first  correction  is  generally  too  small,  as  in  the 
two  preceding  solutions,  and,  as  may  be  seen  more  particularly,  in 
the  solution  of  example  5. 

To  see  the  reason  of  this,  it  must  be  noticed  that  the  sums,  or 
the  differences,  of  the  higher  powers  of  numbers,  increase  very 
rapidly  as  the  numbers  increase.  Hence,  if  two  numbers  equally 
distant  from  the  true  number,  are  substituted  in  any  equation  con- 
taining the  second  or  higher  powers  of  the  unknown  quantity,  the 
result  arising  from  the  substitution  of  the  greater  number,  will  be 
further  from  the  true  result  than  that  obtained  by  the  substitution 
of  the  smaller.  And  hence,  by  I  lie  operation  of  the  rule,  the  correc- 
tion will  give  for  the  true  number  a  nuiuber  too  small.  To  illus- 
trate this  by  an  example,  suppose  we  have  the  equation 
afi — a;--24,  of  which  the  root  is  3. 

Let  us  notice  the  results  obtained  by  the  substitution  of  2  and 
4  for  X. 

2 X 4 

8 a^^ 64 

—  2 —<c —  4 

6 results GO 

—18 errors -|-36 

Difference  of  the  errors  =36 — ( — 18)^=64' 
then,  54:  2:  :  18:  |. 
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Now,  the  true  correction  is  1,  but  we  obtained  |,  because  although 
the  suppositions,  2  and  4,  are  equally  distant  from  the  true  number, 
yet  the  corresponding  results  are  unequally  distant  from  it.  Now, 
the  rule  proceeds  on  the  hypothesis  that  the  errors  of  the  results 
are  proportional  to  the  errors  of  the  suppositious.  But  this  ia 
never  exactly  true,  and  is  only  nearly  so  when  each  of  the  suppo- 
sitions is  very  near  the  true  number.  Attention  to  this  principle 
will  often  guide  the  pupil  in  selecting  trial  numbers  for  the  second 
operation. 

(4)  cc3-f-10a;2-|-5x=2G00. 

By  trial,  we  find  that  11  is  so  near  the  true  number  that  we  may 
St  once  make  a  trial  of  11  and  11.1. 

11 X 11.1 

1331 x^ 1367.631 

1210 10x2 1232.1 

55 bx 55.5 

2596 results 2655.231 

—  4 errors +55.231 

69.231  :  .1  4:. 006 

Therefore,  a:=ll+.006^11.006  nearly. 

11.006 X 11.007 

1333.179188 x^ 1333.542617 

1211.32036    ....    10x2 1211.54049 

55.030 5x 55.035 

2599.529548.     .     .     .    results 2600.118107 

.470452.     .     .     .    errors +.118107 

.588559         :  .001       :        .470452       :       .00079 

There  fore,  x^l  1 .006 + .00079=^1 1 .00679. 

(5)  2x3+3x2— 4x=10. 

1 X 2 


2 2x3 16 

3 +3x2 12 

—4 -Ax —  8 

+  1 results +20 

— 9 errors +10 

19      :       1       : :       1       :       ,6  nearly. 
Therefore,  x=l+.5-1.5  nearly. 
Ky.  19. 


218  KEY    TO    8KC0ND    BOOK. 

By  trial,  however,  we  find  that  1.6  is  too  small,  and  1.7  too  great; 
let  these,  therefore,  be  the  next  two  assumed  numbers. 

1.6 X 1.7 

+8.192 2x3 ^  9  826 

-i-7.68 +3x2 +  8.67 

—6.4 —Ax —  6.8 

+9.472 results +11.696 

~  .528 errors +  1.696 

2.224        :         .1  .528  .024  nearly. 

Therefore,  x=l. 6 +.024=1 .624. 
By  trial,  we  find  1.624  is  too  small,  and  1.625  too  great;  using 
these  as  the  next  two  assumed  numbers,  we  readily  find  the  next 
two  figures  of  the  root. 

(6)  a;*— a:3+2x2+x=4. 

It  is  easily  seen  by  inspection,  that  x  is  a  little  more  than  1,  and 
by  trial  it  is  found  greater  than  1.1,  and  less  than  1.2;  let  these, 
therefore,  be  the  two  assumed  numbers. 

1.1 X 1.2 

+1.4641 +  x^ +2.0736 

—1.331 —  x3 —1.728 

+2.42 +2x2 _^2.88 

+1.1 +  X +1.2 

+3.6531 results +4.4266 

—  .3469 errors +  .4256 

.7725      :       .1       : :       .3469  .045  nearly. 

By  trial,  X  is  found  greater  than  1.146,  and  less  than  1.147.  By 
repeating  the  operation  with  these  numbers,  we  readily  find  the 
next  two  figures  of  the  root. 

(7)  f  7x3+4x2+  v/10a!(2r—l  )=28. 

By  trial,  we  readily  find  that  x  lies  between  4  and  5;  we,  there- 
fcre,  take  these  as  the  first  two  assumed  numbers. 

4 .     X 5 

+  8 f  7x3+4x3 9.91 

+  16.73 +/10x(2r— 1)     .    .    .    .21.21 

—28 —28 —28 

—  3.27 errors +  3.12 

6.39  1  3.27  .61. 

Th»reforo,  x=4+. 61=4.51  nearly. 


NEWTON'S     METHOD. 
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Bj  trial,  we  find  x  greater  than  4.51,  and  less  than  4.52;  there- 


let  lueae  uv  ixi 
4  51 

B  ueii 

.     X      .     . 

.    4  62 

+  8.9773  . 
+19.0185  . 
-28.      .     . 
—    .0042  . 
.064      : 

.01 

.    f  7x^+4x2 
+  v/10x(2x— 1) 

.     -28  .    . 

errors 

: :      .0042      . 

.    8.9965 

.00060 

+19.0633 

—28. 

+     .0593 

nearlj. 

Therefore,  a;=4.61  +  . 00066  =4.51000  nearlj 


Article  437. 

NEWTON'S    M  E  T  n  0  D    OK    A  P  P  It  O  X  I  M  A  T  1  0  N  . 

Observe  that  A  is  what  the  proposed  equation  becomea  when 
x=a,  and  that  A'  is  what  the  first  derived  polynomial,  or  first 
derived  function  (Art.  411),  becomes  when  X=^a. 

Proposed  equation  X^^'' — 2x — 5^). 
First  derived  function  X^  =3x^—2.      , 

When  2  is  substituted  for  x,  the  result  is  — 1,  and  when  3  is 
substituted  the  result  is  +10;  therefore  (Art.  403),  one  real  root 
of  the  equation  lies  between  2  and  3,  and  is  not  much  greater 
than  2.  By  trial  we  find  that  2.1  gives  a  posiiive  result;  there- 
fore, the  root  lies  between  2.0  and  2.1. 

Therefore,  let  x=a-\-y—2-\-y; 

then,  A=(2)3— 2(2)— 5,  and  A'=3{2)^—2; 


2/=— 


A' 


8—4—5 
'T2=l2" 


=+.1. 


Therefore,  x=a+y=2+  (^— — ,)  =2  f  .1=2.1. 


Next,  let  x=6+2=2.1+2 

then,  B^(2.1)3— 2(2.1)— 5,  and  B'=3(2.1)2— 2. 

2^_B  ^_(2.1)3— 2(2.1)— 5 


11.23  ' 


3(2.1)2—2 

Therefore,  x=6+2^2.1  +  (— .0054)=2.0946. 
Next,  let  x=c+3'=  2.0940 +2'; 
then,  C=  (2.09 10)'» -2(2.0946)— 6=.000o41 550536 
0^=3(2.0946)2-2  ^1 1.1G204748 ; 

^^_C^_.000541550536__  00004851. 
C      11.16204748 
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Therefore,  a;=C+2!'=2.0946+(— .00004851)=2.094651 49, 
which  is  true  to  the  seventh  place  of  decimals. 
By  proceeding  in  a  similar  manner,  the  value  of  X  may 
be  found  to  any  required  degree  of  accuracy. 

Remake. — The  great  objection  to  Newton's  Method  of  Approxi- 
mation is,  that  we  aie  obliged  after  each  operation  to  commence 
with  the  entire  approximate  value  of  X  in  the  same  manner  as  at 
first,  and  no  assistance  is  derived  from  the  previous  calculations, 
except  in  having  found  a  nearer  value  of  the  root.  But  in  Horner's 
method,  we  approximate  continuously  to  the  true  value  of  the  root 
by  the  evolution  of  single  figures,  as  in  Long  Division,  and  the 
Extraction  of  the  square  root  in  arithmetic;  and  each  previous 
figure  is  of  use  in  finding  the  next.  Newton's  method  is  now 
rarely  used,  and  may  be  classed  among  the  scientific  curiosities 
of  a  past  age. 

Articles   438—441. 

OABDAM'S    SOLUTION    OF    OUBIO    EQUATIONS. 

FormulsB,  afl-[-Sqz-\-2r=0. 

(2)  x3— 9x+28=0,     Here,  g=— 3,  and  r=+14. 
x=f(— 14-|-|/196— 27)-f^'(— 14— ^19l>— 27) 
^^(—14+13)+  ^(— 14— 13)=f  ^+f =^=— 1 
— 3=— 4. 

Dividing  the  given  equation  by  X — ( — 4)=a:-)-4,  the  quo 
tient  is  X^ — 4x-(-7;  hence,  X- — 4j;-|-7=0,  and 
x=2±/=5. 

(3)  x3^6x-2=0.     Here,  ^=+2,  and  r——l. 

=:^4_^2=1.58740— 1.25992=..32748. 

(4)  Jt3=6z2-|-13x— 10=0. 

To  remove  the  second  term  (sec  Art.  407,  Cor.), 

r=-A=-z:!=+2. 

n  3 

Therefore,  X    y  )  2,  and  the  transformed  equation  la 
(y+2)3-6(y+2)2-f  13(y +2)-10  =0; 
y>-|-y=0,  ory(y2+l)=:0; 
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whence,  3/=;0,  and  2/2-f-l=0;  or  y=±v/^. 
Therefore,  x=3/-j-2=2;  or  2±^/'^. 

(5)    a;^— 9a;-4-6a;-2=0. 

Let  x=2/ 4-^=2/ -|-3;  then, 

(2/+3)'— 9(y+3)2+6(2/+3)-2=0; 

or  ?/^— 21y— 38^0. 

Here,  q——7,  and  r= — 19. 

a;=^(19-Hv/361— 343)  +  f(19— v/361— 343) 

=,f(19+3/2)  +  f(19— 3i/2) 

=  f  (19+3x1  4142135623730950488) 

+  ^(19— 3x1-4142135623730950488) 

=^(23.242640687119285146) 

+  f  (14.757359312880714854) 

=2.8538325+2.4528418=5.306674  + . 
Therefore,  a;=3/+3=5.306674+3=8.306674+. 

Remark. — In  the  solution  to  the  last  example,  the  extraction  of 
the  square  root  is  carried  to  18  places  of  decimals,  but  this  i8 
further  than  is  necessary  to  insure  accuracy  in  extracting  the 
cube  root  to  7  places.  For  this  purpose  10  places,  or  even  less, 
are  quite  sufficient. 

After  the  pupil  has  faithfully  performed  all  the  operations  in 
the  5th  example,  let  him  solve  the  same  by  Horner's  method  (Art. 
434),  and  he  will  then  appreciate  its  superiority.  To  obtain  the 
result  true  to  G  places  of  decimals  requires  about  one-fourth  as 
much  labor  by  Horner's  Method  as  by  Cardan's  Rule,  and  the 
difference  increases  rapidly  with  the  increase  in  the  number  of 
places  of  decimals. 

Article  442. 

BKCIPIIOCAL    OK     KECURRINO     KyUATlONS. 

(1)    x*— 10a:3_|.2tJxJ_10x+l=0. 

x2— lOx+26— ^  + J_=0,  by  dividing  by  x^; 
X      x^ 

,rxHJ,-10(x+l)=-28, 

Let  x+i=2;  then,  x-+_=e2_o   ^^j 

X  x' 

«2_2_102=_26, 
z2— 108=— 24,  and  2=8  or  4. 
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Therefore,  x+l=6  or  4; 

X    _  _ 

whence,  x=3±:2]/2,  or  2±i/3. 

(2)  X*— ^3^-^2x2— lx+l=0. 

x2— 4a;+2-_^  +  A=0,  by  dividing  by  x'; 
2x     a;2 

Let  x-f-_=3;  then,  z-+_=22_2,  and 
X  x- 

a2 — |a^0;  whence,  «=0,  or  -j-|. 

Therefore,  x4-l=0,  or  -|-*; 
a; 

whence,  a;=±v/ — 1,  or  2,  or  \. 

(3)  x^— 3x3+3a:— 1=0. 

It  is  proved  in  Art.  442,  Prop.  Ill,  that  this  equation  is  divisibl* 
by  x2 — 1;  therefore,  x^ — 1=0,  and  x=±l. 

Dividing  the  given  equation  by  x^ — 1,  the  quotient  is  X^ — Sx-j-l; 
therefore,  x^ — 3x+l=0;  whence,  x=i(3±y'5). 

(4)  X*— llx<+17x3-f-17a:^— llx+l=0. 

It  follows  from  Art.  442,  Prop.  II,  that  — 1  is  a  root  of  this  equa- 
tion; therefore,  it  is  divisible  by  x-|-l  (Art.  395). 
1—11+17+17—11+1     (—1 
_  1+12—29+12—1 

1—12+29—12+  1     0 
Therefore,  x*- 12x3+29x-— 12x+l=0. 
x2— 12X+29— 1^  + J_=0,  by  dividing  by  x'; 

X        X- 

Let  x-\-].=z;  then,  x-'+i.=2'— 2,  and 
X  «» 

«»— 122=— 27;  whence,  «=9  or  8. 
Therefore,  x+  i  =9  or  3; 

whence,  x=?±l^,  or  ?±i^. 
2  2 
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( 5 )    Aa^—24z^+b7x*—73ofi  j-  57a;2— 24a;+4=0 

4x3— 24a;2+67x— 734-^— ?i+L=0,  by  dividing  by  X^; 
X     x^    x^ 

Let  X+l—Z;  then,  x2+JL=z-—2,  and  x^+  ]-=!^—32. 
X  X^  x3 

Therefore,  4(z^—3z)—2i{z2—2)+57z=73, 

To  solve  this  equation  by  Cardan's  Rule,  Art.  441, 
let  z=y+2;  then^— 1?/+^=0,     

Dividing  y^ — f^+?  by  ^-fl,  the  quotient  is  ?/- — y-\-\; 

therefore,  y- — y-\-^=0,  and  r/=-|-^,  and  -|-J. 

Therefore,  2=^+2=— 1+2=1,  or  ^+2=f,  and  |. 

1 
Therefore,  x+_=l;  whence,  a;==: 

X  z 

or  a;-)-_=|;   whence,  x=2,  or  i. 
z 

Therefore,  the  six  roots  are  2,  ^,  2,  ^,      '  ^ 
andlzV^. 


Article  444. 

BINOMIAL    EQUATIONS. 

(1)     Letz^^l,  then,  a:'— 1=0,  and  (a;2— l)(x2_|-l)=0. 
.'.  x2— 1=0;  whence,  X^=l,  and  x=-|-l  or  — 1. 
Also,  x2_j_l_0;  whence,  x'^^ — 1,  and  x=-\--^ — 1, 
or,  —^'—i. 

2)     Let  xfi=\\  then,  a^— 1^),  and  the  equation  is  divisible 
by  X — 1;  .-.  X — 1=0,  and  x=z-\-l. 

Dividing  xfi — 1  by  x — 1,  and  placing  the  quotient  equai 
to  zero,  we  have 
X^-{.iX^-\-x^-\-x->r\=Q; 

a;2-t-x+l-j-l  +  i.=0,  by  dividing  by  «», 
X     x2 

x2+l  4a:+l.=-l. 

X2  X 
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Let  x+-=z;  then,  x-'_|_ —^z — 2,  and 

X  x^ 

z^-\-z=il:  whence,  z=        ~^  '  —n 
2 

.-.  x+i=a;  whence,  x="+^/a2— 4,  or?— J/a2^^4 

and  since  a  has  two  values,  a;  will  have  four  values. 
^2_(-l±t/^)^ -^6-2/5    ^^  6+2t/3- 
4  4       '  4       ■ 


.«:    l./772-3--l  +  »/5 


=  H/5-l  +  v/(-10-2/5)j;    

=  HV5-l-v/(-10-2/5)}; 

=  _^{/5+l-/(-104-2/F)jj 

z=«-i/S^=4==l=I^-i  ^-10+2/3 
=  -Ul/5+l+v'(-10+2/5)}. 


Ray's  New  Arithietics#  Algebras. 

Praciical  Utiliiy  combined  with  Scientific  Accuracy;   the 
Best  /Methods  with  all  real  Improvements. 


Ray's  New^  Primary  Arithmetic, 
Ray's  Xew  Intellectual  Arithmetic, 
Ray's  K:eiiv  Practical  Arithmetic, 
Ray's  IVeiJV  Higher  Arithmetic. 

TWO-BOOK    SERIES: 
Ray's  Ke-w  Elementary  Arithmetic, 
Ray's  ^e^nr  Practical  Arithmetic* 


Ray's  New^  Elementary  Algebra, 
Ray's  Piew  Higher  Algebra. 


Ray's  Ne-w  Xest  Examples  in  Arithmetic, 
Ray's  Test  Problems  in  Algebra. 

I.  The  analytic  solutions  and  written  operations  have  been 
carefully  separated. 

II.  All  obsolete  tables  of  weights  and  measures  and  all 
obsolete  denominations  are  discarded. 

III.  The  Metric  System  of  Weights  and  Measures  is  pre- 
sented in  accordance  with  its  now  widely  extended  usage,  and 
is  assigned  to  its  proper  place,  immediately  after  Decimals. 

IV.  The  subject  of  Percentage  is  much  expanded,  and  its 
numerous  applications  systematized.  Many  novel  and  inter- 
esting features  are  introduced  for  the  first  time  in  a  work  of 
this  character. 

V.  Interest,  Discount  and  Business  Methods  have  received 
the  careful  attention  which  their  importance  demands. 

VI.  Much  space  is  devoted  to  commercial  calculations  in-" 
cident  to  the  new  forms  of  Government  Bonds  and  other 
Securities,  Coins,  etc. 

VII.  The  typography  is  new  and  beautiful,  and  the  binding 
tasteful  and  substantial. 


VAN  ANTWERP,  BRAGG  &  GO.,  GINGINNATI  &  NEW  YORK, 

Publishers  qf  the  Eclectic  Educational  Series. 


n,ecjo  GcPectic  ^eograpftie/* 


TWO-BOOK  SERIES. 


ECLECTIC  ELEMENTARY  GEOGRAPHY, 
ECLECTIC  COMPLETE  GEOGRAPHY. 


No  decade  in  the  past  century  has  been  more  fruitful  than  the  last  in 
political  changes  and  in  discoveries  which  affect  the  science  of  geography. 
To  meet  these  changes  the  New  Eclectic  Geographies  are  published. 

Maps. — The  Maps  are  Wholly  New,  and  present,  with  the  greatest 
accuracy,  the  results  of  the  latest  investigations  and  explorations. 

Many  Features  uever  before  shown  upon  School  Maps,  have  been  success- 
fully introduced.  Among  them  are  :  the  representation  of  the  heights  of 
the  land  surface  by  a  system  of  contour  lines;  the  depths  of  the  sea,  and 
the  conformation  of  its  bed ;  the  different  temperatures  and  velocities  of 
the  Gulf  Stream. 

The  important  subject  of  Climate  is  also  illustrated  in  this  as  in  no 
other  School  Geography. 

Local  Time  is  compared  on  each  map  with  the  standard  times  of 
Greenwich  and  Washington,  and  Local  Latitudes  with  prominent  foreign 
places  in  corresponding  latitudes. 

The  names  on  all  the  maps  are  collected  lu  an  alphabetically  arranged 
Index,  in  vbirh  is  indicated,  not  only  the  map,  but  the  precise  place  on  the 
map  in  wliich  each  name  can  be  found.     This  "  Iteady  Kcfcrencc  Index 
contains  nearly  10,000  names  of  cities  and  towns  found  on  the  maps. 

The  Commercial  Map  represents  the  trunk  lines  of  railway  in  the  United 
States,  Mexico  and  Canada,  and  indicates  by  a  blue  tint  the  navigable 
portions  of  the  rivers. 

Mathematical  and  Physical  Geography  are  fully  treated  in  the  first  chap- 
ters. Great  care  is  given  to  the  explanation  of  the  Causes  of  Natural 
Phenomena. 

The  Pronouncing  Vocabulary  contains  all  the  names  in  the  book,  liable 
to  be  mispronounced. 

The  International  Date  Line  is  represented  and  defined. 
"     The  System  of  Surveys  of  the  pulilic  land  is  explained. 

Illustrations.— Ihc  New  Eclectic  Geographies  contain  a  greater  number 
of  illustrations  than  the  most  popular  geographies  heretofore  published, 
and  in  completeness  and  appropriateness  they  are  without  a  riv.al. 


if  AN  ANTWERP,  BRAKG  &  GO.,  Uwmm  and  Ngw  York, 


Harvey's  Language  Course. 

REVISED,  TWO  BOOK  SERIES. 


I.  Harvey's  Revised  E/emenfyry  Grammar  and  Composition. 
11.  Harvey's  Revised  English  Grammar. 


Xlie  best  and  most  practical  course  In  Oral  and 
^Vrltten  L.anKua}i:e  I^es.sons,  Composition,  and  Kn}^- 
llsb  Grammar.  Xbe  Golden  Itlean  between  tbe  too 
labored  attempt  at  simplification,  and  tbe  scientific 
technical  g^rammar. 

"A  thorough  knowledge  of  the  elements,  forms,  structure,  and  laws 
of  our  mother-tongue  can  only  be  acquired  by  patient,  persistent 
exercise  in  the  analysis  and  synthesis  of  words,  phrases,  and  sen- 
tences. The  labor  necessary  for  the  acquirement  of  this  knowledge, 
•8  well  as  accuracy  and  facility  in  the  use  of  our  language,  inay  be 
made  attractive,  but  it  can  not  be  dispensed  with." 

His  claimed  for  Harvey's  Language  Course  that  it  shows  how  this  tabor 
should  be  expended  to  secure  the  best  results. 

1.  Necessary  instruction  is  given  in  simple  yet  concise 
fonn,  thus  economizing  the  time  and  energies  of  both  pupil  and 
teacher. 

2.  Model  Oral  Lessons,  which  first  appeared  as  a  special 
feature  in  HARVEY'S  ELEMENTARY  GRAMMAR,  and 
have  proven  so  popular,  are  here  presented  in  an  improved  and 
suggestive  form. 

3.  Sentence-making  and  Composition  are  presented  in  a 
natural  and  attractive  manner. 

4.  Pictorial  Illustrations  are  employed  in  teaching  Com- 
position. 

5.  Special  attention  is  given  to  exercises  in  False  Syntax, 
care  being  taken  to  include  the  common  errors  of  speech. 

6.  Diagrams  for  "mapping"  sentences  sTt  given  early  in 
the  course,  with  Models  for  Analysis. 

7.  The  higher  book  contains  an  exhaustive  presentation 
of  the  properties  and  modifications  of  the  different  Parts  of 
Speech;  also  carefully  prepared  Models  for  Parsing  and  An- 
alysis ;  rules  of  Syntax  and  schemes  for  the  description  of 
objects. 

VAN  ANTWERP,  BRAGG  &  CO..  Publishers,  CINCINNATI  and  NEW  YORK. 


ECLECTIC  EDUCATIONAL  SERIES. 

VAN  ANTWERP,  BRAGG  &  CO.,  Publishers,  Cincinnati  and  New  York. 

THALHEIMER  S  HISTORICAL  SERIES. 

BY  M.  E.  THALHEIMER. 

THALHEIMER'S  HISTORY  OF  ENGLAND. 

i2mo,  cloth,  288  pp.     Numerous  Maps  and  Pictorial  Illustrations. 

THALHEIMER'S  GENERAL  HISTORY.    (Rezised  Edition.) 
i2mo,  half  roan,  448  pp.    Numerous  Maps  and  Pictorial  Illustrations. 

THALHEIMER'S  ANCIENT  HISTORY. 

Svo.,  cloth,  365  pp.  With  Pronouncing  Vocabulary  and  Index. 
Illustrated  with  Engravings,  Maps  and  Charts. 

THALHEIMER'S  MEDIAEVAL  AND  MODERN  HISTORY. 

Svo.,  cloth.  Uniform  with  Thalheimer's  Ancient  History.  455  pp., 
and  full  Index.     Numerous  double  page  Maps. 

In  compliance  with  a  demand  for  separate  Histories  of  the  Early  Eastern 
Monarchies  of  Greece  and  of  Rome,  the  rublishers  announce  an  edition  of 
Thalheimer's  Manual  of  Ancient  History  in  three  parts,  ziz.: 

1.  Thalheimer's  History  of  Early  Eastern  Monarchies. 

2.  Thalheimer's  History  of  Greece. 

3.  Thalheimer's  History  of  Rome. 

Each  part  sufficiently  full  and  comprehensive  for  Academic  and 
University  Course.  Liberally  illustrated  with  accurate  Maps.  Svo, 
full  cloth. 

For  convenience  the  numbering  of  pages  and  chapters  corresponds 
with  that  of  Thalheimer's  Ancient  History,  so  that  these  separate 
volumes  can  be  used  in  classes  partially  supplied  with  the  complete 
work. 

ECLECTIC  HISTORY  OF  THE  UNITED  STATES. 

395  PP'-  ^'^"^  roan.  Liberally  and  handsomely  illustrated.  Histori- 
cal, Biographical  and  Descriptive  Notes,  Review  Questions,  etc. 


ECLECTIC    PRIMARY  HISTORY. 

Sq.  i2mo,  224  pp.  .\  Priinary  History  of  the  United  States,  by 
Edw.  S.  Elms,  Sup't.  Schools,  Trenton,  N.  J.  Profusely  illustrated. 
Adaptfd  to 'the  capacities  and  wants  of  young  students. 
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